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CHAPTER | 
The wave equation 


1.1 Introduction to wave phenomena 


Wave phenomena are abundant in the physical world. There is at least 
one instance of wave motion with which everyone is familiar ~ water waves. 
For example, when throwing a pebble into a pond, you can observe waves 
moving away from the point of impact in a circular pattern (see Figure 1.1). 


Figure |.!_ A stone thrown into a pond creates a circular ripple pattern Photograph courtesy of 
Tini Garske and Kit Logan 

The wind blowing over a puddle or small pond creates patterns of ripples. 

On a different scale, the wind may cause huge ocean waves that reveal their 

power when hitting the coastline. Besides the wind, underwater earthquakes, 

landslides or meteorite impacts may cause particularly destructive ocean 

waves which are known as tsunamis; fortunately, you will probably have 

encountered such an event only in one of the numerous motion pictures 

about natural disasters. 


Water waves shape our perception of the notion of waves, but there are 
many other instances where waves are encountered in ever life. For 
instance, a plucked guitar string can be seen to vibrate: this is an example 
of mechanical wave motion. You may also have heard about sound waves, 
radio waves or light waves: for these, you cannot observe the wave motion 
directly. However, you may sense indirectly the vibration of the membrane 


in a loudspeaker that produces low bass tones, or feel the tremor that they 
cause in your stomach. The beautiful iridescent colours seen on a thin film 
of oil on water, or on the wings of a butterfly, are consequences of the wave 
character of visible light. 


You may be astonished to realise to what extent our daily lives are gov- 
erned by waves. Our interaction with the environment and communication 
is almost entirely based on waves. This applies to the sound that our ears 
can hear, and to the light that our eyes can see. Light waves are a particu- 
lar kind of electromagnetic waves, an exceedingly important class of waves. 
These form the basis of the electronic transmission of signals, used for radio 
and television programmes or telephone calls. Electromagnetic waves also 
encompass the harmful ultraviolet light emitted by the sun, X-rays used in 
medical examinations, and part of the radiation emitted by radioactive ma- 
terial. Finally, a microwave oven does not carry its name by chance; once 
more, electromagnetic waves do the job. 


However diverse the physical systems and the wave phenomena may appear, 
on a more abstract level, the basic features of wave motion are the same in 
all these systems. Essentially, a wave can be imagined as a propagating 
displacement in a medium. This displacement at position x in space and at 
time ¢ is described by a function u(x,t) (see Figure 1.2). 
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Figure 1.2 Schematic view of a typical wave pattern moving in the x direction. 
‘The function u(x,t) describes the displacement at position 2 and at time t. The 
figure shows snapshots u(r, tj) of the displacement. taken at regular time intervals 
At for five consecutive equally-spaced instants tj, with j = 1,2,3,4,5. The marks 
along the «c-axis denote the positions of the maximum displacement at time t;. 

In this example, the wave pattern moves to the right with a constant speed c, 
moving by a distance cAt between each snapshot. 


The mathematical formula describing basic wave motion is the wave equa- 


tion, . . " . 
One-dimensional linear wave equation 


ue (a, t) = C? Ure(x,t). (1.1) 


Here, uj, = 0?u/Ot? and ur; = 0?u/Ax? denote the second partial deriva- 
tives of the function u with respect to t and x, respectively. Thus the wave 
equation is a second-order partial differential equation, which can alterna- 
tively be written as 


ae tt) =e Fe (e.0). (1.2) 


Both notations for partial derivatives are conventional and will be used in 
what follows. 
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Some equations (like this 
one) are distinguished by a 
title, either because they 
are of particular 
importance, or because 
they are frequently referred 
to by this title. 


1.1 Introduction to wave phenomena 


The wave equation contains a constant ¢. Distinctions between different 
types of waves arise due to different values of this constant and the physical 
meaning of the quantities involved. The positive constant c is the speed of 
the wave motion. 


The wave equation governs the behaviour of many physical systems, which 
is one of the reasons why wave motion comprises a major part of this course. 
However, the wave equation also marks a very important step in the his- 
torical development of mathematics. Together with the diffusion equation, 
which is considered later in this course, it was among the first partial dif- 
ferential equations studied in detail, and its investigation stimulated the 
development of the foundation of modern analysis. 


Before considering the physics and mathematics of wave motion in detail, 
we discuss some typical properties and characteristics of wave motion on the 
basis of our everyday experience with waves. 


1.1.1 Some properties of wave motion 


What are waves? A precise definition of a wave is difficult to formulate, 
though we may have an intuitive perception of waves. For this reason we 
tend to characterise waves by their properties, so our discussion starts by 
considering some examples. 


Throwing a pebble into a pond produces a circular pattern of surface waves 
moving outwards from the point of impact. What is happening here? 


The pebble, when hitting the surface of the water, transfers part of its kinetic 
energy to the water. This initiates, among other effects. the observed surface 
ripples. The ripple pattern stores some of the energy released by the pebble, 
and in fact transports it away on its outward motion. Thus, very much like a 
moving particle, waves carry energy through space. The warmth of sunlight 
on your skin is another instance where you can immediately sense the energy 
transported by waves. 


For surface waves on water generated by a pebble, although it may look as 
if water is moving outwards with the ripples, this is not, in fact, the case. 
There is no net flow of water away from the point of impact — otherwise 
there would be a permanent dip left in the surface, which clearly does not 
happen. The motion of the ripples is just a fluctuation of the water surface: 
it is this fluctuation that travels, not the water itself. A ‘Mexican wave’ or 
‘La Ola’ created by the spectators at a football match is a good illustration 
of this: the wave appears to move around the stadium, but the individuals 
just move up and down. 


The ripples caused by a pebble in a pond move outwards, and they appear 
to move at constant speed, The speed of different types of waves can vary 
enormously. Light waves, for example, travel so swiftly that our senses can- 
not perceive their finite speed, about 300000 kilometres per second. Sound 
waves travel very much slower than light: in air, sound takes about 3 sec- 
onds to travel 1 kilometre. You can appreciate this from the time difference 
between lightning and thunder in a distant thunderstorm. Knowing the 
speed of sound in air (which is about 343 ms~', roughly a thousand feet per 
second, in normal conditions), the time difference tells you your distance 
from the lightning. Water waves are again much slower. so you can observe 
the motion directly. 


What happens if two or more waves overlap? If you throw two pebbles into 
a pond, both will generate circular wave patterns (see Figure 1.3). 


We shall see in the next 
chapter that this name is 
justified. 


Figure 1.3 ‘Throwing two stones into a pond results in intersecting ripple patterns 


When the two ripple patterns meet, the resulting pattern may appear rather 
complicated, as in Figure 1.3. But, in fact, the two wave patterns pass 
through each other, and they continue to move as independent ripple pat- 
terns after they leave the intersection zone. The same happens with light 
and sound waves. For instance, when several people in a room speak simul- 
taneously, their voices may be mixed, but you can still recognise the voice 
of a person you know, provided that you can hear it. It does not sound 
different to how it would sound without the other voices present. Many 
signals, such as radio and television broadcasts or mobile telephone calls, 
are transmitted simultaneously without affecting each other. 


Let us consider what this means for the mathematical description of wave 
motion, assuming for the moment that we do not know the wave equation. 
Let uj (a,t) and u(x,t) describe two waves moving in space, for instance 
the sound waves (which are distortions in air pressure) produced by two 
people standing at opposite ends of a long tunnel, shouting at each other. 
Here ¢ denotes time and x denotes position; for simplicity we consider only 
one spatial dimension. After the few moments that it takes the sound to 
traverse the tunnel, the people hear each other. The fact that the sound 
waves necessarily overlap in the middle of the tunnel, and that there is no 
distortion of the sound, means that the presence of one sound wave does not 
influence the other. The combined wave motion u(:r,t), the superposition of 
the two waves, is therefore the sum u(a,t) = u;(a,t) + ue(x.t), so the two 
contributions just add up. It also should not matter how loudly the people 
shout, so multiplying a wave motion u(x,t) by a constant factor, which 
corresponds to changing the loudness, still describes a possible motion. 


Phrased more generally, we want our wave equation to have the property 


that linear combinations, or 
Superposition of waves 


u(a,t) = a, u(x,t) + a2 u2(x,t), (1.3) 


of any two solutions u;(a,¢) and u2(x.¢t), with arbitrary constants a; and a, 
are again solutions. This implies that the wave equation must be linear, 
which means that the function u(x,t) and its derivatives enter only linearly. 
not as higher powers such as (u(r, t))* or as arguments of functions such as in 
sin{u(z,t)]. Moreover, the wave equation must also be homogeneous, which 
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1.1 Introduction to wave phenomena 


means that it does not contain a term that is independent of the function 
u(x,t). In other words, all terms in the equation vanish for u(x,t) = 0, which 
thus is a solution. The one-dimensional wave equation (1.1) on page 8 is 
indeed linear and homogeneous. Waves described by this equation are called 
linear waves, and they are characterised by the superposition property. In 
reality, linear behaviour need not be precisely obeyed, though it is often a 
very good approximation. Thus we shall concentrate on linear waves in this 
course. 


Exercise 1.1 


If wy (wr, t) and ua(sr, t) satisfy the wave equation (1.1), show that the function u(x,t) 
given by equation (1.3) is also a solution of the wave equation. iy 


Waves may travel in certain media, such as air, solids and liquids. However, 
not all kinds of waves require a medium. Electromagnetic waves, such as 
light emitted from distant stars in the universe, reach Earth through the vast 
expanse of empty space. Astronauts in a spaceship on route to the Moon can 
communicate with Earth by radio, except when their vessel is behind the 
Moon, which is not transparent to radio waves. (But sound waves cannot 
travel in empty space, although this fact is ignored in many science fiction 
movies featuring spaceships.) 


There are more properties that we could list. For instance, waves can be 
reflected by objects, just as a mirror reflects light and a wall reflects sound 
(which you may perceive as an echo), Wave motion is influenced by the sur- 
rounding medium, which affects the propagation speed. This becomes par- 
ticularly apparent at interfaces between different media. A familiar example 
is the bending of light at a water surface: when you look at a straight stick 
partially submerged in water, the stick appears to be bent at the surface. 
The same process, known as refraction, is utilised in optical instruments 
containing lenses, like magnifying glasses, telescopes and cameras, 


Waves are everywhere 


Where do we encounter waves in nature? We have already mentioned wa- 
ter waves, sound waves and light waves, as well as mechanical waves on a 
string which, for instance, produce the sound of a guitar. Other examples 
of mechanical waves are seismic waves produced by earthquakes, and waves 
in quartz crystals used in modern watches. 


According to the modern view of the physical world, in particular quan- 
tum mechanics, the seemingly distinct concepts of particles and waves are 
intimately related. This means that particles may also show wave-like be- 
haviour, and vice versa, although this will be directly apparent only in the 
microscopic world of atoms and elementary particles, not in our everyday 
life experience. But, depending on the type of experiment performed, light 
may show ‘particle-like’ behaviour or ‘wave-like’ behaviour, and the same is 
true of atoms and elementary particles. Viewed from this perspective, wave 
motion is in fact a fundamental aspect of our description of nature. 


1.1.2 Content and organisation of this block 


In this part of the course, we shall develop the mathematical description of 
wave motion. However, the motivation to study wave motion originates in 
physics. Electromagnetic waves are arguably most relevant to everyday life, 
but the physics involved, the theory of electromagnetism, is rather compli- 
cated, so we concentrate on systems governed by Newton's laws of mechanics. 


Isaac Newton 
(1642-1727) 
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The remaining part of this chapter deals with deriving the wave equation 
and the values of the wave speed c for different physical systems. As our 
main examples, we consider transverse waves on a stretched string and lon- 
gitudinal waves in springs, rods and stretched strings. In the transverse 
case, the distortion takes place in a direction perpendicular (transverse) to 
the equilibrium position of the string, whereas in the longitudinal case the 
distortion is along the axis of the spring. rod or string. We start by reca- 
pitulating some basic notions of elasticity and Newtonian mechanics, and 
then discuss in detail how the wave equation arises in these systems. In an 
optional appendix, we give the derivation for sound waves in a gas confined 
to a narrow tube. 


In the next five chapters, we turn to mathematics, and discuss the solutions 
of the wave equation and their mathematical properties. Whereas we shall 
often allude to the underlying physical situation, the main emphasis 
the mathematical aspects. 


This starts in Chapter 2, which considers solutions of the one-dimensional 
wave equation. Considering the general form of solutions naturally leads 
to the mathematical tools of Fourier series and Fourier transforms, which 
are discussed in detail in the subsequent chapter. This is followed by two 
chapters where these tools are employed to derive solutions of the wave 
equation, first in one dimension, then in two and three dimensions. The 
final chapter of this block is devoted to some important aspects of wave 
propagation, and you will see how some familiar physical properties of waves 
can be understood from the mathematical analys 


This block is self-contained in the sense that it does not assume that you have 
seen the wave equation before. If you have previously studied the second- 
level course MST209 (or MST207) or a similar course, you will already be 
familiar with some of the material contained in the first two chapters of this 
block, such as the transverse vibrations of a stretched string. While this 
will be the first example discussed in this course, wave motion in one and 
more dimensions will be considered in depth, with a detailed discussion of 
boundary and initial conditions. We present several methods of solving the 
wave equation, introducing and exemplifying mathematical techniques that 
have important applications in other areas of mathematics. 


1.2 Springs, rods and elastic strings 


Elasticity plays a vital role in the wave motion in the systems that we shall 
discuss. Therefore we start by recalling a few basic facts about the physics 
of elasticity, in particular with respect to springs. rods and elastic strings. 
Wave motion takes place in a similar fashion in all these systems. 


In what follows, we shall concentrate on elastic forces, assuming that other 
forces, such as gravity, can be neglected. 


1.2.1 Elasticity 


Knowingly or not, you continually experience elasticity in everyday life. 
Whether walking on concrete, on wooden planks or on soft soil, your weight 
is compensated by elastic forces resulting from small deformations. When 
driving on a suspension bridge, you rely on the elastic force of the stretched 
cables. Every time you touch something solid. elastic forces are involved. 
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1.2 Springs, rods and elastic strings 


The concept of elasticity links the deformation of the solid to the forces 
that act on it. As an example, consider a cylindrical rod of cross-sectional 
area A, which without an external force has a natural length Jo. Pulling at 
one end with a force F'2, while keeping the other end fixed, extends the rod 
to a length | > Io. To keep the other end fixed, the fixture needs to exert a 
force F, = —F»; see Figure 1.4. 


natural state 


F>F, z 
fixed end pulled 


{———+ 


Figure 1.4 A rod in its natural state and extended by forces F and Fz = —F, 
The relative extension ¢ = (1 — [o)/lo is the (longitudinal) strain in a solid, 
and the force per area o = |F\|/A = |F2|/A is known as the (longitudinal) 
stress. Experimental measurements are usually displayed by showing the 
stress as a function of the strain, in a stress-strain diagram. Not all solids 
behave in the same way, but a typical outcome of such a measurement is 
sketched in Figure 1.5. 


stress O=|FV/A Pi 


PL \. 


elastic plastic 
strain £=(/ — [)V//y 


Figure |.5 Sketch of a typical stress-strain diagram of a solid. The points PL, EL, 
YP and FP are the proportional limit, the elastic limit, the yield point and the 
failure point, respectively. 


There are two qualitatively different behaviours that can be observed when 
deforming a solid. The deformation is called elastic if it is reversible. If the 
force is removed, the material regains its original shape. In our case, this 
means that the rod contracts back to its natural length Jp. If this is not the 
case, we have a plastic deformation, and the solid is permanently deformed. 
The largest deformation for which the material still behaves elastically is 
called the elastic limit. The corresponding point in the stress-strain diagram 
of Figure 1.5 is denoted by EL. The elastic limit can vary considerably 
between materials: while a rubber band may well be extended elastically to, 
say, twice its natural length, the elastic limit for a piano wire is of the order 
of 0.01, which corresponds to an extension of 1%. 


For small deformations within the elastic limit. most materials obey Hooke’s 
law, which states that the stress and the strain are proportional to each 
other. It is worth noting that a material can be elastic without obeying this 
linear relationship. In Figure 1.5, the proportional limit PL denotes a point 
up to which the behaviour is well described by a linear relationship. Note 
that PL is not a precisely defined point on the curve, but rather depends on 
how much deviation from linearity you are prepared to tolerate. 


Robert Hooke 
(1635-1703) 
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Within the linear regime (i.e. where strain is smaller than proportional 
limit), the graph of stress against strain has constant slope Y, with 


o =stress = Y x strain = Ye. (1.4) 


Y is called Young’s modulus; it is a characteristic feature of the material. Thomas Young 
Some typical values are given in Table 1.1, together with typical values of (1773-1829) 
the volume density p\Y) =m/V, which is the mass per unit volume of the Volume density is 
material. explained further in 
Subsection 1.2.4. 
Table 1.1 Typical values of the volume density p\Y), in kilograms 
per cubic metre, and of Young’s modulus Y, in units of gigapascals 
(1GPa = 10° Pa = 10° Nm~®), for various solids 


p!”) (kgm~3) Y (GPa) 


Steel 73860 200 
Aluminium 2710 70 
Concrete 2320 30 
Glass 2190 65 
Polystyrene 1050 a 
Wood 525 13 


For a rod of cross-sectional area A, we define its modulus of elasticity or 
elastic modulus as 


K = AY. (1.5) 


This is constant if we can neglect any changes in the cross-sectional area of 
the rod caused by the extension. Using equation (1.4), the magnitude F of 
the force is related to the strain by 


F=Ao= AYe= Ke. (1.6) 


There are two further points marked in Figure 1.5. The first is the yield 
point YP, which is defined as the strain where the stress starts to decrease 
with increasing strain, i.e. the material ‘gives in’. In a rod, this may, for 
instance, happen due to pinching of the rod: the rod effectively becomes 
thinner and longer, and the stress decreases. Finally, if the strain reaches the 
failure point FP, the material breaks and the stress-strain curve terminates. 


Exercise 1.2 


(a) Calculate the elastic modulus A for uniform steel wires of cross-sectional areas 
A= 1mm? and A = 2mm?. 


(b) Consider two uniform wires of cross-sectional area A = 1mm? made of steel 

and aluminium, respectively. What force magnitude F is needed to extend 
each wire by 1%, such that © = (1 —Ip)/lo = 1/100? 
Suppose that the extension is produced by the gravitational force of magnitude 
F = mg of a mass supported by the wire, where g ~ 9.81ms~? is the magni- 
tude of the acceleration due to gravity. What are the corresponding masses m 
that have to be attached to the two wires to extend them by 1% (where the 
masses of the wires can be ignored)? 


(c) A uniform aluminium wire has a natural length lg = 1m and a cross-sectional 
area A = 10mm?. What is the mass of the wire? 


The wire is fixed at one end, and stretched to a length of 1.02m. Calculate 
the magnitude of the force that the wire exerts on the fixture. 


1.2 Springs, rods and elastic strings 


1.2.2 Hooke’s law 


You may already be familiar with helical (coil) springs and their properties 
from previous courses. Usually, the oscillatory motion of a particle attached 
to a spring is considered. In that case, the role of the spring is to provide 
a force acting on the particle, and it is the motion of the particle that is of 
interest. Here, it is the motion of the spring itself that will be of interest. 
This means that we have to investigate the forces and motion within the 
spring. Unless stated otherwise, we shall assume that the spring is uniform, 
which means that its material properties do not change along its length. 


Most coil springs consist of metal rods, and their physical properties can, in 
principle, be derived from those of the metal rod. However, we shall not go 
into detail here, but instead consider idealised springs (model springs) which 
have a particularly simple behaviour. In what follows, the word ‘spring’ 
always refers to this idealisation, unless we explicitly talk about real springs. 


For our purposes, a spring is completely characterised by three parameters: 
the natural length lp, the stiffness k and the mass m. We assume that 
the spring obeys Hooke’s law, which states that a uniformly stretched (or 
compressed) spring of natural length Jo and stiffness k exerts a force 

F=-—k(l—o)8 (1.7) 
on any object attached to an end, with the other end fixed. Here / is the 
length of the spring, and 3 is a unit vector along the axis of the spring, 
directed from the centre of the spring towards the end where the force acts. 
The direction of the force F is thus along the axis of the spring. If the spring 
is stretched, | > I, the force is directed towards the centre of the spring; if 
it is compressed, | < Ip, the force is directed outwards, away from the centre 
of the spring. This force is equal in magnitude and opposite in direction to 
the force needed to keep the spring in the stretched or compressed state of 
length U. 


If the spring is fixed at the ends 2 = 0 and « =/ along the i direction, as 
depicted in Figure 1.6, it exerts a force F; = k(/ —[p)i at its left end (2 = 0) 
and a force F2 = —k(l — lo)i = —F of equal magnitude and opposite direc- 
tion at its right end (# =/). In equation (1.7), the unit vector 8 is given by 
~i at the left end of the string, and by i at the right end of the spring. 
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Figure 1.6 Elastic forces exerted by a uniformly extended or compressed spring 


The larger the stiffness k of the spring, the larger the force required to extend 
or compress it by a given distance |/ —[o|. Instead of specifying the spring 
stiffness k, it is often preferable to use the elastic modulus K, which in this 
case is given by K = klo. With this substitution, Hooke’s law becomes 


Hooke’s law 
l=lo 
(1.8) 


F=-K 


lo 
which is the form that we shall use mainly. 


Note that this differs from 
the notion used in 
MST209/MST207, where 
model springs are defined 
to be massless. 
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So K measures the magnitude of the force in terms of the relative change of 
length, the strain < = (l —Ip)/Io, of the spring (compare equation (1.6) on 
page 14). The units of K are those of force, so values are given in newtons, 
with 1N =1kgms~*. In contrast to the stiffness k, the elastic modulus 
is characteristic of the material and construction of the spring, and does 
not depend on its length. This is most easily seen in the example of equal 
springs of elastic modulus K and length /p, joined together end to end, and 
considered as a single spring of length 2/9. Applying a force of magnitude F’, 
the double spring extends twice as much as each of the single springs, so its 
stiffness that enters equation (1.7) is half that of its constituents. However. 
the elastic modulus of the double spring equals that of its constituents, as 
(k/2)(2lo) = klo = K. 


As an aside, we note that real springs are often ‘pre-tensioned’, where the coils 
are not separated in the natural state of the spring. This means that while 
these springs obey Hooke’s law (1.8) for a certain range of deformations | — lo, 
the value of /g that enters Hooke’s law differs from the free length of the spring 
in its natural state. In that case, we need to distinguish between the natural 
length lo, which is defined as the constant that appears in Hooke’s law (1.8). 
and the actual length in equilibrium, For simplicity, we do not make this 
distinction in what follows, and assume that the lengths coincide. 


Elastic strings 


Comparing equation (1.6) for the rod in the linear regime with equation (1.8) 
for the spring, one finds that the relationship between force and deformation 
is the same in both systems. For our purposes, a rod behaves, for small 
deformations, just like a very stiff spring, so we shall not make a distinction 
between these two systems. Provided that we are in the linear elastic regime, 
Hooke’s law applies. 


A similar comment applies to elastic strings. For instance, a piece of rubber 
band behaves like a thin rod or a long spring: you need to pull it. which 
means to apply a force, in order to extend it. We assume that elastic strings 
are ideally flexible, so they can be bent without an effort. This means that 
there is an elastic force associated with extending, but not with bending the 
string. Clearly, this is an idealisation, but it is a reasonable approximation 
for flexible strings provided that the bending is not too sharp. 


In contrast to the spring and the rod, a flexible string cannot be compressed 
by applying a force, because it would bend instead. But we may assume 
that: the stretching of flexible strings is once more described by Hooke’s law, 
with an appropriate value of the stiffness or the elastic modulus. 


1.2.3. Tension 


Let us return to springs for a moment. Hooke’s law tells us about the forces 
that a spring exerts on objects attached to its ends. However, we are now 
interested in what happens within a spring. If you touch a stretched spring 
or a taut string, for instance a guitar string, and slightly deform it from its 
straight form, you can feel that it is in tension: the spring or string resists 
deformation, and if you pluck the guitar string, it will start to vibrate. A 
slack flexible string, on the other hand, can easily be bent and will not 
straighten out again. Let us make this more precise and define tension. 


1.2 Springs, rods and elastic strings 


Consider again a uniform spring in a static state of uniform compression 
(1 < lp) or extension (1 > Io), with no other forces acting. Imagine cutting 
the spring at position x (0 < x <1), holding the two cut ends together (see 
Figure 1.7). 


Figure 1.7 The tension T(r) in an extended spring corresponds to the magnitude 
of the elastic forces |F'| = |F'2| that are needed to keep the ends at an imagined 
eut at position x in place 


The forces needed to keep the two new ends together correspond to the 
forces that the two newly-formed springs exert at their ends. Because the 
spring was in a static state before we cut it, the two forces exerted by the 
two new ends must be of opposite direction and of equal magnitude. This 
holds true for any x along our original spring, so the magnitude of the force 
is constant along the spring, and the forces at the imagined cut are thus 
given by Hooke’s law (1.8). 


We define the tension T such that equation (1.8) becomes F = —T8. So, 
in a spring that obeys Hooke’s law (1.8) and has been stretched uniformly 
from its natural length /o to length /, the tension is constant and given by 


1 Tension in a uniformly deformed spring 
=K—-K. (1.9) 
lo 
The magnitude of the tension |T| is the magnitude of the forces that keep 
the cut ends of the spring in place. The sign of T tells us whether the spring 
is in a state of extension or compression: if the spring is extended, 1 — lp > 0 
and T is positive; if the spring is compressed, | — Ip < 0 and T is negative. 


The definition of tension raises an obvious question. As tensions always 
correspond to forces, why do we not just consider the forces rather than the 
signed scalar quantity T’? The reason is the following. Consider a uniformly 
stretched spring with length / > lo. The tension is constant and positive 
along the spring. If we imagine cutting the spring at a position x, we need 
forces of magnitude T to keep the two ends in position, but the two forces 
have opposite signs — the new (right) end of the left part of the spring at 
smaller values of 2 wants to move to the left, so it exerts a force F2 = —Ti. 
whereas the new (left) end of the right part pulls to the right, exerting a 
force F, = Ti. So tension does not have a ‘natural’ direction, but it has 
a sign which tells us whether our two new ends are pulled apart or driven 
together by the forces exerted by the two parts of the spring. 


In a flexible string, the tension cannot be negative, because the string can- 
not be in a state of compression. Later, we shall also be interested in the 
behaviour of flexible strings, which in general will not be straight. In that 
case, at any position along the string, the elastic forces are tangential to the 
string, and the (scalar) tension again corresponds to the magnitude of those 
forces. 


The tension in 
non-uniformly compressed 
or extended springs will be 
discussed later. 


1.2.4 Density 


Usually, one defines the density of a material as the mass per unit volume. 
In general, the density can fluctuate in a material, and is defined as a limit: 


Volume density 


ém(r) (1.10) 


bv 
where 6m(r) denotes the mass contained in the volume 4V at position r. 
However, for a rod, spring or stretched string. it is natural to use the mass 
per unit length, i.e. the linear density 


_), dm(x) 
Ne Sr, 


rather than the mass per unit volume. 


OY) ti 
pir) = jim 


Linear density 
: (1.11) 


In the uniform case, m and p are independent of position, and these def- 
initions simplify to p\Y) = m/V and p= m/l, respectively. For a uniform 
wire or rod with constant cross-sectional area A, the volume is related to 
the length by V_= Al, so the linear and volume sities are related by 


u p=Ap™. I (1.12) 


In a_uniformly stretched or compressed spring of length /, the linear density 


is constant. p= m/l. If ly denotes the natural length of the spring, the 
density in the natural state is py = m/lp- The mass m does not change, so 


\\ =" I] (1.13) 


Exercise 1.3 


Consider a spring of natural length /o, elastic modulus K and natural linear den- 
sity pp that obeys Hooke's law. 


(a) The spring is uniformly extended to a length | > lp. Calculate the linear 
density p and the tension T in the uniformly stretched spring. Express p in 
terms of pp. K and the constant tension T. 


(b) Compare the results with those for a uniformly compressed spring of length 
l<lo. 
Exercise 1.4 


Consider a spring of elastic modulus K = 100N that obeys Hooke’s law. The spring 
is uniformly extended or compressed to a length | = 30cm. 


(a) If the tension in the spring is T = 25N, what is the natural length lo of the 
spring? 


(b) Alternatively, if the tension.in the spring is T = —25N, what is the natural 
length /o of the spring? 


(c) What are the relative length changes (! —/p)/Io in the two cases? 


Exercise 1.5 


Consider a spring of natural length Ip = 1m, elastic modulus K = 100 and linear 
density py = 0.1kgm™~'. Assume that the spring obeys Hooke’s law. 


(a) What is the mass of the spring? 


(b) What force is needed to extend the spring to length | = 1.5m? What is the 
tension in the extended spring? What is its linear density 


(c) What force is needed to compress the spring to length | = 0.8m? Calculate 
the tension and the linear density in this case. 
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1.3 Transverse waves on a stretched 
string 


We are now going to analyse our first instance of wave motion, namely 
transverse waves on a stretched string. 


As an example of transverse wave motion, you may think of a guitar string 
that is plucked and then released, vibrating freely. It is this vibration that 
makes the sound. We assume that the only forces that are relevant are 
elastic forces; any other forces, such as those due to gravity and friction, 
both within the string and due to the presence of air around the string, 
are neglected. In fact, frictional forces are present in the example of the 
guitar string. We could not hear the sound of a vibrating string if there 
were no energy carried away by the sound wave, and the energy losses due 
to the sound wave and due to friction are responsible for the damping of the 
vibration and the resulting fading of the sound. However, for a sufficiently 
short time, we can ignore the effects of friction on the motion. 


1.3.1 Derivation of the wave equation 


We consider a string of natural length lp and constant linear density po. 
which is uniformly stretched to a length / > po. In equilibrium, the string is 
along the i direction and is fixed at its end points at «= 0 and «=1. In 
equilibrium, the tension T' > 0 is constant. 


Now we consider the situation where the string is slightly disturbed perpen- 
dicular to the string, in the j direction (see Figure 1.8). We define a function 
u(a,t) as the displacement of the string in the j direction at time ¢t, and we 
assume that the deformation is sufficiently smooth that the function u(x,t) 
is at least twice differentiable with respect to both arguments. 
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Figure 1.8 Transverse displacement u(x,t) of a stretched string in the j direction 
at a fixed instant of time 


We are interested in the motion of the string, described by the space and 
time dependence of the deformation u(.x, t). 


More simplifying assumptions 


We assume that the motion takes place solely in the j direction. This means 
that a marked point at a position zi along the undeformed string moves 
only in the j direction, not along the equilibrium string direction. At time ft, 
the pi on of the marked point is thus zi + u(.r,t)j; its component in the 
i direction stays fixed, and its transverse component, in the j direction, 
corresponds to the deformation u(z, t). 
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We also assume that we may neglect the change in length of the string due to 
the displacement in the j direction. This can be justified if the deformation 
of the string is sufficiently small. More precisely, we require that, for all 
x € [0,1], the partial derivative u, satisfies |u;| < € for some small positive 
€>0. The changes in the length, tension and linear density of the string 
are then of order €?, so in a first-order approximation, we can neglect these 
changes. 


In this approximation, the tension T remains constant throughout the mo- 
tion. This also means that we do not need to assume that the string obeys 
Hooke’s law. With the assumptions made above, the only information that 
will enter the argument is the tension T > 0 in the string. 


A string element 


We start by considering the situation at a fixed instant of time t. The 
deformation of a small element (2, x + 62] of length dz is shown in Figure 1.9. 
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Figure 1.9 The forces acting on a small string element. For clarity, the angles @, 
and @, which are supposed to be small, have been exaggerated. 


At time ¢, the displacements at the ends of the interval are u(x,t) and 
u(x + da,t), and the angles between the string and the i direction are @, 
and @, respectively. The slope of the string is given by the tangents of the 
angles, 

uz(x,t) = tang; ~ oO. Uur(2 + da,t) = tandy ~ oo, (1.14) 
where u,(x +6x,t) denotes the partial derivative of the function u(x,t) 
with respect to the first variable, evaluated at (a + x,t). According to our 
assumptions, the slope is of order €, so the angles 1, aus are themselves 
of order ¢. From the Taylor expansion tan @ = @ + 4 1g% +--+, we find that 
we can pare the tangents by the angles, because the Giderdcs is of 
order 3. 


Motion of a string element 


If we consider a small string element. we can neglect any changes within it, 
and think of it as a particle whose motion is described by Newton's second 


law, Newton’s second law 


force = mass x acceleration. (1.15) 


Applying this to the string element, we obtain a relation between the net 
force acting on the string element, its mass and its acceleration. The strategy 
is to use the equation of motion for the string element and then take the 
limit as da > 0. 


Force on a string element 


Due to the tension in the string, the string exerts forces F and F2 on our 
string element shown in Figure 1.9. 


Chapter | The wave equation 


These statements are 
verified in optional 
Exercise 1.23 at the end of 
this chapter. 
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These forces are tangential to the string, so 
F, = —T{cos ¢, i+ sind, j] ~ —T(i+ 4,j). (1.16) 
F2 = T {cos $9 i + sin dy j] ~ T(i+ 2 ))- (1.17) 


We have used again the fact that the angles @ and @, are small (of order €), 
so sing, = 6; + O(e%) and cos @; = 1 + O(e?), for i = 1,2. 


Considering the small string element as a particle, we can add the forces Fy 
and F’2 to obtain the resulting net force JF on the string element as 


OF = F, + F2 ~ T(¢) — 0) j ~ T[ux(x + dx. t) — ux(z, t)] 5, (1.18) 


which acts in the j direction, perpendicular to the unperturbed string. 


Exercise 1.6 


Consider a transversely deformed string, fixed at its end points at z = 0 and x = 1, 
which is described by a function u(x) = a(1—)/10. We assume that the string 
has constant tension T. 


(a) Calculate the slope of the string. 


(b) What is the maximal displacement of the string, and at which position x does 
it occur’? 


(c) Find the extremal values of the slope. 


(d) Calculate the force 5F(x) on a string element |a.« + 6x], and compare the 
magnitude of 6F(«) with the second derivative u(x), 


Mass of a string element 


Because we have assumed that the string is uniform and its length remains 
constant, the mass of the string element is 


bm = pdx, (1.19) 


where p = polo/! denotes the constant linear density of the stretched string. 


Acceleration of a string element 
The acceleration a of the string element in the j direction is 
a=aj~ up(x.t)j, (1.20) 


where we ignore any variation of uj within the string element. 


Applying Newton’s second law 


According to Newton's second law, the equation of motion for the string 
element is force equals mass times acceleration, 5F = éma. Using the ex- 
pressions for the force 6F, mass 6m and acceleration a in equations (1.18)- 
(1.20), we obtain 

T [tx (x + 6x, t) — uz(x,t)] j > pda uy (2, tj. (1.21) 
Using the definition of the second partial derivative, 
Ux (x + da, t) — uz(x, t) 


Ure (x,t) = jim, ie (1.22) 
we obtain the second-order partial differential equation 
a 
ut (x,t) = a Ure (x,t) (1.23) 


in the limit as dx — 0. 


21 


22 


This is the wave equation (1.1) quoted on page 8, 


tuye(x,t) = CF ze (x1), (1.24) 
with the wave speed c given by 

T ‘Transverse wave speed 

c iE ; (1.25) 


The wave equation is the crucial equation of this part of the course. It 
involves the second partial derivatives of the function u(x,t) with respect to 
time ¢ and position «. The second partial derivative with respect to time is 
a direct consequence of Newton’s second law, which is used to describe the 
acceleration of a small element of the string. The second partial derivative 
with respect to position enters via the force on a small string element. 


Exercise 1.7 


(a) Show that the wave speed (1.25) can be expressed as 


pe 
© V Pola” 


(b) Show that for a string that obeys Hooke’s law with an elastic modulus K’, the 
wave speed (1.25) can be expressed as 


(K +7) 
Po * 


1.3.2 Some solutions of the wave equation 


The possible motions of the string are determined by the solutions of the 
wave equation, These will be discussed in detail in the subsequent chapters. 
However, some example solutions are considered in Exercises 1.8-1.11. 


The wave equation was derived by considering the internal forces acting 
on, and the accelerations of, small elements of the string. It depends on 
the linear density p and the tension T in the string, but does not involve 
the length 1 of the string. Solutions of the wave equation do, however, 
depend on /, because it enters via additional conditions, known as boundary 
conditions, which prescribe the value of the function u(x,t) at the ends of 
the string. Different boundary conditions lead to different solutions of the 
wave equation. If, for example, the string is fixed at its ends at «= 0 
and « =1, the deformation has to vanish at these points, so we require 
u(0,t) = u(l,t) = 0 for all values of t. 


In the following exercise we show you a solution of the wave equation. It 
may be something of a disappointment, because once we apply the boundary 
conditions, it turns out to be a rather trivial solution. 


Exercise 1.8 


Consider the function u(x,t) = Asin(kx — wt) for x € [0,1], where A, k and w are 
constants. 


(a) Insert u(x,t) into the wave equation (1.24). Find the conditions on k and w 
such that u(x,t) is a solution for a given wave speed c- 
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The role of boundary 
conditions will be discussed 
in detail in Chapters 2 

and 4, 


Note that the constant k in 
this case is distinct from 
the spring stiffness 
discussed earlier. 
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(b) Suppose that u(x,t) describes the transverse vibrations of a string that is fixed 
at its end points « = 0 and x = |. Show that the boundary condition u(0,t) = 0 
for the above solution implies that u(x,t) is time-independent. 


(c) Show that requiring the wave speed c to be non-zero implies that u(.r,t) is 
the trivial solution u(x,t) = 0 for all x and t (which clearly satisfies the wave 
equation and the boundary conditions u(0,t) = u(l,t) = 0). 


The next exercise introduces some more interesting solutions, which are 
important because we shall repeatedly return to them. For some of the 
solutions, there are points along the string other than the end points that 
do not move at all during a particular motion of the string. Such points are 
called wave nodes or simply nodes. 


Exercise 1.9 


Consider the function u(x,t) = Asin(h) sin(wt) for x € [0,1], where A, k and w are 
constants. 


(a) Find the relation between k and w imposed by the wave equation (1.24) for 
u(x,t) for a given value of the wave speed c. 


(b) What are the conditions on the parameters A, k and w imposed by the bound- 
ary conditions u(0,t) = u(J,t) = 0 for all values of t? 


(c) Solve these conditions to derive functions u(x,t) which are non-trivial solutions 
of the wave equation with these boundary conditions. 


(d) Which points a4 along the s\ besides the boundary points x, = 0 an 
a, = 1, are nodes? In other words, what are the values 2, for which u(a,,t) = 0 
for all #? Label the solutions by n = 1,2,... according to the number of nodes, 
with u,(a,t) containing n — 1 nodes. 


(e) Consider solutions w;(«,t) and u2(x,t) which have no nodes and just a single 
node, respectively. Sketch the functions u;(s,t;) and u2(x.t;) at several fixed 
instants of time ¢; in order to visualise the corresponding motion. 


The solutions discussed in this exercise correspond to standing wave motion. 
As for a plucked guitar string, there is no apparent motion of the wave 
pattern along the string. Later, we shall discuss travelling waves, an example 
of which are water waves produced by throwing a pebble into a pond. 


Complex solutions of the wave equation 


Although the deformation u(a.t) clearly should be a real number for all 
values of a and t, it sometimes turns out to be useful to consider complex 
solutions of the wave equation. As will be shown in Exercise 1.10, the real 
and imaginary parts of a complex solution individually satisfy the wave 
equation. So a single complex solution encodes two real solutions which 
each correspond to a possible motion. However, there is also a more obvious 
reason why one might prefer to use complex solutions: real solutions, such as 
those of Exercises 1.8 and 1.9, often involve trigonometric functions, while 
complex solutions, like those considered in Exercise 1.11 below, involve the 
complex exponential function. Algebraic manipulation of the latter is often 
much easier than that of the former. 
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‘These solutions correspond 
to possible motions of the 
string. 
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Exercise 1.10 


Consider an arbitrary complex solution u(x,t) = p(x, t) + ig(x. t) of the wave equa- 
tion, where p, q, x and ¢ are real. 


(a) Show that the real and imaginary parts p(x,t) and g(a. t) of u(x,t) separately 
satisfy the wave equation. 


(b) Show that this means that the complex conjugate u* of any complex solution 
u(a,t) of the wave equation also satisfies the wave equation. (Again, x and t 
are assumed to be real.) 


(c) Express p(z,t) and q(,t) as linear combinations of the function u and its 
complex conjugate u*. 


Exercise 1.11 
Consider the complex exponential functions 
f (x,t) = Aexpli(ka—wt)], g(x,t) = Bexp[i(kr + wt)], 


for «x € (0,l), and their linear combination u(x,t) = f(«,t) + (x,t), where A and 
B are complex constants, and k and w are real constants. 


(a) Find the relation between & and w imposed by the wave equation (1.24) for a 
solution of the form f(z, t) at a given value of the wave speed ¢. Do the same 
for g(x,t). What does this mean for linear combinations of the form u(z,t) 
with arbitrary complex constants A and B? 


(b) Show that the boundary condition u(0,t) = 0 cannot be fulfilled for such a 
linear combination for all times t unless A = B = 0 or w = 0. 


(c) Show that for real A = —B, the real part p(x,t) of the complex function 
u(a,t) = p(w, t) + iq(z,t) is of the same form as the solutions of Exercise 1.9. 


(d) Consider now the real and imaginary parts p(x,t) and q(r,t) of the function 
u(x,t) = p(x.t) + ig(x.t) for real A= —B, Can you satisfy the boundary 
conditions p(0,t) = p(l,t) = 0and q(0,t) = q(l,t) = 0? What follows from that 
for complex solutions u(x,t) with boundary conditions u(0.t) = u(l,t) = 0? 


You may be surprised by the apparent asymmetry between the real and 
imaginary parts of a complex solution with regard to the boundary condi- 
tions that occur in Exercise 1.11. This is caused by restricting the coefficient 
A=-—B to be real. For complex coefficients A = aexp(ia) = —B, we have 
u(x,t) = 2asin(ka + a) sin(wt) — 2iacos(ka + a) sin(wt), and it is, in gen- 
eral, possible to find values for k where either the real or the imaginary part 
of u(a,t) (but not both) vanishes at the boundaries. 


1.4 Non-uniformly deformed springs 


Let us now turn our attention to waves in springs. So far, we have consid- 
ered springs that are uniformly stretched or compressed. Now we intend to 
examine springs that are stretched or compressed unevenly. Your intuition 
may lead you to suspect that such a spring cannot be in equilibrium un- 
less some forces are applied so as to maintain such a deformation. At this 
moment, we are not yet interested in the motion of the spring, but in the 
tension in a non-uniformly deformed spring. Thus you may imagine that the 
non-uniformly deformed spring is being kept in static equilibrium by exter- 
nal forces, acting at various points along its length. An example of a spring 
that is non-uniformly stretched in equilibrium is given by a suspended spring 
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that stretches due to its own weight. In this situation, upper parts of the 
spring have to support the weight of the lower parts, so the force that acts 
is non-uniform, and consequently the stretching will also be non-uniform. 


In what follows, we shall often compare a spring in a general, non-uniformly 
stretched or compressed state with the spring in its natural state, or with a 
uniformly stretched or compressed spring. We use x as the variable for the 
distance along the uniform reference state. In order to describe the defor- 
mation in a general spring with respect to its reference state. we introduce a 
function #(x,t) that relates the position @ at time t of a marked point along 
the spring to its position x in the reference state (see Figure 1.10). It is easy 
to keep in mind that the symbol # refers to the deformed case, because the 
tilde is reminiscent of a wavy pattern. 
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Figure 1.10 Positions of marked points along the axis of a spring in the reference 
state of length / and in a non-uniform general state of length L, at a fixed instant 
of time, Here the point 2 is moved to the point #(;) and the point x2 to the 
point #(22). The new length of the spring is L = 2(I). 


In the general situation of a deformed spring, the tension T and the den- 
sity p depend on the position Z along the spring. We are interested in local 
analogues of equations (1.9) on page 17 and (1.13) on page 18, which will 
give the tension and the density from the local deformation of the spring 
at a certain position. We assume that equations (1.9) and (1.13) can be 
applied to sufficiently small elements of the spring which may be considered 
as being uniformly stretched or compressed. 


Consider a small element {.r, 2 + 62] of length dz in the natural state of the 
spring. Measured along the non-uniformly stretched spring, the same piece 
of the spring is now at [%,2 + 62], and has deformed length 62, as shown in 
Figure 1.11. 
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Figure |.11 Schematic representation of a spring represented by a line along its 
axis. A small element [c,x + dx] of the natural state of length /p is deformed to an 
element [%, @ + 62] in the deformed state of length /. 


We consider the position as a function £(x) of the original position x of 
a marked point along the spring in its natural state. The two end points of 
the deformed spring element are then #(x) and Z(x + 6x), so the deformed 
length becomes 


6% = F(a + dx) — 2(2). (1.26) 
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1.4.1 Tension 


In order to calculate the tension T at the deformed position @, we apply 
equation (1.9) on page 17 to the small element. This holds only approxi- 
mately for finite da because we need to assume that the small element is 
uniformly stretched or compressed, such that the tension T is constant on 
the small element. This gives 


=K—-K. 1.27, 
ox ox ( ) 
Note that T now depends on Z(x), and thus on x. Later, the deformation of 
the spring will be allowed to vary with time, so it is advantageous to use x as 
an independent variable. Therefore we denote the tension in equation (1.27) 
by T(x), keeping in mind that this is the tension at position #(x) in the 
deformed spring. 
In the limit as dz — 0, the approximation in equation (1.27) becomes exact. 
Using equation (1.26), we find 
. OF . &(a+d6r)—F(2) OF 
I =i =>. 
éano On b20 ox Oa 


We use partial derivatives here because later, in the general case, the position 
& will depend both on x and on time t. For the tension, we obtain 


(1.28) 


0z Tension in a non-uniformly deformed spring 
ae 


T(x) =K>— K. (1.29) 


Solving equation (1.29) for the partial derivative 02/0, we can express the 
local deformation in terms of the tension: 
de  K+T(zx) 
= 1,30 
Ox Kk | 


1.4.2 Linear density 


Let us now consider the linear density. As the element of length 6% in the 
deformed state corresponds to an element of length dx in the natural state, 
both elements must have the same mass dm. Considering the densities po 
and p(a) in the natural and deformed states yields 


po dx = dm = p(x) dz, (1.31) 


where, as above, we use the approximation that the small element is uni- 

formly stretched or compressed, and consequently the linear density p does 
not vary within the element. Solving for p(x), this gives 

ox oz) 
«) ~ Pox = — 3 1.32 
p(x) Poss » (3) (1.32) 
Taking the limit as da — 0, we obtain 
Density in a non-uniformly 
deformed spring 


Or =i 
ote) = m (2) : (1:33) 


which is an equality because our approximation becomes exact in the limit. 
Using equation (1.30), we can express the local density in terms of the 
tension as 
pok 
Sr Ni Heer 1.34 
ae) = ST) (1.34) 
Locally, for positive tension (extended spring), the density is smaller than 
in the natural state; for negative tension (compressed spring), it is larger. 
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1.4 Non-uniformly deformed springs 


Example I.1 


We consider a spring which is stretched by external forces from its natural 
length lp to a length / > Io, such that #(x) = al/Ip. 


By equation (1.29), the tension is T = K(I/lp) — K = K(l—[o)/lo, and the 
density is given by equation (1.32) as p = polo/l. This corresponds to a uni- 
formly deformed spring with constant tension and density (compare equa- 
tions (1.9) on page 17 and (1.13) on page 18, respectively). 


Example 1.2 


We consider a spring stretched by external forces from its natural length lo 
to a length / > Jo, such that the equilibrium deformation is described by the 
non-uniform stretch 7 

@(x) _ x ; 

=m = exp(=)-1 (1.35) 
for 0 < x < Ip, where a = Ip/In(2). With this choice, z(l)) = 1, because 
exp[In(2)] = 2. If the stretching were uniform, the relation between 7 and 
« would be linear, @/l = x/Io, as in the previous example. Clearly, the 
stretching is non-uniform in this case. 
According to equation (1.29), the tension T(x) in the deformed spring is 
given by 

T(r) O@ ik a l-a_ Xx) 

K ae wi. ) i Tad wes 

So, in this example, the tension increases linearly with Z, in other words 
along the stretched spring. 


(1.36) 


‘The linear density is obtained from equation (1.34) as 
p(x) K a 


A 1.37, 

Po K+T(x) 1+2%(x) ou 

To illustrate this result, Figure 1.12 shows the variation of the tension and 
the density in the deformed spring for the case 1 = 2/9, with respect to 7/1 


along the stretched spring and x/Ip along the unstretched spring. 
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Figure 1.12 The tension T/K from equation (1.36) and the density ratio p/py 
from equation (1,37) are shown as functions of £/I (left) and «/lo (right) for the 
non-uniformly stretched spring with |= 2/) 1 


Exercise 1.12 


Consider a spring of natural length Jo = Lm, elastic modulus K = 100 N and linear 
density py =0.1kgm~'. The spring obeys Hooke’s law, and is kept in a non- 
uniform static state which is described by the function (x) = 2x°, where x and 
& measure (in metres) the length along the spring in the natural state and in the 


non-uniform state, respectively. 
(a) Where are the end points of the spring? 


(b) What is therefore the length / of the spring? 
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(c) Draw a sketch of the function #(.r) and of the stretching 02/0... Where is the 
spring compressed, and where is it extended? 


(d) Calculate x as a function of z. 


(e) What would the tension T and the mass density p be if the spring were uni- 
formly stretched to the same length? 


(f) Calculate the tension T(r), and express the result in terms of the position + 
along the non-uniformly stretched spring. Calculate the tension at the end 
points and in the middle of the non-uniformly stretched spring. 


(g) Sketch the tension T as a function of Z Where does T vanish? 


In which part of the spring is the state described by the function £(2) = 227 
unrealistic, and why? 


(h 


As an aside, we note that by considering small elements, we can also deal with a 
situation where the spring is non-uniform in its natural state, for instance if the 
clastic modulus K or the linear density pp varies with the position x along the 
spring in its natural state. In this ec: K and pg are functions of x. However, 
at any position along the spring, the local relations (1.29) and (1.33) between 
the tension, the deformation and the linear densi ll apply, provided that 
the appropriate local values of the elastic modulus K(:r) and the linear density 
po() are used. 


1.5 Longitudinal waves 


We now use the results that we have derived about springs to consider 
another example of wave motion, the time-dependent longitudinal motion 
of a spring. The word ‘longitudinal’ means that the deformation takes place 
only along the axis of the spring, such as for a compression pulse travelling 
along a spring as shown in Figure 1.13. 
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Figure 1.13 Snapshots of a longitudinal motion of a helical spring 


1.5 Longitudinal waves 


1.5.1 Derivation of the wave equation 


We consider a uniform spring, fixed at its end points, which is characterised 
by natural length Jo, linear density pp and elastic modulus K. We assume 
that we do not have to take into account gravitational forces, either because 
they do not affect the motion (you may think, for instance, of a spring that 
lies horizontally, supported on a smooth table on which it can move without 
friction), or because they are small and can be neglected. Note that the 
mass of the spring still affects the motion; it enters via Newton’s second 
law. 


We assume that the forces due to the tension in the spring are the only 
relevant forces for the motion; in particular, we neglect any frictional forces, 
for instance due to air resistance. In the static equilibrium situation, the 
spring is in its natural state, thus the tension is zero. We assume that the 
spring can be stretched and compressed, and that the deformations during 
the motion are such that Hooke'’s law applies. 


Tension and density in a moving spring 


If we consider a moving spring, the tension and density will, in general. de- 
pend on both the position along the spring and on the time ¢. We assume 
that we can derive the relations between the deformation and the tension 
by ‘freezing’ the motion at any instant of time, and thus apply the relations 
that we derived for the static case also in the dynamic case. This means 
that equations (1.29) and (1.33) hold at any instant of time t, and these 
equations give the local tension T(a,t) and density p(x,t) of the moving 
spring, provided that we know the function #(«,t) that describes the defor- 
mation, We thus use the static equations to derive the forces in a moving 
spring, neglecting any influence that the accelerated motion might have on 
the tension. 


Deformation of a spring 


The function (x,t) describes the deformation of the spring at time t. We 
introduce a function 


u(x,t) = &(a,t) — 2, (1.38) 


which measures the distance that a marked point along the spring has moved 
with respect to its position 2 in the natural state. We deliberately use 
the same letter as for the transverse motion, because the function again 
describes the deviation from the static equilibrium case u(x,t) = 0 of the 
natural spring. We assume that the deformation is sufficiently smooth, such 
that the function u(z,t) is at least twice partially differentiable with respect 
to both arguments. Differentiating equation (1.38) partially with respect 
to a, we have 


ur (a, t) = = =4, (1.39) 


where we use partial derivatives because we consider the position 2 along 
the (undisturbed) spring and the time t as independent variables. 


The tension along the deformed spring is then given by equation (1.29) as 
Ti(z,t): = Kt. (2,2): (1.40) 
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Motion of a spring element 


We consider a small element {x, x + dz] of the spring in its natural state, 
which at time t is positioned at {%(x,t),2(x + dx,t)] and has length 6¢ = 
@(x + da, t) — &(a,t) (see Figure 1.14). Applying Newton's second law to 
the element gives JF = 6ma, which relates the force 6F acting on the small 
spring element, its mass dm and its acceleration a. 
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Figure 1.14 The force on a spring element 


Force on a spring element 


The force JF acting on the spring element is the sum of the forces acting 
at its two ends. These are the forces exerted by the spring on the element, 
compensating for the elastic forces in the spring element, so they act out- 
wards for positive tension, as shown in Figure 1.14. The magnitude of the 
elastic force is the tension at the end, thus 


6F =T(x + 62, t)i—T(a,t)i= K[uy(a + 6x,t) —ur(x,t)]i. (1.41) 


Mass of a spring element 


The mass of the spring element is related to the equilibrium density pp and 
element length 6a by 


dm = po dx (1.42) 
(see equation (1.31)). 


Acceleration of a spring element 
The acceleration of the spring element is 


x,t) i= ugar, t)i, (1.43) 


because x and ¢ are independent variables. Again, we neglect any change of 
the acceleration within the small element. 


Applying Newton’s second law 
According to Newton’s second law, 6F = 6ma, and following from equations 
(1.41)-(1.43) we have 

K [x(a + dx, t) — ux(a, t)] i & py Ox un (2. t) i. (1.44) 
Dividing by 6x and taking the limit as dx — 0, we obtain 


Linear wave equation for 
longitudinal waves in a spring 


K tre (x,t) = po ure(x. t). (1.45) 
Here, we used equation (1.22) on page 21, and our approximations for a 


finite interval dx become exact in this limit. So we once more arrive at the 
wave equation (1.24) for the function u(x,t), but the wave speed is now 


1.5 Longitudinal waves 


Longitudinal wave speed for 
a spring (natural state) or rod 


= (1.46) 


This expression for the longitudinal wave speed c involves only pg and K, 
which characterise the spring. 


You may wonder why equation (1.46) should also apply to rods. Suppose 
that we have a rod and strike it at one end, say with a hammer. A longitu- 
dinal compression wave will travel down the rod. If the elastic deformation 
jis within the linear regime, the wave equation applies, and the wave speed 
is again given by equation (1.46) with the appropriate value of the elastic 
modulus K, so the rod just acts like a very stiff spring. These longitudinal 
waves correspond to sound waves travelling in the solid rod. 


Exercise 1.13 
Consider a rod of cross-sectional area A. 


(a) What is the expression for the elastic modulus K in terms of Young’s modu- 
lus Y? Express the linear density q in terms of the volume density p\Y). 


(b) Use the results of part (a) to write the longitudinal wave speed ¢ of equa- 
tion (1.46) in terms of Y and p'Y). Does the speed of sound in a rod depend 
on its cross-sectional area? 


(c) Consider a rod made of steel, with A = 10cm? = 10-*m*. The values of the 
volume density p\Y) and Young’s modulus Y are given in Table 1.1 on page 14. 
Compute the corresponding values of K, py and the speed of sound ¢ in the 
steel rod. How does this speed compare to the speed of sound in air, 343 ms~!? 


1.5.2 Longitudinal waves in a stretched spring 


Above, we considered how small deviations from the natural state give rise 
to longitudinal waves in a spring. What happens if we consider a stretched 
or compressed spring and disturb it slightly? Clearly, we expect that this 
will also lead to longitudinal wave motion. 


We consider a spring of natural length lo that has been uniformly stretched 
or compressed to length /, and fixed at its end points. What is the differ- 
ence between the equilibrium situation in this case as compared to the case 
discussed above? In the uniformly stretched or compressed reference state. 
the linear density p = m/l = polo/l and the equilibrium tension T, which 
was zero in the natural state, are constant. If we then further deform the 
spring slightly, the tension will change. We denote the tension in the general 
deformed case by T. We assume that for a small change ol in the length 1, 
the change in tension T — T is proportional to 6l/I: 


P=T+ Kea, (1.47) 


where Ky is an appropriate proportionality constant, an effective elastic 
modulus of the stretched or compressed spring. 


Taking this into account, we can repeat the above calculations with minor 
modifications, with x now referring to the position of a marked point in the 
uniform reference state, and u(x,t) = Z(a,t) —x being its deformation at 
time ¢ (see Figure 1.15). 
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Sound waves in gases are 
discussed in the optional 
Appendix at the end of 
this chapter (Section 1,9, 
page 40). 
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Figure 1.15 Schematic representation of a spring represented by a line along its 
axis. A small element [a,x + 6x] of the uniformly stretched or compressed spring 
of length 1 corresponds to an element [%,# + 47] in the moving spring of length /, 
at a fixed instant of time. 


As will be shown in Exercise 1.14, the tension T(z, t) is given by 

T (x,t) =T + Kor ue(x,t), (1.48) 
which involves the constant tension T'; compare equation (1.40), The tension 
gives rise to a force 

OF = Kest (a(x + 6x, t) — uz(a,t)i (1.49) 
acting on a string element [2(«, t), @(a + dx, t)}. 
Following the same route as in equations (1.41)-(1.46) (see Exercise 1.14), 
we once more derive the wave equation (1.1), 

tue(a,t) = c? Usa (2, t), (1.50) 


with the wave speed ¢ now given by 
Longitudinal wave speed for 
a stretched or compressed spring 


(1.51) 


Comparing this result with equation (1.46), we find that the elastic modulus 
K and the density po are replaced by the effective value Keg and the density 
p of the uniformly deformed spring. 


The following exercise goes through the derivation step by step. 


Exercise 1.14 


Consider a spring of natural length [o that has been uniformly stretched or com- 
pressed to an equilibrium length /. It has a constant tension T, and for small 
changes 6 of its length it obeys the linear relation (1.47). 


(a) Consider the spring in a general situation at a fixed time t. Calculate the 
tension T(a,t) by considering a small element [¢,Z + 62] of length 6z which 
corresponds to an element of length dx in the uniformly stretched case, and 
derive equation (1.48). 


(b) Derive the wave equation (1.50) and the wave speed (1.51) for this case, fol- 
lowing the steps of equations (1.41)-(1.46). 
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1.5 Longitudinal waves 


If throughout the motion we stay within the linear regime, such that any 
non-linear contributions can be neglected entirely, Exercise 1.15 below shows 
that the constant Keg is given by Keg = K + T, where K is the elastic 
modulus that describes the relationship between extension and tension over 
the whole range of deformation. 


Exercise 1.15 


Consider a spring of natural length /o and elastic modulus K, The spring is uni- 
formly extended to a length | > lo. 


(a) Assuming that we stay within the linear regime, what is the constant tension 
T in the spring? 


(b) Calculate the tension T corresponding to a change in length from | to L, 
assuming that we stay within the linear regime. Show that this yields a relation 
of the form (1.47) with Kor = K +T. 


In this situation, we obtain for the wave speed 


Ps [K+T _ |(K +7) ase) 
p polo 


where we use p = polo/I for the density in the stretched spring. This equation 
for the wave speed ¢ can be regarded as a generalisation of equation (1.46) 
to the case of a pre-stretched spring, and in the limit as T — 0, 1 — Io 
and p — po, we recover equation (1.46). Furthermore, by Hooke’s law, the 
equilibrium tension T is given by T = K(l —o)/lo. Eliminating either T 
or | in the expression for the wave speed (1.52) gives ¢c = \/K/pg (l/l) or 
c=(K +T)/,/p0K, respectively. 


Exercise 1.16 


Let us return to the solutions of the wave equation introduced in Exercise 1.9 

(page 23). Because the wave equation for u(x,t) and the boundary conditions 

u(0,t) = u(l,t) = 0 are the same for the longitudinal as for the transverse motion, 

the solutions u,,(«,t) found in Exercise 1.9 also describe the longitudinal motion of 

a spring. 

(a) Sketch the function #(x,t,) for the solution u2(x, t) of Exercise 1.9 at various 
time instances t;. 


(b) Use equation (1.40) to calculate the tension T(x, t) for the function u, (x,t). 
Where is the tension minimal and maximal? 

(c) Using equation (1.33), show that the relation p(x, t) = po/{1 + ux(z, t)] holds. 

(d) Use this result to caleulate p(x.) for un (x,t). 


In most real systems, non-linear terms cannot be neglected if large defor- 
mations are considered. However, some systems, such as a stretched helical 
spring, may be well described by a linear relationship for tensions of the 
order of the elastic modulus K’, which means for extensions up to twice the 
natural length, or even more. 


33 


34 


1.5.3. Transverse and longitudinal waves in a 
stretched string 


So far, we have considered longitudinal waves only in springs. In princi- 
ple, however, longitudinal wave motion also happens in a stretched string. 
Previously, we met the problem that a string cannot have negative tension, 
because the string will go slack. However, if we stretch the string first and 
then deform it only a little more, this will not happen. So the wave equation 
applies to small deformations of an originally stretched string, and the wave 
speed c is given by equation (1.51), with an appropriate value of the effective 
elastic modulus Keg. 


So both transverse and longitudinal waves can travel on a stretched string. 
Both motions are described, within our approximations, by the same linear 
wave equation (1,1), albeit with different values of the wave speed c. 


For transverse waves, the wave speed is given by equation (1.25) as \/T/p. 
whereas for longitudinal waves, provided the extension is within the linear 
regime, we obtain \/(K + T)/p in equation (1.52). Because K is positive. 
the wave speed for the longitudinal waves in a stretched string is always 
larger than the wave speed for transverse waves. 


Where does this difference come from? For transverse waves, the restoring 
force given in equation (1.18) on page 21 is determined by the fixed uniform 
tension T' of the stretched string and its transverse deformation. In this 
case, Hooke’s law does not enter at all, at least within our approximation 
that changes in the length of the string and its tension during the motion 
are negligible. For longitudinal waves on a stretched string, however, the 
restoring force given in equation (1.49) is the elastic force due to the time- 
dependent stretching of the string. Here, we do consider the local extension 
of the string, and thus Hooke’s law enters. A flexible string is easier to 
deform in the transverse direction than in the longitudinal direction; the 
string appears much ‘stiffer’ in the longitudinal case, and the wave speed is 
thus larger. 


For transverse waves, the restoring force in equation (1.18) is proportional 
to the tension T > 0, and thus vanishes for T = 0, which corresponds to a 
slack string. This is reflected in a vanishing wave speed in equation (1.25) 
as T—(. In contrast, the longitudinal wave speed becomes \/K/pp as 
T — 0, which corresponds to the case of longitudinal waves in springs and 
rods considered above. As mentioned previously, a slack string will bend 
and thus cannot support longitudinal waves, but for a string with a small 
positive tension T, \/K/po is the approximate wave speed for longitudinal 
waves, whereas the wave speed for transverse waves is almost zero. 


Exercise 1.17 


Consider a string which has linear density py = 50gm7' and elastic modulus 
K =2- 10°N. At equilibrium, the string is uniformly extended, within the linear 
regime, such that it has a tension T = 10° N. 


(a) Calculate the strain ¢ = (I — Io)/lo for the uniformly stretched string. 
(b) Calculate the wave speed for longitudinal waves in the stretched string. 


(c) What is the wave speed for transverse waves on the stretched string? Compare 
the two wave speeds. 


(d) What is the minimal wave speed for longitudinal waves in this string? More 
precisely, what is the longitudinal wave speed for the case T — 0? 
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1.6 The wave equation 


1.6 The wave equation 


The same partial differential equation, the linear wave equation (1.1), de- 
scribes both the transverse and the longitudinal motion of a stretched string. 
In fact, it describes a variety of physical systems. A further example, sound 
waves in a narrow tube, is discussed in an (optional) appendix at the end of 
this chapter. 


Why is it the case that the same equation describes what appear to be com- 
pletely different physical situations? And how general is this equation? In 
order to answer these questions, let us briefly consider the essential ingredi- 
ents that were used in the derivations. 


1.6.1 Scope of the wave equation 


What were the main ideas that we used in order to derive the wave equation 
for transverse and longitudinal waves? First, we described the system by 
a function u(x,t). This function, depending on space and time, quantifies 
the small deformation from the equilibrium situation. There are two basic 
ingredients that enter the derivations of the wave equation for u(s,t). 


The first ingredient is that we express the net force that acts locally on 
a small element of our system, at position 2 and at time ¢, in terms of 
partial derivatives of the displacement function u(x,t). The main point is 
the assumption, or approximation, that a disturbance of the system causes 
a restoring force that increases linearly with the disturbance. This is a good 
approximation to many real systems; from a mathematical point of view, 
this might be considered as a consequence of Taylor’s theorem. Provided 
that the function that describes the restoring force upon deformation is 
smooth, and that the amplitude of the deformation is small, we can use a 
Taylor expansion of that function and, as an approximation, truncate after 
the linear term. 


In the first instance, this linear response approximation yields just one 
derivative with respect to x, as in equations (1.18) and (1.40) on pages 21 
and 29, respectively. The second derivative comes from considering the 
sum of the forces when calculating the resulting net force on an element of 
length da (see equations (1.18) and (1.41)) and taking the limit as dx — 0. 


The second important ingredient is that the system can be described by 
Newton's second law, which relates the acceleration u(r. t) to the net force 
acting on a small element of our system at position 2. 


Any system that shares these two basic ingredients can be described by the 
wave equation (1.1). Two further examples are the twisting motion of a thin 
rod or wire, where u(x,t) is the angular displacement. and water waves in 
a narrow canal, where u(a,t) = h(x, t) — ho is the difference in the height 
of the water h(x,t) with respect to the height ho at rest, and the restoring 
force is due to gravity. 


One should keep in mind that waves are not restricted to systems that are 
described by Newtonian mechanics. For example, the relevant equation of 
motion for electromagnetic waves is not Newton's second law, but is given 
by the set of Macwell’s equations relating electric and magnetic fields to 
charges and currents, respectively. The wave equation still results in this 
case. 
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1.6.2 A few remarks on the history of the wave 
equation 


The transverse vibrations of a string are not only a particularly instructive 
mechanical example; their investigation initiated the derivation and analy- 
sis of the wave equation, The motivation came primarily from the study 
of musical sounds, notably from a violin string. Already in 1638, Marin 
Mersenne (1588-1648) had stated a law that determined the frequency of 
the vibration of such a string in terms of the tension and the material con- 
stants. But for a long time there was no explanation for the motion of 
the string. A discrete version, a ‘string of beads’, was treated by Johann 
Bernoulli (1667-1748) in 1727. Then, in 1746, Jean le Rond d'Alembert 
(1717-1783) took the step to tackle the continuous string, and derived the 
partial differential equation (1.1). He also found a form of the general so- 
lution of the wave equation, now often referred to as d’Alembert’s solution, 
which will be discussed in the next chapter. 


D’Alembert’s work was a major achievement at that time, because it was one 
of the first investigations and applications of partial differential equations. 
The resulting, often rather controversial, discussions involved an illustri- 
ous circle of mathematicians, notably Leonhard Euler (1707-1783), Johann 
Bernoulli’s son Daniel Bernoulli (1700-1782), Joseph-Louis Lagrange (1736- 
1813) and Pierre-Simon Laplace (1749-1827). More complicated situations 
were soon attacked. In 1759, Euler and Lagrange independently studied 
two- and three-dimensional wave equations. 


The investigation of the wave equation and the diffusion equation (which will 
be considered later in this course), and the controversies about solutions and 
their analytic properties, initiated the theory of differential equations, and 
led Jean Baptiste Joseph Fourier (1768-1830) to introduce an expansion of 
a function as a trigonometric series. now known as the Fourier series. The 
investigation of problems posed by physics proved very fruitful, and was 
vital in the development of analysis. 


1.7 Summary and Outcomes 


In this chapter we introduced the basic elastic properties of solids. In partic- 
ular, we discussed Hooke’s law, the limitations within which it is applicable, 
and the characterisation of materials by their elastic modulus or Young's 
modulus. The concept of tension in one-dimensional systems such as springs, 
rods or strings was introduced and discussed in detail. The wave equation 
was then derived for transverse and longitudinal waves, using Newton’s sec- 
ond law. Some example solutions of the wave equation were investigated in 
the exercises. 
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1.8 Further Exercises 


After working through this chapter and the exercises, you should: 

e know basic properties about the elastic behaviour of solids; 

know how to apply Hooke’s law to a spring or stretched string: 

be able to calculate the tension in springs. rods and strings: 

be able to solve statics problems involving springs. rods and strings; 

know how to apply Newton’s second law to continuous one-dimensional 

systems; 

e understand the important steps in the derivation of the wave equation 
for transverse and longitudinal waves: 

e understand the approximations that enter the derivation of the wave 
equation; 

e know what the wave equation looks like; 


e beable to relate the wave speed to the physical properties of the medium 
in both transverse and longitudinal cases; 


e know why the wave equation arises in many systems in physics: 
e be able to name some properties of wave motion; 
e be able to test whether a function solves the wave equation. 


1.8 Further Exercises 


Exercise 1.18 


Consider a spring that consists of two uniform parts that are joined together end 
to end. The first part has natural length 1; = 2m and elastic modulus Ky = 10 N; 
the second part has natural length [2 = 4m and elastic modulus K2 = 20N. The 
combined spring is fixed at one end, and the other end is subject to an external 
force of magnitude F that extends the spring in equilibrium to a length L = Ly + Lo 
=8m. 


(a) What forces act at the place where the two parts are joined? What is the 
tension within each part of the spring, in terms of F? 


(b) What is the extension of each part of the spring? 
(c) What is the magnitude of the force applied to extend the combined string? 


(d) What can you conclude for the tension in an extended spring in equilibrium, 
which has an elastic modulus K(x) that varies along the spring, so it is non- 
uniform already in its natural state? 

Exercise 1.19 


Consider a transversely deformed string, fixed at its end points at 2 = 0 and x = 1, 
which is described by a function u(x) = sin(mr)/40. We assume that the string has 
constant tension T. 


(a) Calculate the slope of the string, u/(). 


(b) What is the maximal displacement of the string, and at which position x does 
it occur? 


(c) Find the extremal values of the slope. 


(d) Calculate the force F(x) on a string element [xr. 2 +z]. in first order of dx, 
and compare the result with the second derivative u(x). 
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Exercise 1.20 


Consider an initially uniform spring of natural length /p, total mass m, constant 
linear density py = m/lo and elastic modulus K, The spring hangs vertically from 
the ceiling, stretched to a length / > lo by its own weight — see Figure 1.16. The 
gravitational force on a body of mass m is W = mgi, where g ~ 9.81 ms~? is the 
acceleration due to gravity. We choose coordinates as shown in Figure 1.17. 


() ay a) (ii) 
Figure 1,16 A suspended spring in Figure 1.17 Coordinates x and % 
(i) its natural state with gravity along the spring of Figure 1.16 


‘switched off’ and 
(ii) a non-uniformly stretched state 
with gravity ‘switched on’ 


(a) Denote by T(«) the tension at position £(r) in the stretched spring. What is 
the tension T'(0) at the top =0 of the spring? What is the tension T(Io) 
at its lower end point #(I) = 


(b) Show that the tension is given by 


T(e) = ma(1 -Z). 
bo 


(ec) Calculate the density ratio p(x)/ py. 
(d) Use equation (1.30) to calculate the deformation #(x) from the tension T(r). 
(e) Calculate the length J of the stretched spring. 


(f) Consider the case where mg = 2K and lp = 1m, and calculate the length 1. 
Sketch the corresponding deformation #(:), and calculate x as a function of Z. 


(g) Continuing with the values of part (f), calculate the tension T(x) and the linear 
density p(x), expressing the results in terms of the length # along the stretched 
spring. Sketch the results, and compare these with the corresponding values 
for a uniformly stretched spring of length 1. 


Exercise 1.21 


A flexible string of length L and constant linear density p = m/L is suspended by 
its two ends, which are fixed at positions (2,y) = (0,0) and (x,y) = (1,0), where 
1 <L (see Figure 1.18). 
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1.8 Further Exercises 


Figure 1.18 A suspended flexible string 


We assume that we can neglect the extension of the string due to the tension T(x). 
We shall calculate the equilibrium shape y = u(x) of the string, which is known as 
a catenary. 


(a) 


(b) 


(c) 


(d) 


(e) 


(f) 
(g) 


(h) 


(i) 


(i) 


Consider a small element [:r, x + 62] of the string. Denote by (x) the angle 
between the tangent to the string and the i direction at position 2. What are 
the forces acting on this string element? Resolve the net force 6F on the string 
element in the i and j directions. (Note that because the element is in static 
equilibrium, 6F = 0.) 

By considering the component of the force JF in the i direction, show that 
T, = T(x) cos{@(a)] is constant. 

Consider now the component of 6F in the j direction. Using the previous 
result, show that this component is given by T;(tan{@(x + éx)| — tan|@(x)}). 
Denote by u(x) the function that describes the displacement of the string at 
position «. Express tan{@(x)] in terms of u(x), and derive the differential 
equation w(a) = ky/1+ [u’(a)/? for u(x) from the j component of 6F, where 
k = pg/T; (k is not the spring stiffness in this case). 

Substitute f(a) = du/dx, and solve the differential equation for f by separation 
of variables. (You may find the integral f dy//1 + y? = aresinh(y) useful.) 


Derive the solution for u(a) in terms of two constants of integration. 


Insert the boundary conditions u(0) = u(l) = 0 to compute the values of the 
constants of integration, and interpret them. 


‘The constant k, which essentially involves 7), is as yet undetermined. The 
only information that we have not yet exploited is the length of the string L. 
Use 


! 
L =f da \/1 + ul (x)? (1.53) 
0 


to derive the equation kL = 2sinh(kl/2) for k. 


The resulting equation for k cannot be solved in terms of elementary functions. 
However, for small values of kl, we can use the Taylor expansion to third order, 
2sinh(kl/2) ~ kl + (kl)*/24. Calculate k in this approximation. When is the 
approximation appropriate? 


Suppose that the string has length L = 7m, mass m = 1kg and / = 6m. Calen- 
late k in the approximation considered above. What is the maximum distance 
of the string from the horizontal? 


Exercise 1.22 


(a) 


(b) 


Consider the function u(z,t) = A/cosh(xr — ct). Show that this is a solution of 
the wave equation (1.1). What does this solution look like at time t = 0? How 
does it change with time? 


Show that the function u(«,t) = A/cosh(x + ct) also solves the wave equa- 
tion (1.1). What does this solution look like? 
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Separable equations are 
discussed in Block 0, 
Subsection 1.3.2. 


This formula for the length 
of a curve is given in the 
Handbook. 
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Exercise 1.23 


Let us examine the simplifying assumptions made in the derivation of the wave 
equation for transverse motion of a stretched string (see page 19). If the string is 
deformed from its equilibrium position as described by the function u(sr.t), it has 
to be stretched to a length L >I given by equation (1.53). The stretching means 
that the tension T and the linear density p vary along the string and hence differ 
from the equilibrium tension T’ and density p of the uniformly stretched string. 


(a) We assume that |u,| < € for all x € [0,1]. Show that for small e, the relative 
length change (L —1)/l is of order &*. 


(b) Assume that the string satisfies Hooke’s law (1.8). What are the changes 
(p —p)/p in linear density and (I —T)/T in tension if the string is uniformly 
stretched to length L >? Show that these changes are of order e*. 


(c) Show that in the general case of non-uniform stretching, the change [p — p()|/p 
in the linear density is of order €?. 


(d) Show that in the general case, the change (T(x) —T)\/T in the tension is of 
order €*. 
(e) Given the condition on the partial derivative |u,| <¢, and the condition that 


u(0,t) = u(l,t) =0 at the ends of the string, argue that |u(s,t)| < «l/2, so 
ju(a,t)| is of order €, 


1.9 Appendix: Sound waves in a tube 
(optional) 


Here we consider a different example of wave motion: sound waves in a 
gas. We restrict ourselves to a particularly simple situation where the gas 
is confined to a narrow tube. In this case, we need to consider the variation 
of gas properties only along the length of the tube, neglecting any changes 
over its cross-section. This means that we can effectively treat it as a one- 
dimensional system. Again, we assume that we may neglect the effect of 
gravity or any frictional forces. 


1.9.1 Volume and pressure 


Consider a cylindrical tube of constant cross-sectional area A, filled with 
gas, which we can compress with a piston (see Figure 1.19). How do we 
characterise the gas inside the tube? First, it fills a volume V = Al, which 
depends on the position of the piston /. Secondly, if we move the piston in 
the —i direction, the gas becomes compressed, and it exerts a force on the 
piston, The force tries to restore a certain equilibrium position of the piston 
which depends on the surrounding environment. The net force on the piston 
is due to the pressure P of the gas inside the tube and the pressure Pamp of 
the ambient (surrounding) gas, for instance atmospheric pressure. Pressure 
measures the force per unit area that a gas exerts on a wall of a container, 
so the total force on the piston, when it is out of equilibrium, is 


F = Fy + Fo = APi+ A Pap (—i) = A(P — Pamp) i. (1.54) 


which is proportional to the difference in pressure P — Pam). The pressure 
difference in equation (1.54) comes from adding the force F; = APi that 
the gas inside the tube exerts on the piston and the force Fy = —APampi 
that the ambient air exerts on the piston (see Figure 1.19). 
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This exercise is optional. 


Tt does not matter if the 
cross-sectional area at the 
end of the piston differs 
from A, because the 
ambient pressure exerts 
forces of equal magnitude 
in all directions, thus 
forces on additional parts 
of the piston cancel. 


1.9 Appendix: Sound waves in a tube 


cross-sectional 


Figure 1.19 Forces F; and F2 on a piston in a tube of cross-sectional area A, 
containing a volume V = Al of gas at pressure P, in an environment with ambient 
pressure Pamb 


In equation (1.54), the pressure difference can also become negative, when 
the pressure in the tube is lower than outside. In this case, the force acts in 
the opposite direction, trying to restore the equilibrium position by pushing 
the piston inwards. 


How are the pressure and volume of the gas related? Clearly, the pressure 
increases when we compress the gas, ie. when its volume is reduced. A 
small change 6V = Adl in volume results in a small change 6P in pressure: 

6P. OV él 

yaa a ant (1.55) 
where 7 is a constant. This relationship between pressure and volume holds 
for a large number of real gases, with proportionality constants 7 roughly 
given by y= 3 for monatomic gases, such as the noble gases helium (He), 
neon (Ne) and argon (Ar), and y= Z for gases which consist of diatomic 
molecules, such as oxygen (O2) and nitrogen (No). The latter value is also 
appropriate for air, which consists of about 99% of a mixture of nitrogen 
and oxygen, and 1% other gases, mainly argon. 


Note that the relation (1.55) is completely analogous to Hooke’s law (1.8) 
for the spring, in the sense that the resulting force 6F on the piston due to 
the pressure difference 6P, which is 


OF = ASP x —APy A, (1.56) 
depends linearly on the change in length dl. The negative sign is due to the 
fact that the pressure of the gas decreases with increasing length /. For a 
positive change ol, the resulting change in force acts to reduce the volume, 
thus acts in the negative i direction. 


Volume density 


Another property of a gas is its volume density p\Y), which is the mass per 
unit volume: pV) = m/V in a uniform gas. If there is a fixed amount of 
gas, the mass m is constant when the volume V is varied, therefore 
am O ap) 
Se (Op) eae (Vv), 1 
0= FF = ay (OM) = ay Vt EN 
Thus a small change 6V in volume results in a change 
(Vv) 
foe re Lee (1.58) 
py V 1 7P 
jn density, where we have used equation (1.55) to relate this to the change 
in pressure. 
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1.9.2 Derivation of the wave equation 


We now consider the gas in the cylindrical tube for a fixed position of the 
piston. This is analogous to a stretched string fixed at its end points. In 
equilibrium, at rest, the pressure and density of the gas are constant, say 
Po and po, respectively. Now we consider what happens if we suddenly 
disturb the system by applying an instantaneous small change in density or 
pressure. This disturbance can travel along the tube, and we eventually use 
Newton's second law to derive once more that the motion is governed by the 
wave equation. The waves can be regarded as pressure waves (sometimes 
called compression waves) or density waves, as both pressure and density, 
which are related by equation (1.58), vary with position and time. In the 
real world, our ears detect such changes in gas pressure as sound, which is 
why these waves are called sound waves. 


Consider the small amount of gas of mass 6m initially located within a slice 
of the tube of width dx at position x. At a fixed instant t, this gas has moved 
and now occupies a slice of width 6% located at position % (see Figure 1.20). 


0 x _xt+6x U 


——_— 
i} Y +6y t 


Figure 1.20 Snapshot of the gas in a slice of the tube in equilibrium (top), where 
Po = Pam, and in a general state (bottom), at a fixed instant of time, The 
position of the piston is kept fixed. 


We assume that the pressure and density of the gas depend only on the 
position # along the tube and do not vary across its cross-section, so they 
become functions P(,t) and p\Y)(x,t), respectively. Let u(x,t) again be 
the function that describes the“deformation’ from the equilibrium position: 


u(x,t) = #(x,t) — 2. (1.59) 


Density fluctuations 


The density p¥)(x,t) in the slice of width dz can be related to the density 
p) at rest by noticing that the mass 6m in the slice stays the same: 


bm = Apl) bx ~ Ap) (ax, t) 68. (1.60) 
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The approximation arises because we neglect any variations of p') (a, t) over 
the interval of length 6%. This yields 


(0h) ox 
Po =P (2.t) 5 (1.61) 
In the limit as éz — 0, and using equation (1.59), we obtain 
Or 
pW) = p(x, t) Fe = O(a t) [us @st) +I]. (1.62) 
Solving for p'Y)(x,t), we find 
(Vv) oh (v) 
ty) = r.t)}. Al 
p(x, t) erate py [1 — ux(2,#)] (1.63) 


where the last relation follows by assuming that the partial derivative u, 
is small, so that it is sufficient to use the Taylor expansion 1/(1 +z) = 
1—2+--: to first order, with z = u,(x.t). The change in density is thus 
given by the partial derivative of the displacement function u(a,t) with 
respect to the position x: 


~ —u,(2,t). (1.64) 


Pressure and force 


The force that acts on the gas within the slice of width 6Z depends on 
the difference in pressure at the two ends of the slice. This is similar to 
the situation of longitudinal displacements in a spring, where the analogous 
quantity is the difference in tension; here, pressure plays the role of tension. 
The change in pressure is related to the change in density according to 
equation (1.58), so equation (1.64) yields 


P(a,t)—Po _ : p(x, t) — ph? 


Py eo? 


~—yuz(z, t). (1.65) 


Applying Newton’s second law 


According to equation (1.56), the force 6F on the gas within our slice of 
width dz is given by the difference in pressure: 


6F ~ A[P(a,t) — P(a + dx, t)} i. (1.66) 
Using equation (1.65), this gives 
OF ~ AyPo[uc(x + dx.t) — ur(a, t)] i. (1.67) 


According to Newton’s second law, the force 6F is equal to the mass dm in 
the slice times the acceleration a = uy(x, t)i, so 

AyPoltis(a + x,t) — up(a,t)] ix Ap” un (x, t) dri, (1.68) 
using equations (1.60) and (1.67). Dividing by dx and taking the limit as 
dx — 0, we once more recover the wave equation 


P 
tu (at) = A tan (2st), (1.69) 
Po 


which gives a speed of sound 
aPo 
y" 


Speed of sound in a gas 
(1.70) 
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Exercise 1.24 


Air is a mixture of several gases, notably oxygen and nitrogen. For such a mixture. 


the value 7= 2 is appropriate. Consider normal conditions with pressure Py = 


1.013 x 10° Pa = 1.013 x 10° Nm~®, which is normal atmospheric air pressure, and 
volume density oh? =12g)! =12kgm*. 


(a) What is the speed of sound ¢ derived from these data? 


(b) Ata height of 10000m above sea level, the pressure falls to about Py = 2.6 x 
10'Nm7?, and the density is just p\Y = 0.41kgm7*. What is the speed of 
sound here? 


(c) Helium is a monatomic noble gas, for which y= 3. At normal pressure Py = 
1.013 x 10°N m7, its density is p\Y’ =0.1785kgm™*, so it is much lighter 
than air. (This is, of course, the reason why it is used in airships and balloons.) 
What is the speed of sound ¢ in a helium atmosphere? 


(d 


As will be shown in the next chapter, the frequency v, wavelength \ and wave 
speed ¢ are related by Av =e. If a sound pipe produces a wave of a certain 
wavelength A, how do the frequencies in air and in helium differ from each 
other? What happens to your voice if you inhale helium and speak? 
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Solution I.1 
Inserting u(x,t) = a1 (x,t) + ague(z,t) into the wave equation (1.1) gives 
Urye(x, t) — c? Uze(x.t) 
=a, (Se (x,t) - a (at) +a, (Se (x,t) - ame («. ) =0, 
because the derivatives are themselves linear, and u; and u2 both satisfy the wave 
equation. So u(x,t) satisfies the wave equation. 


Solution 1.2 
(a) We use the value Y = 200GPa = 2 x 10''Nm~? from Table 1.1. The elastic 


modulus is given by K = AY, so for A= 1mm? = 10-°m?, we have K = 


2x 10°N, and for A= 2mm*, we have K = 4 x 10°N. 


(b) From part (a), the elastic modulus of the steel wire is K = 2 x 10°N, so the 
magnitude F of the force needed to extend it by 1% is F = K/100 = 2000N. 
For the aluminium wire we have Y = 70GPa, so the elastic modulus is K = 
7 x 10°N, and the force is thus F = K/100 = 700N. 


The masses are m = F/g ~ 204kg and m = F/g ~ 71 kg, respectively. 


(c) The volume of the wire in its natural state is V = Alo = 10-° m*, thus the 
mass of the wire is m = Vp'Y) = 27.1g, and the total mass stays the same for 
the extended wire. The elastic modulus of the wire is K = AY =7 x 10°N, 
The magnitude F of the force corresponding to a strain € 1—Io)/l 1/50 
is F = K/50 = 1.4 x 10*N, provided that a strain of 2% is still within the 
linear regime. 


Solution 1.3 


(a) According to equation (1.13), the linear density is given by p = polo/! < po. 
so the density is smaller in the stretched spring. The tension is given by 
equation (1.9) as T = KI/lo — K. Using l/lo = po/p gives T = Kpo/p—K > 0, 
thus 


p= KT Po 


(b) Equations (1.13) and (1.9) also hold for 1 < lo, so the resulting equation is the 
same. However, now p > fo, as the linear density in the compressed spring is 
larger than in the natural state, and T < 0. 


Solution 1.4 


(a) Solving equation (1.9) for the natural length lo yields 


K 100 4 
l= Kat'= Tos! = 3! = 24cm. 
(b) Using the negative tension in the equation above gives 
K 100 4 
b= Kat'= 5 '= gl = 40cm. 


(c) According to equation (1.9), we have (1 —I)/lo = T/K. Thus, in the first case 
(I = lo)/lo = 25/100 = 4, and in the second case (I — [o)/lo = —25/100 = —1. 
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Solution 1.5 
(a) The mass follows from the relation py = m/lo: 
m= polo = 0.1 kg = 100g. 
(b) According to Hooke’s law, equation (1.8), the magnitude of the force is 


l=Ip 


F=K = 0.5K =50N-. 


lo 
As the spring is extended, the tension is positive, so T = F = 50N. 


The linear density is given by equation (1-13) as 


p= 10 og = 500 ~0.067kgm™!, 


or by inserting the values for m and / in p = m/l. 
(c) The magnitude of the force is now 


l—lo 
lo 
As the spring is compressed, the tension is negative, so T= —F = —20N. 


F=K = 0.2K =20N. 


The linear density is given by 


if 5 : 
TP = j= 0.125kgm™!, 


p 


or by using p = m/l. 


Solution 1.6 
(a) The slope is u’(x) = (1 — 2x)/10- 


(b) The displacement u(a) has an extremum where u’ (2) = 0, which occurs when 
x =}. At the end points, u(0) = u(1) = 0, so # = } gives the maximal dis- 
placement, namely u(}) = 35- 


(c) The second derivative is u'() =—}, which is constant. Thus the extremal 
values of the slope occur at x =0 and x= 1, and are u/(0) = 4, and 
w(1) =—-#- 


(d) According to equation (1.18), the force is 


ar(a)=7 (1x20 _1=2e 


$= -17 Sr} = Tulle) sci 
10 10 \i= 37 6x j = Tu" (x) bxj. 


Solution 1.7 


(a) The given expression follows by noting that p= m/l and pp = m/lp, so 
p= polo/t- 


(b) In Exercise 1.3, we obtained the relation p = Kpp/(K +T) for the uniformly 
extended or compressed state. Substituting this expression for p into equa- 
tion (1.25) yields the desired result. 


Solution 1.8 
(a) For u(2,t) = Asin(ka — wt) we find 
tur(a,t) = —w*u(e,t),  urr(a.t) = —k u(x,t). 
So for u(x, t) to be a solution of the wave equation (1.24), we require w? = c7k?. 


(b) For x =0, we have u(0,t) = Asin(—wt) = —Asin(wt). If this vanishes for 
all values of t, then either A = 0. which implies u(x,t) = 0, or w = 0, giving 
u(a,t) = Asin(kx), which is independent of t. 
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(c) If A=0, we are already left with the solution u(a,t)=0. If w= 0 and ¢ #0, 
the relation w? = ck? implies that k = 0. Hence u(xr,t) = 0 is the only solu- 
tion of the form u(r, t) = Asin(ka — wt) that satisfies the boundary condition 
u(0,t) =0. 


Solution 1.9 
(a) For u(x,t) = Asin(ka) sin(wt), we again find 
ur(a.t) = —wu(a,t),  Ure(x,t) = —k? ula, t), 
so we have the same condition w* = c*k? as in Exercise 1.8. 


(b) The boundary condition at 2 = 0 is automatically satisfied, because u(0,t) = 0 
for the given function u(x,t). For 2 = 1, we have u(/.t) = Asin(kl) sin(wt) = 0, 
which has to hold at any time t. Besides the choices A = 0 or w = 0, which 
both lead to the trivial solution u(x,t) = 0, this can be achieved by choosing 
k such that sin(Al) = 0. 


(c) As the zeros of the sine function sin() are at integer multiples of x, the relation 
sin(kl) = 0 has the solutions k,, = nz/l with integer n. As sin(—x) = —sin(xr), 
the solutions with k,, and k_,, are related by a change of sign in A. Therefore 
we do not need to consider negative values of n. The case ky = 0 again yields 
the trivial solution, leaving us with positive integer values n = 1,2, for 
interesting solutions that correspond to a moving string. The same argument 
applies to the sign of w, and we may choose w,, = ck, to satisfy the condition 
w? = e?k®. This yields the solutions 

tn (56) = An sin (“ar) sin (Ar). 

(d) The nodes x, of the solution w,(2,t) are given by the solutions of the equation 
sin(k, as) =0. For 0 <a, <1, the argument &,2. runs through the interval 
0 < knits < knl = nm, so there are n — 1 nodes apart from the fixed end points 
of the string. These nodes are at kyx, = mm with m = 1,2,...,n— 1, which 
yields x, = ml/n with m= 1,2,...,.n—1. Thus the labelling of the solutions 
u,(2x.t) introduced above is such that u,(x,t) has n — 1 nodes. 


(e) We have 


w(a,t) = Ay sin(™) sin) . ty (2,t) = Arsin(7) xin *) ‘ 


with arbitrary constants Aj and Az. Sketches of uj(a,t;) and uo(x.ty) at 
various instants of time t; are shown in Figures 1.21 and 1.22, respectively. 


moxayiA | 


Figure 1.21 “Stroboscopic’ snapshots of u;(x.t;) at times ct;/l = j/8 for 
j =0.1,...,16, covering one period of the motion 
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Figure 1.22 ‘Stroboscopic’ snapshots of ua(x.t;) at times ct; /l = 7/16 for 
j =0,1,..., 16, covering one period of the motion 


Solution 1.10 


(a) The second partial derivatives of the complex function u(x, t) = p(x, t) + g(a, t) 
are 


: 7 - 
Fe e.t) = lat) + toast) = ZB (et) +1 Me.0), 
oF a m oe 8 

aa) =o [p(x. t) + iq(a,t)] = ante) +153 (at). 


As ¢ and « are real, and both p(x,t) and q(x,t) are real functions, this is 
also the decomposition of the second partial derivatives of u(at) into real and 
imaginary parts. 

So taking the real and imaginary parts of the wave equation (1.24) for u(a, t) 
gives rise to the two wave equations 


p(x, t) = C*prx(a,t),  geelar.t) = c*gre(a.t), 
where we have assumed that the constant ¢ is real. 
(b) The complex conjugate of u(x,t) is u*(a,t) = p(a.t) — ig(x.t). As p(a,t) and 


q(«,t) both satisfy the wave equation, so does any linear combination of them, 
because the wave equation is linear and homogeneous. 


(c) The real and imaginary parts are 


u(x,t) + u* (x,t) 


_ u(x,t) — u* (x,t) 
3 —_—_— >. 


P(x.t) = ai 


q(x, t) 


Solution 1.11 
(a) For f(a,t) = Aexp|i(ka —wt)] and g(x.t) = Bexp|i(kx + wt)), we find 
Sfuule.t) =u? f(a,t), gua, t) = -w*g(e,t), 
fes(a,t) = —Kf(a.t), gex(a.t) = —Kg(x,1)- 
So both functions satisfy the wave equation (1.24) provided that w* = c?k?, 
which is the relation found in Exercises 1.8 and 1.9. Hence, if this relation 
is satisfied, any linear combination of the two functions is also a solution of 


the wave equation, So u(x,t) = f(x.t) + g(2,t) satisfies the wave equation for 
arbitrary complex values A and B. 


(b) The boundary condition gives 
u(0,t) = Aexp(—iuwt) + Bexp(iut) = 0. 
If w = 0, this can be fulfilled by choosing A= —B. For w #0, the only pos- 
sibility is A = B = 0. This can easily be seen by inserting, for instance, t = 0 
and ¢ = 1/(w). Noting that exp(+in/2) = +i, this yields A+ B=0 and 
—iA+ iB =0, respectively, which implies A= B = 0. 
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(c) For A=—B, the function u(z,t) becomes 
u(x,t) = A (expli(ka — wt)] — expli(ke + wt)]) 
= —Aexp(ike)[exp(iwt) — exp(—iwt)] 
= —2iA[cos(ka) + isin(kx)] sin(wt) 
2Asin(kr) sin(wt) — 2iA cos(kxr) sin(wt). 
As A is real, the real part of u(x,t) is thus 
p(x, t) = Re[u(a,t)] = 2Asin(kz) sin(wt). 


Il 


which differs from the function of Exercise 1.9 only by a factor 2, which is 
irrelevant as we are free to choose the coefficient A anyway. 


(d) We can satisfy the boundary conditions p(0,t) = p(/,t) = 0 for the real part 
by choosing appropriate values of k, as shown in Exercise 1.9. 
The imaginary part satisfies the boundary conditions q(0,t) = q(I,t) = 0 for 
A=0orw=0. Apart from these trivial cases, it is not possible to satisfy 
the boundary conditions, because it requires cos(kx) = 0 for x = 0 and x =I. 
which is impossible as cos0 = 1. 


So only the trivial solution u(, t) = 0 satisfies the boundary conditions u(0,t) = 
u(l.t) = 0, in accordance with the result of part (b). 

Solution 1.12 

(a) Since Jo = 1m, the end points are at (0) = 0 and z(1) = 2 (in metres). 

(b) The length is / = 2m. 


(c) The function #(x) = 2x? describing the deformation of the spring. and the 
corresponding stretching 0%/0x = 4x, are shown in Figure 1.23 as functions of 
the position x along the spring in its natural state, with all lengths measured 
in metres. 


stretching 


0 0.2 04 06 08 Ix 
Figure 1.23 Deformation #(:) (black) and stretching 02/0x (grey) for the 
non-uniformly stretched spring of Exercise 1.12 


Where the stretching is smaller than 1, the spring is compressed; where it 
is larger than 1, it is extended. So the spring is compressed for x < } and 
extended for « > 4, or equivalently for F < 4 and > 4, respectively. 


(d) Solving for x gives 2 = \/r/2. The negative root can be ignored because 
O0<ar<l. 


(e) If the stretching were uniform, the tension would be 
T=K. 2 la = K=100N, 
and the linear Realty would be 
P= Polo/(2lo) = Po/2 = 0.05 kgm". 


(f) According to equation (1.29), the tension is given by T(x) = K(02/Ax) — K = 
K (4a —1). Eliminating x. using the result of part (d), gives 


T(x) = K(2V2e — 1) = 100(2V2z — 1)N. 


The tensions at the end points are T(0) = —K = —100N and T(1) = 3K = 
300N. At %=1, the tension is T(\/1/2) = (2V2 — 1)K ~ 182.84N. 


(g) The tension T, as shown in Figure 1.24, increases monotonically with &, so the 
tension increases along the spring. It is negative for small @, where the spring 
is compressed, and positive where the spring is extended. 


Figure 1.24 The tension in the non-uniformly stretched spring of Exercise 1.12 


The tension vanishes at # = , in accordance with the result obtained in 
part (c) above, 


(h) The function is unrealistic at the left end, because 02/0x = 4c vanishes for 
a2 =0, So a small spring element at this end is compressed almost to length 
zero, which is certainly outside the range of applicability of Hooke’s law for 
any real spring. Also, according to equation (1.33). the density p(x) becomes 
infinite at 2 =0. The maximal stretching at the other end is given by the 
partial derivative at 2 = 1, which is 4, so the spring would need to obey Hooke's 
law even when stretched to four times its natural length. 


Solution 1.13 
(a) According to equation (1.5) on page 14, we have K = AY. 


The linear density py is the mass per unit length, while p\Y) is the mass per 
unit volume, so py = Ap). 


(b) Inserting these relations in equation (1.46), the cross-sectional area A cancels 


and we obtain ¢ = /Y/p'), independent of the area A. 


(c) Inserting the values from Table 1.1 yields K = 2 x 10° N, pp = 7.86kgm™! and 
c= 5kms~'. This is much faster than the speed of sound in air. 


Solution 1.14 


(a) Using equation (1.47) for the small element, which we assume to be uniform, 
we have 
6% — 6x lifer 
28 2 pa( 0), 


Taking the limit as dr — 0, and using equation (1.39), we obtain 


T(a,t)~T + Kor 


T(a,t) =T + Kor (& 


1) =T + Kopuz(x.t). 


(b) The force on the spring element is now 
OF =T(x + 6x, t)i— T(x, t)i = Kor (ur(a + dx, t) — r(x, t)) i. 


The mass is given by dm = pdx. The acceleration of the spring element is as 
in equation (1.43). Newton's second law now gives 


Keg (uz(a + dx, t) — uz(2, t)) i> pdx ug (x,t) i, 
which, upon dividing by éa and taking the limit as dx — 0, yields 
Keg tzx(x,t) = pun(x.t), 


which is the wave equation (1.50) with the wave speed ¢ as given in equa- 
tion (1.51). 
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Solution 1.15 
(a) The constant tension is T = K(I/lo) — K, from equation (1.9). 
(b) The constant tension T for length L is given by T = K(L/lo) — K. From the 
previous result, we have lo = 1K/(K +T), so 
a LK+T 
Oe een, 
which gives equation (1.47) with 61 = L—l and Kyg = K +T. 


-K=(K+7) 2 —K=(K 47)" 47, 


Solution 1.16 
(a) The solutions in Exercise 1.9 are 
in (oan 
tin(2,t) = An sin (Fz) sin ( ; t) A 
By equation (1.38), the position #(a,t) along the deformed spring is given by 
a(a,t) = 2+ u(a,t). A sketch for the solution ua(:r,¢) is shown in Figure 1.25. 


Zag | 
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Figure 1.25 ‘Stroboscopic’ snapshots of @(s,t;) = a + ua(x,t;) with 
amplitude Ag = 1/10, at the same time instants as shown in Figure 1.22 
(b) Inserting the partial derivative 


Otin, nt nat) , (nxt 
Falat) = An 008 (7) sin (=) 


l i U 


into equation (1.40) gives 


T(a,t)=K [402% cs ("7) sin (=)] 2 

Note that this is the tension at the displaced position #(a,t). It has the same 
sinusoidal time-dependence as the solution u,(x,t), but involves the cosine 
of the space coordinate nza/I rather than its sine. So the magnitude of the 
tension is maximal at those points 2(,.¢) that correspond to the nodes of 
the solution u,(a,t), because cos(nmr,/l) = +1 and the tension is maximal or 
minimal depending on the sign. Note that these are also the points at which 
&(z,t) =a. 


(c) Using equations (1.33) and (1.39) gives 


a= -1 
ole.t) = py (Feo) = po(1-+us(z,t))~. 


(d) Inserting the partial derivative of u,(«.t) calculated above, we obtain 


Po 


P(E!) = Tea cos) ain) 


Solution 1.17 


(a) Using equation (1.9), the strain is © = T/K = 1/200. so the string is extended 
by 0.5%. 
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(b) 


(a) 


As we are within the linear regime, the wave speed is given by 


Ciong = (K +T)/y/poK = 2010ms™* 
~see equation (1.52) and the following paragraph. Note that force equals mass 
times acceleration, so 1N = 1kgms~®, and we have used py = 0.05kgm~'. 


The wave speed for transverse waves is given by the expression in Exercise 1.7 


5 Ctrans = VK + T)T/(poK) = V20100 ~ 141.8ms~'. Comparison with the 
speed of longitudinal waves gives Ctrans = V/T/(K +T) Ciong = 0-07 Ciong- Thus 
the transverse wave speed is only about 7% of the longitudinal wave speed for 
the stretched string. 


As T — 0, the longitudinal wave speed approaches ¥/K/p, = 2000ms'. 


Solution 1.18 


(a) 


(b) 


(c) 
(d) 


As the combined spring is in equilibrium, the forces that the two parts exert on 
each other at the place where they are joined have to be equal in magnitude 
and opposite in direction. As the force acting on the end of the combined 
spring has magnitude F, and the combined spring is in static equilibrium, the 
force at the joined ends is the same, so the tension T = F > 0 is constant 
throughout the combined spring. 


Hooke’s law applied to each part gives 


Inserting the values for Ay, A, l; and lz, we find 

F =5L, —10 = 5L2 — 20. 
Substituting Lo = L — Ly = 8 — Ly gives 

5L, — 10 = 5(8 — Ly) — 20 = 20—-5L,, 
which gives L; = 3m, and thus Lg = 8-3 =5m. 
While the absolute extension is 1m in both cases, the relative extensions are 
(Ly —h)/h = § and (Lz —I2)/l2 = 4, so the first part is extended by 50%, 
whereas the second, stiffer part is extended by only 25%. 


The magnitude of the force is F = 5L, — 10=5N. 


If the extended spring is in equilibrium, the total force on any small spring 
element has to be zero, so the tension is constant even if the spring is non- 
uniform. However, as the example shows, the amount of stretching will vary 
according to the varying local stiffness of the spring. 


Solution 1.19 


(a) 
(b) 


(c) 


(a) 


The slope is w' (xx) = meos(mx)/40. 


The displacement u(a) has a maximum or minimum where u'(xc) = 0, thus 
for « =}. At the end points, u(0) = u(1) = 0, so the maximal displacement 
occurs at x = 4, and is u(3) = 7. 


The second derivative is u(x) = —x* sin(xa)/40, which vanishes for x = 0 
and a = 1. The corresponding slopes are u/(0) = 7/40 and u'(1) = —7/40, 
respectively. 


According to equation (1.18), the force is 


_.( xeosin(x+dz)]  reos(nz)\ , 
ara) =T( 40 40 )i 


= a (cos(ner)[eou(n dx) — 1} —sin (az) ain (Bz) J 


mT 
= sin(wx) dr j 
rT sin(z) drj 


= Tu" (x) 6xj, 
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where we have used cos(a + 9) = cosacos$—sinasin§ and the Taylor ex- 
pansions cos(7 da) = 1+ O(dx?) and sin(xér) = xér + O(dr°) to first order 
in dx. 


Solution 1.20 


(a) At the top, i.e. at 2 = 0, the elastic force has to compensate for the weight of 
the entire suspended spring, so the tension is T(0) = mg. 
Along the spring, the tension decreases as the weight of the part of the spring 
below decreases. There is no gravitational force acting on a small element at 
the lower end of the spring, so the tension at x = lp is T(lo) = 0. 


(b) The tension T(x) has to compensate for the weight of the lower part of the 
spring. This part has natural length lp — x, so its mass is m(lo — x)/lo = 
m(1—x/lg), and its weight is mg(1 —2/lo) = T(x), which gives the desired 
result. 

(c) Equation (1.34) gives 

Di). Ke K 
~  K+T(x) K+mg(l—2/lo) 
(d) Equation (1.30) gives 
di T(z) _ mg ro 
Bott ae tee 1 s 
Integration with respect to x gives 
ee ing (5 = 
Ha) =C+2+ OE (1 5) 
The integration constant C follows from the condition £(0) = 0, which yields 
C = 0. Hence the solution is 


a(x) =a ™ (1-2 
&(a)=e+ K (: i): 


(ec) The length J is given by 


malo ah mg 
K-28) =b(1+5R): 


(f) With mg = 2K, the length becomes / = 2/o = 2m. 


= (lo) =lo+ 


The deformation, given in metres, is 
F(a) =2+a(2-2) =2(3—2); 
it is sketched in Figure 1.26. 


‘niformly 
stretched 
spring 
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Figure 1.26 Deformation #(:c) of the suspended spring (black), compared to 
the corresponding function #(a) = 2« for a uniformly stretched spring (grey) 


Solving the quadratic equation Z = x(3 —-) for x, we find « = (3+ /9 — 4z)/2. 
As £(0) = 0, the minus sign gives the appropriate solution, so 

3—V9—4¢ 

ae: aE 
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(g) We obtain T(x)/K =2—2r and p(x)/p) = 1/(3— 2x), with x measured in 
metres. This gives 


I pra phe) 
7 VS H-1 and P= 


The results are shown in Figure 1.27. 
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Figure 1.27 The tension ratio T(x)/K and the density ratio p(x)/p9 as 
functions of the position Z along the suspended spring 


‘The corresponding values for a uniformly stretched spring are constant, namely 


T/K = (1 =I) /lo = Land p/py = lo/t = 5- 


Solution 1.21 


(a) There are three forces acting on an element of the string: the gravitational force 
dW, and the forces F) and Fy which are due to the tension in the string. We 
use @, = (x) and @ = 6(x + dr) (see Figure 1.28). 


F; 


x x+x 
Figure 1.28 Forces on a small element of the string 
The gravitational force is 
— 
8W = —6mgj = —pg 5L§j = —pg v1 + tan? 6, drj, 


where we used Pythagoras’ theorem to approximate the length 6L of the string 
element by 6L? ~ 6x” + [tan @, 6x]”. The gravitational force 6W acts purely 
in the —j direction. 
The forces F, and F2 at the left- and right-hand ends of the element are given 
by 

F, = —T(x) cos @, i— T(x) sind j, 

Fz =T(x + 6x) cos 6)i + T(x + 62) sin bj. 
The net force on the string element is 5F = F, + F2+6W. As the suspended 


string is in static equilibrium, the net force on the string element is zero, i.e. 
OF =0. Resolving in the i and j directions yields 
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(b 


(c) 


(a) 


(e) 


(g) 


—T(x) cos @, + T(x + dx) cos @2 = 0 
and 


—T(x) sind, + T(x + dx) sin dy — pg \/ 1+ tan? 6, dx ~ 0, 


respectively. 
For the component in the i direction, we have 
T(x) cos d, = T(x + 6x) cos bo, 
so T, = T(x) cos[¢(xr)] does not change and is constant along the string. This 
makes sense as there are no other forces in the i direction. Because the string 
is static, the component of the tension force along the i direction has to be 
constant. 
We can simplify the component of F + F2 in the j direction as follows: 
—T(x) sino, + T(x + 6x) sin dg 
= —T(x) cos @, tan d, + T(x + 6x) cos dy tan oy 
= T,(tan @, — tan ,). 
We have tang, = du/dx = u'(x) and tan@, = u'(x + 6x). Inserting these in 
the equation for the j direction gives 
Ty (ul (a + dx) — u'(x)) — pg V/1 + [ul (x)? dx = 0. 


Dividing by 6a, taking the limit as da — 0 and rearranging the resulting ex- 
pression gives the differential equation 


ul (a) = k/1 + [w’(x)/?, 
where k = pg/T;. 
The equation for f(a) can be written as f’/\/1+ f? = k. Integrating gives 


wee! 
k J dx, 
/ 1+ f? 
and thus, using the integral provided, aresinh(f) = k(a — a), where a is a 
constant. 


This yields f(x) = sinh{k(x —a)], and thus (since f(x) = u'(xr)) 
u(we) = Zcoshl (x —a)|—b, 
where b is another constant. 
Inserting 2 = 0 gives 
u(0) = Z-coxh(—ka) -b= Zeosh(ka) —b=0, 
so b = cosh(ka)/k. For « = 1, we obtain 
u(l) = Zeoshlk(l —a)] — b= 2 (cosh{k(t — a)] — cosh(ka)) = 0, 
which can be satisfied by choosing a = 1/2. Thus 


wr=¥(fe(-$)]-ma(2)) 


The constant a = 1/2 gives the position of the lowest point along the string 
in the i direction, which by symmetry has to be in the middle of the interval 
(0,1. The constant b determines the coordinate in the j direction of this point, 
because 


l 1 1 
«(5) = Zcoh0-b= 7 —6, 


so |1/k —b| is the maximum distance of the string from the horizontal. 
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(h) We have 
1+u'(«)? =1+4+ f(x)? = 1+sinh? [k(x — a)] = cosh? [k(x — a)}, 


so 


aay nee _ [sinhik( _ 2sinh(#) 
b= f der cosh{k(x — $)) = Fe se eee 


From this, the constant k is the unique positive solution of the equation kL = 
2sinh(kl/2), which always exists provided L > l. (This can be seen by realising 
that kL = 2sinh(kl/2) = 0 for k = 0, and that the derivatives with respect to k 
are L and lcosh(kl/2), where the latter increases monotonically with k.) 


(i) Within the given approximation, we have to find a positive solution of kL = 
kl + k313/24, Dividing by k and solving for k yields 


The approximation is appropriate when kl is small, which is the case if L/!—1 
is small, which means that the string sags only slightly. 


(j) We obtain & = 4. (A numerical solution of the equation 3.5k = sinh(3k) gives 
k = 0.325 490, so the value obtained by the approximation is only about 2.4% 
too large.) In the approximation, the solution reads 

u(x) = 3cosh (=) —3cosh 1. 
The function u(x) is minimal for z = 3, with u(3) = 3 —3cosh1 ~ —1.63, so 
the maximum distance to the horizontal is about 1.63m. The function is 
sketched in Figure 1.29. 


u(x) 0 


2 
} 1 2 3 4 5 6x 


Figure 1.29 The function u() for the suspended string 


Solution 1.22 


(a) The derivatives are 


Pate tC) (ee 2) * 2Ac? sinh*(w — ct) _ Ac? 
Ot \. cosh? (x'— et) cosh? (a — ct) cosh(x — ct) 
and 
ses GS ) ( - 2) 7 2Asinh*(x ~ ct) = A 
is Ox \ cosh?(x — ct) cosh®(r—ct)  cosh(x— ct)’ 


so the wave equation (1.1) holds. 


At time t = 0, this function is concentrated about «= 0. It is symmetric, 
i.e. u(x,0) = u(—x,0), has a maximum at u(0,0) = A, and decreases rapidly 
with |x| (see Figure 1.30). 

At a time ¢ > 0, the maximum has moved to x = ct > 0, so it moves in the 


positive «x direction. The form of the function does not change, so we have the 
same behaviour apart from the shift ct. 
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Figure 1.30 Sketch of the solution u(x,t) = A/cosh(x — ct) of the wave 
equation at time ¢ = 0 (black) and at times t = +20/c (grey), The solution 
corresponds to a bell-shaped pulse that is moving in the positive x direction, 
with constant speed e. 


(b) The derivatives are now 


cosh (x + ct) cosh(x + ct) 
so this u(x,t) is also a solution of the wave equation. 
At time t = 0, this function is the same as in part (a). However, at a time 
t>0, the maximum has moved to x = —ct < 0, so it now moves in the nega- 
tive « direction, which makes sense because the function is obtained from the 
previous one by replacing ¢ with —t. Again, the form of the function does not 
change. 


Solution 1.23 


(a) The change in length is 
a du\? 
f=( 1+ (3) =a 
L 
</ de (Vi+e@-1) =(ViFe2-1)L 
0 


Expanding the square root into a Taylor series in powers of € gives 
L-l_é 
—<> a}; 
T 22 + O(e*), 
thus the relative change in length is of second order in €. 


es 


I 


(b) If the stretching is uniform, the linear density p is constant and given by 


itp a 
e= 5 es e LT: 

where m denotes the total mass of the string. Hence 
pop f= 
raat Aa 


which is of order e? because L —1 is of order e*. 


For the tension, we can apply equation (1.9), for both length / and length L. 
This gives 

T-T _KL-b Kli-l 

2 a Pe 
(c) The mass dm of a small string element of length 6z does not change if the 

element is deformed to length dL, so 6m = pdx ~ péL, assuming that p is 
constant on the string element. This gives 

p ob 

5 a 
which in the limit as da — 0 becomes 


du? 
1+ <vVl1+e. 


Ox 


= K = 2 
= Fee) =O). 


p—pla) _ aL\" i, 
-1-(2) =e 
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(d) Consider again a small string element of length dx. In the deformed string, 
this has a length 62 which was calculated above. If we assume that the tension 
T is constant on the small string element, we obtain 

T-T _ Kbk—6r K bx~6x9 _K6L~ér _K bx (5k _ | 
T  T bx T ba  T dx T dxo \dr : 
where dag denotes the length of the string element in its natural state. We 
have 6/89 = 1/Iq, so, in the limit as dx — 0, 
T(x)-T _ Kl (aL Kl = 
—_—- ==> |= - <= —e@- = . 
T= Te (de ~!) £7 (VI=F-1) = 00) 

(ec) As u(0,t) = u(l,t) =0, and as the partial derivative satisfies |Ou/A:r| < ¢, the 
maximum value that |u(a)| can possibly attain is the value of the linear function 
v(a) = ex at the midpoint x = 1/2. This gives |u(xr)| < |v(l/2)| < 1/2, as 
required. 


Solution 1.24 


(a) For the speed of sound in air, we obtain 


[Po _  [Tx10I3 «10% o 
c= Fale ear 77s (a =344ms™". 


(b) Inserting the data for a height of 10000m above sea level, we obtain 


— [aPo _ /7x2.6x10* ar 
c= 7 BxOA = 298ms™". 


(c) For helium, the wave speed becomes 


_ [AP __[Bx1OIS RI = 
“V8 x 0.1785 SABES 


(d) A wavelength A corresponds to a frequency v = ¢/A, where ¢ is the speed of 
sound. For the same wavelength A, the ratio of the frequency Vietium in a 
helium atmosphere and rj, in air is thus 


Moclium _ Chelium 973 
~ 344 


28. 

Yair Coir 
So if you inhale helium and speak, your voice sounds much higher than usual, 
because the frequency of sound waves in helium is almost three times the 
frequency of sound waves of the same wavelength in air. 
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For the units. we used the 
definition 1N = ikgms~*, 
which corresponds to a 
force being the product of 
a mass and an acceleration, 


CHAPTER 2 
Solutions of the wave equation 


2.1 Introduction 


In the previous chapter, we derived the one-dimensional wave equation 


un (w,t) = 


Urr(a, t), (2.1) 


a partial differential equation of second order in both the space and time 
variables. It applies to various physical systems. However, in this chapter 
we exclusively refer to the motion of a string as a realisation of w: 
keeping in mind that the solutions of the wave equation discussed below will 
also apply to other systems. 


ave motion, 


A solution of the wave equation is a function u(x,t) that satisfies the equa- 
tion for all positions x in the appropriate domain and at all times ¢. You 
have seen in Exercises 1.8 and 1.9 that there are infinitely many solutions. 
To describe a particular physical situation, such as the motion of a finite 
string, we need to find a single solution that describes the motion. This is 
achieved by taking into account two types of additional information: bownd- 
ary conditions and initial conditions. 


2.1.1 Boundary and initial conditions 


e from (usually time-independent) constraints on 
the motion, for instance due to the geometry of the problem. For transverse 
ring, the ends of the string are usually fi 
and not allowed to move. This imposes boundary conditions on the function 
u(x,t) that describes the motion. For the case of a string with its ends fixed 
at « =0 and 2 =1, the boundary conditions are u(0,t) = u(l,t) = 0 at all 
times t. This type of boundary condition, where the function u(x,t) is 
specified at the boundary, is called a Dirichlet condition, named after the 
mathematician Johann Peter Gustav Lejeune Dirichlet (1805-1859). The 
wave equation together with boundary conditions constitutes a boundary- 
value problem. The solutions of the boundary-value problem are the possible 
motions of the finite string. Still, there will be infinitely many solutions 
that satisfy the wave equation and the boundary conditions, as we saw in 
Exerei .9 for the example of the vibrating string. 


Boundary conditions ai 


d in space 


waves on a stretched 


It is not always necessary to impose boundary conditions on the wave equa- 
tion. Solutions of the wave equation without any boundary conditions im- 
posed describe possible motions of an infinite string (meaning infinite in 
both positive and negative x direction). An infinite string may appear un- 
realistic, and you might wonder why it is mentioned at all. However, as 
pointed out before, wave motion occurs in many physical systems, and for 
some it makes sense to consider waves in a system without boundaries. For 
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example, electromagnetic waves such as light can travel through the entire 
universe, and we do not need to consider boundary conditions to describe 
this motion. Even for finite systems, like a finite string, we can sometimes 
neglect part of the boundary conditions. For example, if we want to know 
how a pulse travelling along a string is reflected at an end, the boundary 
condition at the other end does not influence the reflection, so we can an- 
swer this question by treating a semi-infinite string (a string where one end 
extends to infinity). This approach is often used if we are interested in the 
dynamical (time-dependent) properties of wave motion, such as what hap- 
pens when a pulse travels through an inhomogeneous (non-uniform) medium 
or when encountering an interface between different media. We shall discuss 
situations of this type later in the course. 


Initial conditions specify the way in which the motion starts. The wave 
equation is of second order in the time variable, therefore two conditions 
are needed to determine the motion. For instance, we may specify the 
function u(a, to) and its partial derivative u;(a, to) at a given initial time to, 
corresponding to the initial deformation a(x) = u(r, to) and the initial speed 
b(x) = uz(a, to). This is analogous to the case of a particle moving according 
to Newton's equation of motion, where the initial position and velocity are 
used to specify the motion. Given the initial conditions, the wave equation 
determines the evolution of the initial deformation a(x) = u(x, to) with time. 


A partial differential equation with initial and boundary conditions is known 
asa Cauchy problem, in honour of the mathematician Augustin Louis Cauchy 
(1789-1857). If we supply sufficient information in the initial conditions, the 
resulting motion will be completely determined by the wave equation, so we 
expect that the solution of a Cauchy problem is unique. 


2.1.2 Content of this chapter 


In this chapter, we consider solutions of the one-dimensional wave equation. 
We begin with the solutions seen in some of the exercises of Chapter 1. 
Although there are many others, these solutions are not only particularly 
simple, but very important, as you will see later. After this, we consider 
the general solution of the wave equation. First, we introduce d’Alembert's 
solution, and discuss how initial- and boundary-value problems can be ad- 
dressed. Then we use the method of separation of variables to solve the 
wave equation. This naturally leads to expressions involving infinite sums 
or integrals of trigonometric functions, which are known as Fourier series 
and Fourier transforms, respectively. 


2.2 Harmonic wave motion 


In Exercise 1.9 (page 23) of Chapter 1, we showed that the functions 
u(x,t) = Asin(kax) sin(wt) (2.2) 


are solutions of the wave equation (2.1) for any value of A, provided that 
the positive parameters k and w satisfy the relation 


w= ke, (2.3) 
with wave speed c > 0. 


Solutions of the wave equation 


2.2 Harmonic wave motion 


Because u(x,t) is given in terms of trigonometric functions, such waves are 
often referred to as sinusoidal (meaning sine-shaped) or harmonic (referring 
to sinusoidal time dependence, like for simple harmonic motion). 


Without imposing additional restrictions, the solutions u(x,t) describe par- 
ticular motions of an infinite string. In order to obtain solutions for a finite 
string of length /, we need to impose the corresponding boundary conditions 
uO. ali a the fixed ends of the string. It was shown in Exer- 
cise 1.9 that the boundary conditions limit the possible values of k to integer 
multiples of 7/l, namely ky = n7/l with n = 1,2,3,,... The corresponding 
solutions 


Un(a,t) = Apsin(kyx)sin(w_t), n=1,2,3,..., (2.4) 
where we ee: are called the modes or the normal modes of the 
finite s] ~The spatial part of the first six modes is depicted in Figure 2.1. 
Note that the function sin(k,«) for the nth mode has n — 1 evenly-spaced 
zeros for 0 <2 <l. 


sin(k,x) | 


x=0 ral 


Figure 2.1 The first six modes of a transversely vibrating string. Every point 
along the string moves up and down sinusoidally. 


For any solution of the form (2.2), the motion is periodic in time. This means 
that the wave pattern exactly repeats after a certain time 7, the period, has 


elapsed. In other words, u(x,t +7) z.t) holds at any point « and for 
all values of t. The period 7 is related to w by 


wr = 2, (2.5) 


because the sine function is periodic with period 27. The inverse of the 
period, 


ve = = on (2.6) 


is called the frequency of the periodic motion. It determines the number of 
cycles per unit time, say per second. So frequency is measured in s~! (cycles 
per second) or Hz (hertz), where 1Hz = 1s~', named after the physicist 
Heinrich Rudolf Hertz (1857-1894). You may be familiar with this unit, and 
with the derived units kHz, MHz or even GHz, for 10° Hz, 10° Hz and 10° Hz, 
respectively, from your microwave oven, radio and television frequencies. 
mobile telephone, or computer clock speed. The parameter w = 271 is called 
the angular frequency. 


In the solution u(2,t) of equation (2.2), the space variable x also enters as 
an argument of a sine function. Thus, at any given time f, u(r. t) is periodic 
in #, with a period A that is given by 


kA =2n. (2.7) 
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This means that u(a# + A, t) = u(x,t) holds for all values of x at any given 
time ¢. The quantity A is called the wavelength, because the wave pattern 
repeats after a distance \. We shall refer to the parameter k as the wave 
number. Thus the SI unit of the wave number is m~!. It follows from Sometimes the term ‘wave 


equations (2.3), (2.6) and (2.7) that number’ is used for the 
inverse of the wavelength, 
Ww=c, (2.8) 1/\=k/2z, because this 


hich me: h hi 1 heand the fn E : a counts the number of 
which means that the wavelength and the frequency are inversely propor- periods of the wave per 


tional to each other. unit length, say per metre. 


The quantities introduced in equations (2.5)-(2.7) characterise a function 
periodic in space and time. You might wonder whether periodic solutions 
are something rather special. However, as you will see later, it is possible to 
analyse any wave motion in terms of periodic functions. 


The solutions (2.2) of the wave equation contain a further parameter, the 
amplitude A, which is usually chosen to be positive. For the example of 
the vibrating string, the amplitude describes the maximum deviation of the 
string from its rest position. The value of A is, as yet, undetermined. Any 
amplitude describes a possible motion of the string; the actual amplitude 
depends on the initial conditions, ie. how the string was set in motion 
initially. 


A few remarks on the history of mathematics in music This material is optional, 


The term harmonic highlights the connection to music. If you release a 
plucked string, it will, in general, move according not to a single mode 
Up (x,t) of equation (2.4), but rather to a superposition of modes with dif- 
ferent n. The mode u)(a,t) corresponds to the lowest or fundamental fre- 
quency }; the corresponding wavelength is twice the length of the stretched 
string. Its frequency corresponds to the pitch of the tone that we hear, and 
is proportional to the inverse wavelength; see equation (2.8). The other 
modes tin(a,t) with frequencies v, = nv; are called higher harmonics. The 
characteristic sound of a musical instrument is at least partly determined 
by the way in which higher harmonics are present. which means what the 
relative amplitudes of the various higher harmonics are. Together with some 
properties that depend on the way the sound is produced, and non-linear 
contributions that are important in some instruments, this allows one to 
distinguish the sound of, say, a flute from that of a violin or a trumpet. 
even if they play at the same pitch so that the fundamental frequency is the 
same. 


The mathematics of music has a long history. One of the oldest detailed 
accounts of the role of integer and rational numbers in music is the book 
Division of the canon by Euclid (around 300BC), but the topic reportedly 
goes back to the ancient Greek philosopher and mathematician Pythagoras, 
who lived around 570-500 Be. The problem that he faced was a practical 
one, namely how to tune a musical instrument. The musical scales involved 
rational frequency ratios, the simplest being the octave with a ratio 2:1, so 
the higher tone has twice the frequency of the lower tone, and the quint or 
fifth which corresponds to a frequency ratio 3:2. These rational numbers are 
the frequency ratios v2/v, = 2 and v3/v2 = 3/2 of higher harmonics, which 
appear naturally in this context. 


However, Pythagoras realised that a complication arises if one tries to con- 
struct consistent tonal scales with rational frequency ratios. The best known 
example of this is the Pythagorean comma. It concerns the discrepancy in 
the frequency ratios of seven octaves 2° and twelve quints (3/2)!?, which 
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according to our tonal system correspond to the same tone (and thus the 
same key on a keyboard). The Pythagorean comma is the ratio 3!°/2!° = 
531 441/524 288 ~ 1.014. Though small, this discrepancy rules out a consis- 
tent tonal scale based on harmonic frequency ratios which divide an octave 
into a number of tonal intervals, and consequently various compromise tun- 
ings were used for many centuries. 


Today, we use a twelve-tone equal temperament or well-tempered tuning, 
introduced by Andreas Werckmeister in 1691. An octave is divided into 
twelve semitone steps of equal frequency ratios, which thus are 2/12, the 
twelfth root of two. Because all semitone steps are equal, one can transpose 
music from one key to another, which means playing it at a different pitch, 
without changing the relations between different tones. The price one pays 
is that intervals between tones, apart from octaves, differ slightly from the 
rational values of higher harmonics. For instance, in the well-tempered 
tuning, a quint consists of seven semitone steps and thus a frequency ratio 
of 27/12 ~ 1.498, slightly smaller than the natural quint. 


Exercise 2.1 
Consider the functions u(x,t) of equation (2.2). 


(a) Electromagnetic waves, such as radio or light waves, travel at a speed of ap- 
proximately ¢ = 3 x 10° ms~!. What is the wavelength for an electromagnetic 
wave of frequency v = 200kHz, which corresponds to a long-wave radio fre- 
quency? What wavelength results for v = 2.45 GHz, which corresponds to the 
frequency used in a microwave oven? What is the frequency for visible green 
light of wavelength \ = 600nm = 6 x 10-7 m? What are the corresponding 
periods 7? 


(b) For the solutions u,(«.t) of equation (2.4), calculate the frequencies v, and 
wavelengths A,,, and check that they satisfy relation (2.8). 


Exercise 2.2 


(a) Humans can hear sound in a frequency range of about 16 Hz to 20000 Hz. The 
speed of sound in air at room temperature is c ~ 343ms~'. What are the 
wavelengths corresponding to these frequency limits? 


(b) Most pipes in a pipe organ produce sound of a fundamental wavelength A that 
is twice the length | of the pipe. In a large organ, the lowest frequency is 
usually v ~ 16.5Hz. What is the length of the corresponding pipe? 


(c) The largest pipe organ in the world is in the Atlantic City Convention Hall, 
comprising more than 32000 pipes. Its largest pipe is approximately 64 feet in 
length, i.e. roughly 20m. Calculate the basic frequency that a pipe of length 

= 20m produces. Can you hear the sound produced by that pipe? 


2.3 General solution for the infinite 
string 


So far, we have discussed some example solutions (2.2) for the boundary- 
value problem of a finite string. We neither discussed the initial-value prob- 
lem for this case, nor checked whether there exist more solutions than those 
given in equation (2.2). 
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(End of optional material) 


nm stands for nanometre. 
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We shall now follow a different approach, which will produce the general 
solution of the wave equation. In contrast to the previous solutions (2.2), 
which describe standing waves, this approach employs travelling wave solu- 
tions, which you can visualise as pulses travelling along a string. This works 
particularly well if we consider solutions on the whole real line, without 
boundary conditions, which correspond to motions of an infinite string. We 
shall therefore start from this case, derive a general solution introduced by 
d'Alembert, and then show how this can be used to solve the initial-value 
problem for the infinite string. Later, we shall see that boundary conditions 
can be treated as well, and the case of a semi-infinite string, fixed at one end 
and extending to infinity, is discussed in detail in the subsequent section. 
The corresponding analysis for a finite string, albeit instructive. becomes 
rather involved. We shall see that there are more effective methods to deal 
with this case. 


2.3.1 D’Alembert’s solution 


Consider a function of the form 


u(x,t) = F(a —ct), (2.9) Both x and et are lengths 


- 2 ct being the distance a 
where F is an arbitrary function of a single variable, assumed to be at least aerace travelling at 


twice differentiable. Taking partial derivatives of u(x,t) with respect to t constant speed ¢ covers in 


and & gives time f), so combinations 
“ such as a + et make sense. 
u(x,t) = —c F’ (2 — ct) = —cuz(z, t), (2.10) 
tye (a, t) = CF" (a — ct) = c? upe(a,t), (2.11) 


so indeed u(x,t) satisfies the wave equation (2.1) for any function F’, Here, 
F"(x — ct) denotes the second derivative of the function F(z) with respect 
to its single argument z, evaluated at z = a — ct. 


What does this solution mean? The function u(x,t) depends on x and t 
only via the combination «— ct. At time t = 0, we have u(x,0) = F(x). 
so the function F(a) describes the disturbance at time ¢ = 0, for instance. 
the initial shape of a string. At a later time f, the solution is given by the 
same function F, but the argument is now z = 2 —ct. This means that 
the infinite string will have exactly the same shape as before, except that 
any given feature has moved to the right, in the positive x direction, by a 
distance ct. This can be seen as follows. We look at the features around a 
certain point x at t = 0, where u(xo,0) = F(ao). At time t, we find the 
same feature F'(g) at a position 2; that is given by 


a —ct=2 — c= 29, (2.12) 


80 a = 29 + ct. In other words, the feature has moved to the right (in the 
positive x direction) by a distance ct — see Figure 2.2. Whatever the initial 
form of the disturbance, it moves to the right with uniform speed c. 


1=0 t=fy 1=%y 
F(x) > Fixcty) —> Fixer) 


Xo Xphehy Xgtety 


Figure 2.2 The function F(2 — ct) in equation (2.9) corresponds to a disturbance 
that moves to the right with constant speed c, retaining its form. The disturbance 
is shown at times t = 0, t = to and t = 2to. 
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Exercise 2.3 

Suppose that u(x,t) = exp|—(x — 2t)?]. 

(a) Verify that u(a,t) solves the wave equation (2-1), 
(b) Sketch the solution at t= 0, t = 1 and t = 2. 


Exercise 2.4 


Show that u(z,t) = G(a + ct) is a solution of the wave equation (2.1) for any 
function G which is at least twice differentiable. 


As shown in Exercise 2.4, the function 

u(x,t) = G(a + ct) (2.13) 
also satisfies the wave equation for any at least twice differentiable func- 
tion G. What is the meaning of this solution? It is very much the same 
story as for the solution given by equation (2.9), but now the initial dis- 
turbance propagates to the left, in the negative x direction, with the same 
constant speed c. Therefore c is the characteristic speed of wave propaga- 
tion in the system, justifying our notion of wave speed. In the general case, 
both F(a — ct) and G(x + ct) are present, and we simultaneously have two, 
possibly different, superimposed patterns of disturbance moving to the right 
and to the left, with the same wave speed c. 


Because the wave equation is linear and homogeneous, any linear combina- 
tion of the two solutions (2.9) and (2.13) is also a solution. This leads us to 


d'Alembert's solution diAlenibertie solution 


u(x,t) = F(a —ct) + G(x + et), (2.14) 
where F and G are two arbitrary, at least twice differentiable, functions of 
a single variable. D’Alembert proved that any solution u(x,t) of the wave 
equation can be written in this form. This will be shown in Exercise 2.6. 


Exercise 2.5 

Consider the functions u,,(a,t) of equation (2.4). Use the trigonometric identity 
2sin asin 3 = cos(a — 3) — cos(a + 9) to rewrite the functions u,,(,t) in the form 
of equation (2.14). 


Exercise 2.6 


You are asked to show that any solution u(x,t) of the wave equation (2.1) with 
c #0 can be written in the form (2.14), To this end, introduce variables y = x — ct 
and z =x + ct, and consider the function u(y, 2) = u(x(y. 2). t(y.2)] as a function 
of the independent variables y and z. 

(a) Express a and ¢ in terms of y and =. 

(b) Calculate Ox/Oy and At/Ay. 

(c) Show that 


x 
by(y.2) = ste — 5oue 
Calculate v.,, and show that the equation 
Vey(ysz) = 0 


is equivalent to the wave equation. 


(d) Hence show by integration that v(y,z) = F(y) + G(z) is the general solution 
of this equation, where F and G are two arbitrary, at least twice differentiable, 
functions (compare Block 0, Exercise 2.6). 


(e) Hence deduce the general solution (2.14). 


According to the mixed 
derivative theorem cited in 
Block 0, Subsection 2.2.6, 
it does not matter in which 
order the two partial 
derivatives are taken. One 
may take the derivative 
first with respect to y and 
then with respect to z, or 
vice versa; the outcome is 
the same in either case. 
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2.3.2 Initial conditions 


Having arrived at the general solution (2.14), does this immediately solve the 
problem of describing the motion of an infinite string? Not quite, because 
we still need to calculate the two functions F and G from the given initial 
conditions. As mentioned before, we need two sets of initial data because 
the wave equation is of second order in the time variable f. Given an initial 
disturbance u(x, 0) and initial velocity w,(2,0) at t = 0, how should we split 
this into the sum of two functions F(x) and G(x)? 


Example 2.1 


Consider a function a(x) that vanishes outside the interval [—r,r], as shown 
in Figure 2.3. 


oY 


Figure 2.3 A pulse centred at the origin at time t = 0 


This depicts the initial displacement of a string at rest. What happens if the 
string is released from rest — will the pulse move to the left or to the right? 
Because the situation is symmetric, and there is no force preferring one 
direction over the other, we expect that the pulse splits into two ‘equal’ parts 
moving in opposite directions. Can we see this from our initial conditions 
and the general solution (2.14)? 


We have two conditions at time t = 0 at our disposal: 
u(x,0) = a(x), u(a.0) =0. (2.15) 


The first condition states that the initial disturbance is given by the function 
a(x). The second means that the initial velocity is zero, so the propagation 
is started from rest. Inserting solution (2.14), we find 


F(x) + G(x) = a(z), °F" (x) + cG' (x) = 0. (2.16) 
From the second relation, we obtain F’(2) = G'(x), hence the functions F 


and G differ, at most, by a constant C, i.e. F(a) — G(a) = C, With the first 
equation of (2.16), this yields 


F(x) = $[a(z)+C], G(x) = ${a(x) - C). (2.17) 
The solution is therefore 
u(x,t) = $ [a(a — ct) + a(a + ct)], (2.18) 


where the constant C drops out completely. We have indeed found that the 
initial pulse splits into two equal parts, each having half the height of the 
original, as shown in Figure 2.4. 


Ana |. 
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Figure 2.4 At time t = to > r/c, the pulse has split into two parts, which move in 
opposite directions at the same speede 


General initial conditions 


Looking at the argument that led to equation (2.18), you will realise that the 
actual form of the function a(x) does not matter. We now consider general 
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initial conditions given by two arbitrary functions a(r) and b(zx), 
u(2,0)=a(x), u(a,0) = d(x), (2.19) 


where a(x) determines the initial deformation at time t = 0, and b(x) cor- 
responds to the initial velocity. Thus b() = 0 if we start from rest as in 
Example 2.1. For b(x) #0, the deformation has an initial velocity which 
can vary in space. We assume that we know both functions on the whole 
real line. 


Inserting d’Alembert’s solution (2.14) yields the equations 
F(x) + G(x) =a(x), —eF"(x) +cG'(x) = b(x) (2.20) 


for the functions F and G. The first equation determines the sum F + G. 
Integrating the second equation from an arbitrary reference point xo. we 
find 


F(x) — G(x) -C= “pik dy bly). (2.21) 


where C' = F'(xo) — G(ao) is a constant. 


Knowing both the sum and the difference of the functions F and G, we can 
calculate F and G ce Hig 


F(a) = 2) 4 ~Ef dy b(y). (2.22) 
G(«) = ao = é ae uf dy by). (2.23) 


Inserting these results into d’Alembert’s solution (2.14), we obtain 
u(x,t) = ag —ct) + G(x + et) 


1 prtet 
= Fle (x act) +a(2+ 05. F dy b(y) +z ff dy bly) 


1 
= late —ct) + a(x + ct)| + 1 a0Qt c dy b(y) 


1 1 setet 
= =|a(x — ct) + a(x + ct)} + xf dy b(y). (2.24) 

2 2 Jaret 
The constant C has again disappeared from the solution, as has our arbitrary 
reference point xo. We have thus arrived at d'Alembert’s solution of the 


ear aite prebler: d’Alembert’s solution of the 


initial-value problem 


1 1 prtet 

u(x,t) = =(a(a — ct) + a(x +et)| + xf dy b(y)- (2.25) 
2 2e Ja—ct 

Equation (2.25) solves the initial-value problem posed by the wave equa- 

tion (2.1) with the initial conditions of equations (2.19). If we know the 

initial deformation a(«) and the initial velocity b(x). then equation (2.25) 

gives us a unique solution of the wave equation satisfying the initial condi- 

tions. 


The integration limits in equation (2.25) can easily be understood. Only 
the part of the initial velocity b(y) for y € [a — ct, + ct] affects the solution 
u(a,t) at position x and time t, because c is the speed of the motion, and 
any disturbance outside the interval (x — ct. + ct] has not yet reached the 
point x at time t. So the integral in equation (2.25) covers the whole range 
of positions y from which one can reach the point « within time ¢ when 
travelling at speed c. 
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We note that to obtain a twice differentiable solution, the function a needs to 
be at least twice differentiable, whereas it suffices for b to be differentiable 
once; see Exercise 2.7 below. However, one can generalise the notion of 
solutions, allowing for isolated singularities. for instance if we replaced the 
pulse shown in Figure 2.3 by a proper square pulse (with a(x) = 1 for —r < 
x <r and a(x) = 0 elsewhere). Essentially, the argument is that one can 
approximate such cases by differentiable functions to an arbitrary accuracy. 
We shall therefore allow such solutions, provided that the wave equation is 
satisfied everywhere, except at isolated points where derivatives need not 
exist. In this sense, equation (2.25) also provides a solution of the wave 
equation for an initial square pulse given by a(x) = 1 for |x| < r and a(x) = 0 
for |x| >r. 


Exercise 2.7 


e+et 
(a) Calculate the first partial derivatives of the integral [ dy b(y) with respect 
to x and t. xe 


(b) Verify directly that the function u(x,t) of equation (2.25) is a solution of the 
wave equation (2.1) and satisfies the initial conditions (2.19), provided that a 
and 6 are twice and once differentiable, respectively. 


Exercise 2.8 


Calculate d'Alembert’s solution of the wave equation for initial conditions u(x,0) = 
a(x) = 0 and u(x, 0) = b(x) = sin 3z. 


Exercise 2.9 

Calculate d’Alembert’s solution of the wave equation for initial conditions u(x,0) = 
a(x) =sin3x and u;(x,0) = b(a) = 2x. 

Exercise 2.10 


Consider the solution u(x,t) of equation (2.25). For what arguments do we need 
to know the functions a and b in order to calculate the function u(zp.to) at some 
position xo and time to? 


2.4 General solution for the 
semi-infinite string 


What happens if we try to introduce boundary conditions? Consider the 
motion resulting from an initial pulse. The solution (2.25) is correct if we 
have an infinite string, so the two parts of our initial pulse can travel to 
the left and to the right forever. However, if the string is finite, the pulse 
eventually arrives at an end of the string. What happens then? Clearly, 
solution (2.25) does not obey the boundary conditions u(0.t) = u(l,t) = 0 


for a Sate suing at leysth bso it will describe the motion correctly only 
until the pulse first hits a boundary. Can we fix it? Indeed. we can. 
As we shall see, when hitting a rigid boundary the pulse is reflected, like 


water waves are reflected at obstacles in the water, sound waves at walls, 
and light waves in a mirror. The pulse does not disappear. but it generates 


2.4 General solution for the semi-infinite string 


a pulse that travels in the opposite direction. This pulse then travels along 
the string until it again hits a boundary, is reflected again, and travels back, 
and so on (and so forth). So if we understand how a single reflection takes 
place, we can construct a solution for the finite string by taking into account 
multiple reflections. 


This procedure is not the easiest route to find solutions for the boundary- 
value problem. However, the principle behind this approach is simple, and 
it clarifies the relation between solutions for an infinite string and for a finite 
string, showing why periodic solutions are important. For these reasons, we 
first discuss reflection at a fixed boundary and, following this, the solution 
constructed by multiple reflections. Reflection for other boundary conditions 
will be considered later in the course. 


Exercise 2.11 


For a finite string of length /, consider the solution of the wave equation for a pulse 
of width 2r < 1, which is initially at rest in the centre of the string. 


(a) At what time ¢ does an edge of the pulse first reach a boundary of the string? 


(b) Considering also negative times, which correspond to a possible motion be- 
fore time t = 0, on which time interval does the solution obey the boundary 
conditions u(0,t) = u(/,t) = 0 for the finite string? 


In this section, we consider a semi-infinite string, ranging from x = 0 to 
infinity. The string has only one end, at x = 0, so the pulse can be reflected 
only once, which makes this case much simpler than that of a finite string. 


The corresponding boundary condition for a fixed end is 


1 u(0,4)=0. (2.26) 


2.4.1 A left-moving pulse 


We start by considering a single pulse, moving towards the left (i.e. towards 
the boundary at «= 0). This pulse corresponds to a solution u(2,t) = 
G(a + ct) of the wave equation. At t = 0, the solution is u(x,0) = G(r), so 
G(x), for x > 0, is the initial disturbance of the string, and the boundary 
condition (2.26) implies G(0) = 0. 


In this case, it will prove useful to extend the mathematical description 
beyond the physical range x > 0 of the actual string, and consider solutions 
u(a,t) that solve the wave equation for all x, not just on the domain x > 0 
of the semi-infinite string. We extend the function G(x) to negative values 
of « by defining G(r) = 0 for x < 0. 


You may wonder about the interpretation of a solution u(x,t) of the wave 
equation outside the domain, whether for a semi-infinite string or for a finite 
one. The motion is described by the solution in the appropriate domain; out- 
side this domain, the functions have no physical meaning. Nevertheless, the 
solutions u,,(x,t) for a finite string given in equation (2.4) are defined for all 
values of x, and, as you will see, this is also the case for the solutions for the 
semi-infinite string constructed below. This is not an accident — it is natural 
to choose solutions which satisfy the wave equation for all values of x, and this 
is always possible. Indeed, we obtained the solutions u,,(2,t) by starting from 
solutions u(a,t) for an infinite string, and then imposing boundary conditions, 
thus selecting those globally defined solutions u(r, t) that satisfy the boundary 
conditions. 
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The solution u(a.t) = G(x + ct) satisfies the boundary condition (2.26) at 
time f= 0. If the pulse is initially sufficiently far from the boundary so 
that G(x) = 0 for all 0 < x < R for a certain distance R, as shown in Fig- 
ure 2.5, the solution u(x,t) = G(x + ct) fulfils the boundary condition for 
a while, until the pulse reaches the boundary at 2 = 0, which happens at 
time t = R/c. Once it reaches the boundary, we need to include a reflected 
pulse. How do we choose the reflected pulse in order to satisfy the boundary 
condition (2.26)? Exercise 2.12 provides the answer. 


Figure 2.5 An initial pulse G(x) situated at distance R from the boundary 


Exercise 2.12 


(a) Show that the function u(a,t) = G(x + ct) — G(—x + ct), where G is an arbi- 
trary, at least twice differentiable function, satisfies the wave equation and the 
boundary condition (0, t) = 0 for all times t. 


(b) For G(a) as depicted in Figure 2.5, sketch u(x,t) at f= 0 and at a time ¢ with 
0<t< R/e. 


Reflection at the boundary 
As shown in Exercise 2.12, the combination of two terms 
u(x,t) = G(a + ct) — G(—x + ct) (2.27) 


is a solution of the wave equation which satisfies the boundary condi- 
tion (2.26) at any time t. The term —G(—2 + ct) can be interpreted as 
another pulse, a mirror pulse or image pulse (see Figure 2.6). It has the 
same shape as G(a + ct), but is reflected in the horizontal and vertical axes. 
At ¢ =0, the mirror pulse lies outside the real string, because —G(—x) = 0 
for x > 0. 


Figure 2.6 Using a mirror pulse to satisfy the boundary condition (2.26), giving 
rise to reflection of the pulse at the boundary 


For simplicity, Figure 2.6 shows a square-shaped pulse, which does not satisfy 
the condition that the function G(r) is twice differentiable everywhere. How- 
ever, it can be approximated arbitrarily well by continuous twice differentiable 
functions which satisfy the wave equation for all x. 


As the real pulse moves to the left, the mirror pulse moves to the right with 
the same speed c, and they collide at « = 0. For a while, both pulses overlap 
close to the boundary, and the resulting displacement is given by the sum 
of the two pulses. Eventually, they pass through each other, then the term 


2.4 General solution for the semi-infinite string 


corresponding to our original pulse vanishes for « > 0, and only the mirror 
pulse contributes for « > 0. It represents the reflected pulse, of opposite 
sign, travelling to the right (see Figure 2.6). 


This is an example of the method of images, which uses mirror images to solve 
boundary-value problem TiS method is frequently applied in various areas 
of applied mathematics, for instance in electrostatics and optics. It will also be 
used in the discussion of the diffusion equation later in the course. 


The pulse shape shown in Figure 2.6 is used just for simplicity; the solu- 
tion (2.27) works for any suitable function G. The solution involves a term 
that can be interpreted as a mirror pulse ‘moving’ outside the real string. 
This allows us to write down a simple expression for the solution, but in 
reality only the solution for 2 > 0 is part of the actual motion, whiclr is 
shown in Figure 2.7. 


> 
* 


Figure 2.7 Several snapshots (top to bottom) of the reflection of a pulse at a 
boundary 


2.4.2 A right-moving pulse 


We now consider a right-moving pulse, corresponding to a solution of the 
wave equation of the form F(a — ct), setting F(#) =0 for z <0. For t > 0, 
this pulse will never encounter the boundary at « = 0, so no reflection occurs. 
However, for t < 0, the function F(a — ct) violates the boundary condition 
for some negative ¢. For a solution that holds at all times t, we must add a 
mirror pulse as well, corresponding to a reflection that occurred in the past. 


Exercise 2.13 


Show that the function u(a,t) = F(a — ct) — F(—« — ct), where F is an arbitrary, 
at least twice differentiable function, satisfies the wave equation and the boundary 
condition u(0,t) = 0 for all times t. 


As shown in Exercise 2.13, the combination 
u(x,t) = F(x — ct) — F(—x —ct) (2.28) 


fies the boundary condition u(0,t) = 0 for all times t. This situation 
is depicted in Figure 2.8 and represents the actual pulse F(a — ct) and its 
mirror pulse —F'(—x — ct) travelling away from the boundary with velocity c. 


al ro 
pee 5 —x-ct) 


% 
Figure 2.8 The two terms in the solution u(x,t) of equation (2.28) correspond to a 
pulse and its mirror pulse travelling away from the origin for t > 0 
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2.4.3 General solution 


Combining equations (2.27) and (2.28), we obtain the general solution for 


the semi-infinite string: e ae f 
eneral solution for 


the semi-infinite string 
u(a,t) = F(x — ct) — F(-«—ct)+G(x+et)—G(-xr+ct). (2.29) 


For arbitrary, at least twice differentiable functions F and G, the function 
u(w, t) satisfies the wave equation for all x and t, and the boundary condition 
u(0,t) = 0 for all t. As mentioned above, we extend the functions F and G 
to negative values of x by defining F(x) = G(x) = 0 for x < 0. The solution 
for t = 0 becomes u(x, 0) = F(x) — F(—x) + G(x) — G(—2x) = F(x) + G(x) 
for x > 0, because F(—x) = G(—x) = 0 for x > 0. At t = 0, the original and 
mirror pulses are ‘separated’ in the sense that u(x, 0) comprises the original 
pulses for z > 0, which corresponds to the actual string, and comprises the 
mirror pulses for « < 0, because u(x,0) = —F(—x) — G(—w) for x < 0. 


Initial conditions 
We can also derive the general solution of the initial-value problem for the 


semi-infinite string. We again specify the initial conditions by two arbitrary 
functions a(x) and b(x), 


u(x,0)=a(x), w(ax.0)= d(x), «> 0, (2.30) 
setting a(x) = b(x) = 0 for x < 0. For x > 0, we then have 

u(x,0) = F(x) + G(x) = a(x) (2.31) 
and 

u(x, 0) = —eF" (a) + eG" (a) = b(x), (2.32) 


where we have used F(a) = G(x) = 0 for x < 0, hence F(a) = G'(x) = 0 for 
a <0. So, for x > 0, we obtain precisely the same equations as in the case of 
the infinite string; compare equations (2.20) on page 67. Hence the solution 
is the same; the functions F and G are given by equations (2.22) and (2.23). 
Equation (2.29) then yields the solution of the initial-value problem for the 
semi-infinite string: 
Solution of the initial-value 
problem for the semi-infinite string 


u(x,t) = Slate — ct) + a(x + et) — a(—a — ct) — a(—« + ct)| 
1 tet —rtet 
+ os foam dy b(y) ~{~- ay) F (2.33) 


Exercise 2.14 
(a) Derive equation (2.33) from equations (2.22), (2.23) and (2.29). 


(b) Verify that the solution u(,t) given in equation (2.33) satisfies the initial 
conditions (2.30). 


2.5 The finite string: solution by multiple reflection 


2.5 The finite string: solution by 
multiple reflection 


We can use the same approach to derive the solution for a finite string 
by taking account of reflections occurring at the two ends. You can think 
of the solution as describing pulses moving back and forth being reflected 
at the ends, like light between two parallel mirrors. This approach gives an 
instructive, intuitive understanding of the solution, but the algebra becomes 
rather involved and impractical, and thus is not the method of choice to 
solve the boundary-value problem for a finite string. While you are advised 
to work through this section and the exercises, you may concentrate on 
the main idea behind this approach rather than on the technical details, 
because you will not be assessed on manipulating expressions corresponding 
to infinitely many reflections at the boundaries. 

We consider a string of length J, fixed at its ends at x = 0 and «=I. The 
boundary conditions are u(0,t) = u(l,t) = 0 for all t. We already know 
from the discussion of the semi-infinite string how to satisfy the boundary 
condition at 2 = 0. 

The boundary condition at « =/ can be treated in the same way. For 
pulses travelling to the right and left described by functions F(a — ct) and 
G(a + ct), respectively, we add mirror pulses, to give 


u(x,t) = F(x — ct) — F(2l—2 — ct) (2.34) 
and 
u(x,t) = G(a + ct) — G(2l—a + et), (2.35) 


to satisfy the boundary condition u(/,t) = 0 for all t. Note that the ‘mirror’ 
is now at « = 1, so x is related to 21 — a, and the contributions of the original 
pulse and the mirror pulse cancel at x = 1. 


Exercise 2.15 


Check that the functions u(s, t) of equations (2.34) and (2.35) satisfy the boundary 
condition u(/,t) = 0 for all t. 


2.5.1 Multiple reflections of a left-moving pulse 


These elementary reflections are all we need to know to derive the solution for 
the finite string. For simplicity, we again start with a single pulse G(a + ct), 
with G(x) =0 for « <0 and x >. By reflection at both ends, this pulse 


gives rise to two mirror pulses, yielding 
G(a + ct) — G(—x + ct) — G(2l — x + ct) (2.36) 
(see Figure 2.9). 
Gx) 
> 
5 0 7 Wy 31 
—G(-x) —G(2hx) 


Figure 2.9 The function (2.36) at time t = 0 


This section contains 
material that is not 
assessed. 
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Each of the mirror pulses in turn produces one new mirror pulse. For ex- 
ample, by reflection at x = 0, —G(2l —« + ct) generates a mirror pulse 
G(2l + x + ct), while reflection at « =1 gives back G[2l — (2l — x) + ct] = 
G(x + ct). Another new mirror pulse, G(—2l + x + ct), is obtained by re- 
flection of —G(—ax + ct) at x =I. Adding these two mirror pulses to the 
expression (2.36). we arrive at 
G(a + ct) — G(—x + ct) — G(2l—x + ct) 
+ G(2l + a + ct) + G(—2l+ 2+ ct) (2.37) 


(see Figure 2.10). 


G(2l+x) Gx) G2) 


—G(-x) ~G(2-x) 


Figure 2.10 ‘The function (2.37) at time t = 0 


We then have to continue to add mirror pulses for the new terms. This 
procedure goes on indefinitely, so we obtain an infinite sequence of mirror 
pulses. This is like the (ideally) infinite number of reflections one sees when 
placing an object between two parallel mirrors. The solution u(x,t) for the 
finite string comprises an infinite sum of terms, 


x 

u(x,t)= > [G(2jl+a+ et) -G2jl—x +et)), (2.38) 
j=-00 

where each term represents a copy of the original pulse travelling to the left 

and a copy of the reflected pulse travelling to the right; see Figure 2.11 for a 

sketch. There are no problems with convergence of the infinite sum because 

we assumed that the function G(x) vanishes outside the string, so at_ most 

two terms of the infinite sum contribute at any position 2 and any time t. 


Figure 2.11 Sketch of the function u(2.t) of equation (2.38) at time t = 0. The 
shaded region corresponds to the actual string. 


Let us check that equation (2:38) is indeed the solution we were looking 
for. Clearly, u(x,t) is a solution of the wave equation, because each term 
individually is a solution, and the wave equation is linear and homogeneous. 
Inserting a = 0 in equation (2.38) gives u(0.t) = 0 because each term in the 
infinite sum vanishes. It is slightly more difficult to verify the boundary 
condition for « = 1. Inserting « =1/ gives 


= 
u(l,t)= S> [G(2jl +1 + et) — G(2jl —1 + et)) 
= ¥ Gait+i+ec)— So Gajl-i+et), (2.39) 
j==0 ee 


where we have split the sum into two parts. 


2.5 The finite string: solution by multiple reflection 


Now, noting that 271 +/+ ct = 2Jl—1+ ct with J = j + 1, we sum over J 
in the first infinite sum, obtaining 


u(l.t)= S> GQsl-l+et)— SO G(2jl—1+et) =0, (2.40) 


J=—20 j=-o0 
which vanishes because the sums are identical. 
2.5.2 Multiple reflections of a right-moving pulse 


If we start from an initially right-moving pulse F(x — ct), with F(x) = 0 for 
a <0 and x >1, the same argument leads to a solution 


u(x,t) = >> [F(2jl+a— ct) — F(2jt- x —ct)). (2.41) 
j==00 


You are asked to verify this in the following exercise. 


Exercise 2.16 


Consider a function F which is at least twice differentiable and satis F(x) =0 
for « <0 and x >. Show that the function u(z,¢) of equation (2.41) is a solution 
of the wave equation and obeys the boundary conditions u(0,t) = u(1,t) = 0 for all 
times ¢. 


2.5.3 General solution 


In the general case, if both left- and right-moving terms are present, the 
solution is the sum of the expressions in equations (2.38) and (2.41): 


Solution of the boundary-value 


es problem by multiple reflections 


u(a,t)= > [F(2jl+a—ct) + G(2jl +2 + ct) 
jr _ F(2jl— 2 — ct) — G(2jl— x + ct)} . (2.42) 


Exercise 2.17 


Consider the case where F(x) = sin(mx/l) for x € {0,1| and F(x) = 0 elsewhere. 
Explain why the infinite sum in equation (2.41) yields u(x,0) = sin(wa/l) for all x. 


Exercise 2.18 


Calculate d’Alembert’s solution (2.25) on page 67 for the initial-value problem with 
in(27a/l) and up(x,0) = b(a) = 0. Show that the expression you 

es the boundary conditions u(0,t) = u(l,t) = 0 for all times ¢, so it 
s the motion of a finite string. Interpret this solution in terms of multiple 
reflections. 


Initial conditions 


Once more, we specify initial conditions for the finite string using two ar- 
bitrary functions: u(x,0) = a(x) and u(x.0) = b(r) for 0 < « <1, and 
a(a) = b(x) = 0 for x < 0 and x >I. In the infinite sum (2.42) with j = 0, 
only the first two of the four terms contribute at t = 0, because all other 
terms correspond to mirror pulses that vanish on the interval (0, 1] for t = 0. 
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So we obtain the same relations for F and G as in equations (2.20) on 
page 67. This means that the functions F and G, as for infinite and semi- 
infinite strings, are once more given by equations (2.22) and (2.23). Hence 
we obtain the solution of the initial-value problem for the finite string: 


Solution of the initial-value problem 
= for the finite string 


u(r.t)= > £(a(2jl-+ 2 —ct) + a(2jl-+2+ ct) 
je T" _ a(2jl— 2 — ct) — a(2jl— 2 +ct)) 


1 2jl+a+et 2jl—2+et 
+E( [0 avn - ["" avoin))} as) 
£€\ J2jl+a—ct J2jl—2-ct 


Exercise 2.19 


Derive the solution (2.43) from equations (2.22), (2.23) and (2.42). 


Periodicity of solutions 


We note that the solutions u(x,t) for the finite string discussed above are 
periodic in t with period 7 = 2l/c, and periodic in « with period 2/, so 
u(x,t + 2l/c) = u(x + 2l,t) = u(x,t). This can be seen as follows. Consider, 
for simplicity, the solution given by equation (2.38). We have 

x 


u(a,t + 2l/e) = > [G(2jl +a + 2 + et) — G(2jl — x + 2+ ct)] 


([G(2(j + Il + x + ct) — G(2(j + 1)l— x + ct)] 


[GQ + x + ct) —G(2Jl — x + ct)] 


.t). (2.44) 


Here, we rewrote the sum with a summation index J = j + 1 to recover equa-~ 
tion (2.38). The same argument applies to the solution of equation (2.41): 
hence the general solution that we obtain for the finite string is periodic in t. 
You are asked to show the periodicity in « in the following exercise. 


Exercise 2.20 


(a) Show that the solution u(z’,t) in equation (2.38) satisfies u(x + 2l,t) = u(a,t). 
[Hint: Use a similar trick as in equations (2.39) and (2.40), splitting the sum 
into two parts and shifting the summation indices appropriately.] 


(b) Show that u(2 + 2l,t) = u(x,t) also holds for the solution in equation (2.41). 


2.6 Separation of variables 


lections to account for the boundary conditions is rather 


tedious, because ii 
as 


2.6 Separation of variables 


There is a more straightforward approach for some boundary-value prob- 
lems. We illustrate this method by applying it to waves on a finite string 
with fixed ends. However, the method is very general and can be applied 
to many boundary-value problems associated with partial differential equa- 
tions. 


The wave equation (2.1) involves two independent variables: the space vari- 
able x and the time variable ¢. The boundary conditions for the finite string 
are u(0,t) = u(l,t) = 0, which are conditions for fixed values of x that have 
to hold for all times ¢. For solutions in the form of a product, 


u(x,t) = f(x) g(t), (2.45) 


where f(x) depends only on the position x along the string and g(t) depends 
only on time t, the boundary conditions can be satisfied by choosing f(z) 
appropriately. Solutions of a boundary-value problem of this type, and swith 
sinusoidal time-dependence, are called normal modes; we shall use this as 
the definition of a normal mode. We ha’ fy encountered examples of 
such solutions: see equation (2.4) on page 61. 
Our strategy is as follows. We try to find normal mode solutions, hoping 
to obtain all appropriate solutions by using linear combinations of these, 
which is allowed by the superposition principle. Using (2.45) in the wave 
equation (2.1) gives 

Se) 9"(t) = & g(t) f"(@), (2.46) 
where we have used f” and g” to denote the second derivatives of the func- 
tions f and g. Dividing by f(«)g(t) yields 

f(z) _ 1 g(t) 

a : 2.47 

Te) ~ 2 gt) it: 

We shall see below that no problems arise if either f(x) or g(t) vanishes. 


All terms on the left-hand side of equation (2.47) depend only on position 2. 
and all terms on the right-hand side are independent of x and depend only 
on time ¢. In other words, we have an equation of the form 

F(a) = Gt) (2.48) 
with two functions F and G. This equation has to hold for all values of 
ax and t. What happens; for instance, if x changes while t is kept fixed? 
The right-hand side is independent of x, so it remains constant. But this 
means that the left-hand side has to be constant, too. Similarly, considering 
a change in ¢ only, the left-hand side is constant, and so must be the right- 
hand side. So both sides are equal to a constant. 


More formally, take the derivative of equation (2.48) with respect to <r, 
say. This yields Edn) o-shence F(x) = C, where C is a constant. Tak- 
ing the derivative with respect to t gives Zith = 0. hence G(t) = D witha 
constant D. But then equation (248) implies C= D, so Flr) = G(t) = C. 


We thus obtain two equations, 
£"(z) g(t) 
=C, = ~=¢, 2.49) 
Fe) ~° 9d pie 
which are mutually independent, because one involves only the variable x, 
and the other only the variable t. 


We have separated the two variables of our original partial differential equa- 
tion, obtaining two independent ordinary differential equations involving a 
new, as yet arbitrary, constant C. This approach is known as separation of 
variables, and relies on assuming a solution of the form (2.45). 
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Sometimes you may find 
that ‘normal mode’ is used 
for the function f(a), and 
the product f(a)g(t) is 
referred to as a ‘normal 
solution’. 

You may find various 
characterisations of normal 
modes in the literature; 
this definition is sufficient, 
for our purposes. 
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Now that the variables have been separated, we can again multiply the 
resulting equations (2.49) by f(x) and g(t). respectively, to obtain 


f"(x) — C f(x) =0, (2.50) 
g/(t) — fC g(t) =0. (2.51) 


You might wonder why we first divided by f(x) and g(t) in equation (2.46), 
only to multiply by them again. The sole purpose of that transformation 
was to move all quantities depending on the variable ¢ to the right-hand side 
of equation (2.47), and all quantities involving the variable x to the left-hand 
side, in order to make the separation of variables apparent. We note that 
equations (2.50) and (2.51) imply equation (2.46), including points where 
f(x) or g(t) vanishes, so there is no need to consider such cases separately. 


In the separation of variables, in the step from equation (2.46) to (2.47), it 
does not matter where we place the constant c?. Moving this constant to the 
left-hand side effectively corresponds to replacing the arbitrary constant C in 
equations (2.49) by C/c?. 


Exercise 2.21 
Consider the partial differential equation 
Wen (a, y) + 2wyy(a,y) = 0. 
Apply the separation of variables w(«,y) = f(«)g(y), and derive the ordinary dif- 
ferential equations for f and g. 
Exercise 2.22 


Using w(a,y) = f(a)g(y). try to separate the variables in the following partial 
differential equations. 


a) wy(2,y) + 2wyy (x.y) + 3w(x, y) = 0 

b) wea, y) + 2Wyy (x.y) + 3w>(x, y) = 0 

c) we(a,y) + 2ewyy (x,y) =0 

d) we(x,y) — x? wy (x.y) + 2rywyy (x,y) = 0 
0) We (ary y) + 2ekyy (x, ¥) ~ Way(a,y) = 0 


( 
( 
( 
( 
( 
(f) we(a,y) + 2Wyy(x,y) — Wery(2,y) = 0 


The previous exercises show that separation of variables will always work for 
homogeneous linear partial differential equations with constant coefficients 
that do not involve mixed derivatives. This is the case in Exercise 2.21 and 
in part (a) of Exercise 2.22. The partial differential equation of part (b) is 
non-linear, because it involves w*. Parts (c) and (d) involve non-constant 
coefficients; however, as part (c) shows, there are cases where separation is 
still possible. Parts (e) and (f) contain mixed derivatives: again separation 
is possible in one case and not in the other. The method thus does not apply 
exclusively to linear partial differential equations with constant coefficients 
and without mixed derivatives. It also works if the partial differential equa- 
tion essentially involves only two terms, as in part (c) and, after inserting 
w(x,y) = f(x)g(y) and rearranging the resulting equation, in part (e). 


2.6.1 Solution of the position-dependent part 


We now proceed to solve the separated equations. We concentrate first on 
equation (2.50), which is a second-order linear differential equation for the 
function f(x). You may already be familiar with this equation: for C < 0 


2.6 Separation of variables 


it is the equation of motion of a harmonic oscillator, so it describes simple 
harmonic motion. Because it is a second-order equation, the general solution 
is a linear combination of two independent functions. 


The auxiliary equation is obtained by replacing the f by 1 and the nth 
derivative of f by A". Here, it is A? = C, which has two real solutions 
\=+VC for C > 0, the single solution \ = 0 for C = 0, and two imaginary 
solutions \ = +iV—C for C <0. You are asked to show in Exercise 2.23 
that only solutions for C < 0 are of interest for the vibrating string problem, 
because non-trivial solutions satisfying the boundary conditions exist only 
in this case. 


Exercise 2.23 
Consider the second-order differential equation (2.50) for f(r). 
(a) What is the general real solution for C > 0? 


(b) For C > 0, show that the boundary conditions u(0,t) = u(l,t) =0 for the 
vibrating string imply that f(a) = 0 is the only solution. 


(c) What is the general real solution for C = 0? 


(d) For C = 0, show that again f(x) =0 is the only solution that satisfies the 
boundary conditions. 


Suppose now that C <0. Putting k? =—C > 0, the general solution of 
equation (2.50) is 
f(x) = acos(kax) + bsin(kx). (2.52) 


where a and b are arbitrary real constants. An equivalent form of the general 
solution is discussed in the following exercise. 


Exercise 2.24 
(a) Verify that 
f(x) = Asin(ka + W), (2.53) 


with arbitrary real coefficients A > 0 and —7/2 < w < 7/2, is a solution of the 
differential equation (2.50), with k? = 


(b) Show that this solution can be written in the form (2.52). Determine the 
coefficients a and b in terms of A and w. 


(c) Use this result to express A and qin terms of a and b. [Hint: Use the quantity 
a? +b? to calculate A.) 


Boundary conditions 


For the motion of a stretched finite string with fixed ends, we need to satisfy 
the boundary conditions u(0,t) = u(l.t) = 0 st. As mentioned 
previously, the product form u(z,t) = f(x)g(t) then implies that 

f(0) = f() =0, (2.54) 
because we are not interested in the trivial solution g(t) = 0. Inserting z = 0 
in solution (2.52), we obtain a= 0. The condition f(/) = 0 then yields the 
condition sin(kl) = 0, which implies kl = nz with integer n. Only those 
values of k that satisfy this condition give rise to solutions that obey the 
boundary conditions. 


See Block 0, 


Subsection 1.3.2. 
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Still, we are left with an infinite set of choices for k, corresponding to solu- 
tions 


fr(z) = bn sin(knt), kn = +, n= 1j2,9i.5) (2.55) 


with arbitrary coefficients b,,. We do not need to take into account negative 
values of n, because sin(—x) = —sin(r), so n and —n lead to the same 
solution apart from a change of sign, which corresponds to a re-definition of 
the arbitrary constant b,- 


2.6.2 Solution of the time-dependent part 


The story is very much the same for equation (2.51). The differential equa- 
tion for g(t) is the same as that for f(x), ie. equation (2.50), apart from 
the constant factor c?. Since C = —k?, the differential equation becomes 
g(t) =w2g(t), where 

Wy=hye= ee, n=1,2,3,.... (2.56) 
The general solution is 

gn(t) = An cos(wyt) + Bn sin(wnt), (2.57) 


with arbitrary real coefficients A, and By. 


2.6.3 Normal mode solutions of the boundary-value 
problem 


Now we put the two pieces together according to equation (2.45). From 
equations (2.55) and (2.57), we obtain the normal modes of the finite string 


Normal modes of the finite string 
tn(a,t) = fn(a)gn(t) = sin(knx) [Ap cos(w,t) + By sin(wnt)], (2.58) 


where k,, and w, are given in equations (2.56). Without loss of generality, we 
choose by = 1, because A, and B,, are arbitrary. Any such function up, (x,t), 
for any value of n and arbitrary coefficients A, and B,, is a solution of the 
wave equation that satisfies the boundary conditions u,(0,t) = up(l,t) = 0. 
Both the position- and time-dependent parts of the solutions tp(x,t) are 
sinusoidal. 


Equation (2.58) represents an infinite set of normal mode solutions. Nor- 
mal modes are sometimes referred to as eigenmodes or eigenfunctions, the 
corresponding values —k2 or —w? as eigenvalues, and v;, = wp /(2m) as eigen- 
frequencies of the boundary-value problem. The infinite set of eigenvalues 
is called the spectrum. 


The notion of eigenvalue and eigenfunction is reminiscent of eigenvalues and 
eigenvectors of matrices, which might be a more familiar concept. Indeed, 
compare an eigenvalue equation Mv = v for a matrix M, where v is an 
eigenvector and A is the corresponding eigenvalue, to equation (2.50) on page 78. 
This equation has the same formal structure: it can be written as 


a 
sulla) =CF(2), 


where in place of a matrix we have a second-order differential operator d?/dz?. 
the function f(x) plays the role of the eigenvector, and the constant C corre- 
sponds to the eigenvalue. In this sense, equation (2.50) is a generalisation of 


Solutions of the wave equation 


See also Exercise 1.9, and 
equation (2.4) on page 61, 
where we encountered the 
same condition. 


Note that the constants C 
in equations (2.50) 

and (2.51) must have the 
same value, so we can use 
the result of the 
position-dependent part. 


2.6 Separation of variables 


the matrix eigenvalue equation, where instead of vectors in a finite-dimensional 
space we are dealing with an infinite-dimensional space of suitable functions. 
Unlike in the finite-dimensional matrix case, the eigenvalues, and thus the spec- 
trum, depend on boundary conditions. For the boundary conditions (2.54), the 
eigenvalues are C = —k? with k, as for equation (2.55). 


The number n that labels the normal mode u,(:r.t) also determines the 
number of nodes of the mode. Recall that nodes are, apart from the end 
points, those points of the string that do not move at all during the motion. 
The fundamental mode, the lowest-frequency mode u)(x,t), has no nodes at 
all. The solution u(x,t) vanishes for « = 1/2, in the middle of the string, 
so it has one node. In fact, the solution u,(x,t) has n — 1 nodes, because 
n(x) has n—1 zeros for 0 <x <1. In this sense, the normal modes of a 
string are characterised by the number of nodes. 


You may have come across the notion of normal modes before, for particular 
motions of systems consisting of finitely many coupled harmonic oscillators, 
such as coupled springs. In this case, the normal modes can also be charac- 
terised by the property that the time-dependence is sinusoidal. There is indeed 
a close connection between these normal modes and those of the wave equation; 
we return to this point later in the course. 


2.6.4 Superposition of normal modes and Fourier 
series 


Each function u,(a,t) of equation (2.58) is a solution of the wave equation 
and satisfies the boundary conditions. The wave equation and the bound- 
ary conditions are linear and homogeneous, so any linear combination or 
superposition of the functions u,(x,t) is also a solution that satisfies the 
boundary conditions. 
Therefore, any function 
- as Superposition of normal modes 
u(x,t) = S° un(a,t) = SO sin(knx)[An cos(wnt) + Bn sin(wnt)], (2.59) 
n=l n=1 

with k, and w, as given in equation (2.56), is a solution (provided that 
the coefficients A, and B, are such that the infinite sum converges in an 
appropriate sense), where we sum over any set of normal modes. This can 
be either a finite set, if all but finitely many coefficients A, and B,, are zero, 
or an infinite set. In the most general case, we end up with an infinite sum of 
sinusoidal terms. This is an expansion of a general solution u(x,t) in terms 
of the normal modes u,(a,t). Any solution can be expressed in this way. 
Such expansions of a function in a series of trigonometric functions, which 
arise naturally here, lead to Fourier series, named after Jean Baptiste Joseph 
Fourier, who first introduced such series when studying the heat equation, 
another partial differential equation which we shall consider later in the 
course, 


When they were first introduced, at the beginning of the 19th century, 
Fourier series were a matter of controversy in the mathematical commu- 
nity. Today, they are a standard tool in mathematics. used to approximate 
functions. In the remainder of this chapter, we show how Fourier series and 
Fourier transforms (which are introduced below) can be used to solve initial- 
value problems for boundary conditions corresponding to finite, semi-infinite 
and infinite vibrating strings. The discussion of the properties of Fourier 
series and transforms will be the subject of the next chapter. 
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Initial conditions 


For our solution (2.59), the initial condition a(x) = u(x,0) is given as a 


Fourier sine series . 5 * 
Fourier sine series 


x 
a(a) = > An sin (7) (2.60) 
n=1 
with coefficients A,. Taking the partial derivative with respect to t. we 
obtain 


E) 
nByre . (7x 
sin (—— 


6(2) = ue(x,0) =} ; 


n=1 


(2.61) 


which is also a Fourier sine series, with coefficients nB,7c/l. So equa- 
tions (2.60) and (2.61) are representations of the functions a(x) and b(x) 
encoding the initial conditions as Fourier sine series. If we are given an 
initial-value problem for the finite string, which means that we know the 
functions a(a) and (a) on the interval [0,1], all we need to do is calculate 
the coefficients A, and B,, from equations (2.60) and (2.61), respectively, 
and insert the results in equation (2.59) to obtain the solution. 


Exercise 2.25 


Consider the case where B,, = 0 for all n, so b() = 0, and A, = 0 for all n except 
for Aj = 1 and As = 2. 


(a) What is the initial form a(.r) of the string? 
(b) Calculate the corresponding solution u(a,t) of the wave equation. 


(c) What is the period of the solution? In other words, for what smallest positive 
time 7 is u(w,t+7) = u(a,t) satisfied? 


The coefficients of the Fourier sine series 


To calculate the coefficients A, and B,, we exploit an orthogonality relation 
for sine functions: 
2f ‘ 
if dx sin (7) sin (=) one (2.62) 
pid I 7 
where dmn is the Kronecker delta symbol, whose values are defined by 
bdmm = 1, and dn, = 0 for m An. You are asked to derive this formula 
in the following exercis 


Exercise 2.26 
Show that the orthogonality relation (2.62) holds. 


(Hint: Use the relation 2sin asin 3 = cos(a — 3) — cos(a + 3), and consider sepa- 
rately the cases m #n and m =n} 


Now, consider equation (2.60). Multiplying both sides by sin(7ma/l) and 
integrating with respect to x from 0 to / gives 


i dx a(x) sin (=) = [ dx 3 A, sin CG) sin jae 


n=1 
~ 7 
= p> An , dx sin (=) sin ) 
i= l 
= 5 An dinn = 5 Am: (2.63) 


The term ‘orthogonality’ 
highlights the formal 
analogy to the 
orthogonality of vectors, 
with the integral in 
equation (2.62) playing the 
role of a scalar product, 


2.6 Separation of variables 


assuming that we can interchange the order of summation and integration. 
Replacing m by n, we obtain a formula for the Fourier coefficients 
Fourier coefficients of the Fourier sine series 
™ 


Bip z nt 
A, = if dx a(x) sin (=) , n=1;2,3,,--5 (2.64) 


which expresses the coefficients as integrals over the function a(x) on the 
interval [0,1]. The coefficients B, are given similarly by 


L 
B, = =f der b(x) sin (=) , n=1,2,3, 
me Jo l 


see Exercise 2.27 below. 


(2.65) 


Exercise 2.27 


Show that the coefficients B,, in equation (2.61) are given by equation (2.65). 


Exercise 2.28 


Consider the motion of a stretched string of equilibrium length / which is initially 
released from rest with 


a(x) = u(x, 0) = isin (=) + tein (=) 
forO<a<l. 


(a) Sketch (or plot, if you have access to a computer package such as Mathcad) 
the initial form of the string. 


(b) Compare the expression for a(x) with the Fourier expansion (2.60), and read 
off the Fourier coefficients A,,. 


(c) Calculate the solution u(«, ¢) of the initial-value problem from equation (2.59). 


(d) Determine the motion u(l/2,t) for the midpoint of the string. (If you have 
access to a suitable computer package, plot this as a function of time.) 


(c) What is the time period of the solution? In other words, what is the smallest 
time 7 > 0 such that u(a,t+ 7) = u(a2,t)? 


More examples using Fourier series to solve initial-value problems will be 
discussed in Chapter 4. 


Relation to d’Alembert’s solution 


The infinite Fourier series (2.59) can be expressed in the form of d’Alembert’s 
solution (2.14) on page 65 by using trigonometric identities. With 

2sin asin 3 = cos(a — 3) — cos(a + 3), 

2sin a cos 3 = sin(a — 3) + sin(a + 8), 


equation (2.59) becomes 


u(a,t) = ; 3 (A, [sin(knx — wnt) + sin(knz + wnt] 

isp 1 [cos(kya — wt) — cos(kya + wp,t)}) . (2.66) 

Inserting w, = kpe and splitting the sum into two parts gives 

ES 
u(x,t) = 5 (An sin[ky (2 — ct)]| + By cos[ky (x — ct)]) 

n=1 

+ a e (A, sin{ky (a + ct)| — By, cos[k,(x + ct)]) - (2.67) 
se ak 


This has the form of d’Alembert’s solution (2.14), i-e. u(x,t) = F(a —ct)+ 
G(a + ct). The functions F and G are discussed in the following exercise. 
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Exercise 2.29 
(a) Deduce the functions F and G from equations (2.14) and (2.67). 
(b) Show that the functions satisfy G(z) = —F(—2). 


2.6.5 Semi-infinite strings and Fourier sine integrals 


We have illustrated the use of separation of variables for the case of a finite 
vibrating string with fixed ends. The method also applies to boundary 
conditions that correspond to semi-infinite or infinite strings. 


In the derivation of the normal mode solutions, the boundary conditions 
were used to show that the constant C that appears in the separated equa- 
tions (2.50) and (2.51) is negative for non-trivial solutions. For semi-infinite 
and infinite strings, values C > 0 also lead to non-trivial solutions. How- 
ever, these solutions do not correspond to vibrations, because their time- 
dependence is exponential in ¢ for C > 0, and linear in t for C = 0. For 
physical reasons, we are not interested in these solutions, which involve mo- 
tion of the entire string. We aim to describe localised disturbances of the 
semi-infinite or infinite string from its equilibrium position, so it suffices to 
concentrate on the solutions for C <0. These are precisely the solutions 
that can be obtained from those for a finite string in the limit of infinite 
string length. For an infinite string, this local disturbance corresponds to 
the boundary condition that u(a,t) + 0 as x — -too. 


If we consider a semi-infinite string, fixed at 2 = 0 and extending to co, 
say, then we have one boundary condition, u(0,t) = 0, to satisfy. This still 
implies that a = 0 in equation (2.52), so the spatial part again involves sine 
functions only. However, there are no restrictions on the allowed values of k, 
so the normal mode solution becomes 


un) (x,t) = sin(ka)[A(k) cos(ket) + B(k) sin(ket)| (2.68) 
for any value of k; compare equation (2.58) on page 80. The solutions are 
labelled by k, and we think of the coefficients as functions of k. By the 


superposition principle, sums of solutions are also solutions. Here, because 
k is any real number, we can integrate over all k > 0, to give 


u(x,t) = ft dk sin(ksr) [A(k) cos(ket) + B(k) sin(ket)], (2.69) 
0 


provided that the k-dependence of the coefficients A(k) and B(k) is such 
that this integral makes sense. This corresponds to the infinite sum in 
equation (2.59) on page 81 for the finite string, and can be derived from 
equation (2.59) in the limit as the string length | — oo. 


By inserting u(x,t) of equation (2.69) in the wave equation, one can explic- 
itly check that this function satisfies the wave equation, provided that dif- 
ferentiation and integration can be interchanged, which essentially requires 
that A(k) + 0 and B(k) — 0 sufficiently fast as k — oo. 


Initial conditions 


Consider now the initial condition u(x,0) = a(#). Equation (2.69) allows us 
to express a(.c) as a Fourier sine integral 
Fourier sine integral 


a(x) = er dk a(k) sin(ka), (2.70) 


2.6 Separation of variables 


where the function @(k) = \/x/2A(k) is called the Fourier sine transform of 
the function a(x), and the factor 7/2 is introduced for later convenience. 
By exchanging the order of differentiation and integration, the initial con- 
dition u;(«,0) = b(«) can also be expressed in this form: 


d(x) = a dk b(k) kesin(ke), (2.71) 


with 6(k) = \/7/2B(k); compare equations (2.60) and (2.61). 


Given initial-value data a(x) and b(x) for the semi-infinite string, we need 
to calculate the coefficient functions A(k) and B(k), so we need the corre- 
sponding inverse Fourier transform. We only state the results here, 


a(k) = Vf dx a(x) sin(kz), (2.72) 
7 Jo 


= Nasal P 
b(k) = — = / dx b(x) sin(ka:), (2.73) 
keV x Jo 


deferring a detailed discussion of Fourier transforms and their properties 
to the next chapter. Note the similarities of these expressions to equa- 
tions (2.64) and (2.65) for the coefficients A, and B, of the Fourier sine 
series. This is not accidental, because one can describe an infinite string as 
a limiting case of a finite string, taking the limit as | 00 in an appropriate 
setting, 


2.6.6 Infinite strings and Fourier integrals 


Infinite strings can be treated similarly, the only difference being that, in 
general, both sin(ka:) and cos(kax) terms contribute to the solution. It turns 
out that it is calculationally advantageous to consider complex solutions. 


Complex solutions of the wave equation 


We once more consider the separated equations (2.50) and (2.51), with 
C <0. For the spatial part, equation (2.50), the general complex solution 
is 


f(x) = aexp(ikx) + Bexp(—ikr), (2.74) 


with arbitrary, in general complex, constants a and 3, and k = /—C > 0. 
An equivalent form of this solution is discussed in the following exercise. 


oe —————— EEE 
Exercise 2.30 
(a) Verify that 

f(x) = Aexpi(ka + 6)] + Bexp|—i(ka — v)), (2.75) 


with arbitrary real coefficients A > 0 and B > 0, and 0 << 7,0<W<7,is 
a solution of the differential equation (2.50) for k = /—C > 0. 


(b) Show that this solution can be written in the form (2.74). Determine the 
coefficients a and 3 in terms of A, B, @ and w. 


(c) Use the results of part (b) to express A, B, @ and win terms of a and 8. 


(d) Express the real and imaginary parts of f(z) in terms of sine and cosine func- 
tions, and show that both can be written in the form of equation (2.52) on 
page 79. 
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Analogously, the general solution of equation (2.51) for C < 0 is 
g(t) = yexp(iwt) + dexp(—iwt), (2.76) 
with arbitrary complex coefficients 7 and 6, and w= ke > 0. Multiplying 
equations (2.75) and (2.76), we arrive at normal mode solutions of the form 
A(k) explik(a + ct)] + B(k) exp[ik(x — ct)] 

+ D(k) exp[—ik(x + ct)] + E(k) exp[—ik(x — ct). (2.77) 
where the coefficients A(k), B(k), D(k) and E(k) are arbitrary. Any linear 
combination of these functions is a solution of the wave equation. Extending 
the range of k to negative values by defining A(—k) = D(k) and B(—k) = 
E(k) for k > 0, we can instead consider linear combinations of 

Uy) (x,t) = A(k) explik(x + et)] + B(k) explik(a — ct)], (2.78) 


with any real value of k. As for the semi-infinite string problem, a general 
solution of this type can be expressed as an integral 


u(x,t) = re dk (A(k) exp[ik(x + ct)] + B(k) explik(x —ct)]), (2.79) 


provided that the complex coefficient functions A(k) and B(k) are such that 
this integral exists. 


For the initial condition a(x) = u(x, 0), this simplifies to the Fourier integral 


1 = Fourier integral 
a(x) = =a / dk @(k) exp(ikx), (2.80) 
TJ oe 


where the function a(k) = V2 [A(k) + B(k)] is the (complex) Fourier trans- 
form of the function a(x). Similarly, the initial condition b() = us(x,0) 
becomes 


b(2) = z [ * dkikeb(k) exp(ikz), (2.81) 


with b(k) = V2zx[A(k) — B(k)], provided that we can swap the order of dif- 
ferentiation and integration. It turns out to be convenient to introduce the 
factor V27 in the Fourier integral. Again, we need to express a(k) and b(k) 
in terms of the initial conditions a(x) and b(x) in order to solve the initial- 
value problem. This is performed by using the theory of complex Fourier 
transforms. 


Such Fourier transforms are a standard mathematical tool for the investi- 
gation of partial differential equations. Their properties will be discussed in 
detail in the next chapter. 


Exercise 2.31 


For u(sr,t) given in equation (2.79), express the real and imaginary parts in terms 
of sine and cosine functions. 


2.7 Summary and Outcomes 


In this chapter we have considered solutions of the one-dimensional wave 
equation. We started by characterising periodic solutions. Then we dis- 
cussed d’Alembert’s general solution and showed how the initial-value prob- 
lem and the boundary conditions of a semi-infinite and a finite string can be 


The case k = 0 corresponds 
to a constant solution. 


2.8 Further Exercises 


satisfied. Finally, we introduced the method of separation of variables and 

applied it to the wave equation. This method reduces a partial differential 

equation to a set of ordinary differential equations, and can be applied to 

many partial differential equations that arise in physics. The solution of 

the ordinary differential equations for the finite string boundary conditions 

again resulted in periodic functions, the normal modes of the string. So- 

lutions can be expanded in terms of normal modes, and these expansions 

naturally lead to the concept of Fourier series and Fourier transforms, which 

are considered in detail in the next chapter. 

After working through this chapter and the exercises, you should: 

e know how to characterise harmonic wave motion; 

e understand what initial-value problems and boundary-value problems 
are; 

e know d’Alembert’s solution and be able to solve initial-value problems 
for the infinite and semi-infinite string; 


e understand how boundary-value problems can be solved by taking ac- 
count of reflections; 

e be able to apply the method of separation of variables; 
know about normal modes and their significance; 

e understand the differences between the solutions for infinite, semi-infinite 
and finite strings: 

e understand how Fourier series and Fourier transforms arise. 


2.8 Further Exercises 


Exercise 2.32 


Calculate the general solution of the partial differential equation 


Ute (x,t) = 5, 


Exercise 2.33 
Solve the partial differential equation 
up(x, t) — du, (x,t) = 2u(x,t) 
with initial condition 
u(w,0) = 3exp(3r). 


by separation of variables. 


Exercise 2.34 
Consider the partial differential equation 
Ue(w, t) = Uw (a, t) 


with boundary conditions u(0,t) = u(x,t) = 0 and initial condition u(x,0) = 
3sinw — sin 3x. 


(a) Use separation of variables with u(a.t) = f(2)g(t) to derive ordinary differen- 
tial equations for f and g. and calculate the general solutions for g(t) and f(x). 


(b) Taking into account the boundary conditions, derive the normal mode solutions 
for this equation. 


(c) Use the initial condition to obtain the unique solution of the problem. 
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Exercise 2.35 
Calculate d’Alembert’s solution for an infinite string with initial data 


2nesin(nz), «> 0, 


u(a,0) =a(x)=0, ue(x,0) = (x) = { 0, ers 


where n is a constant and c is the wave speed, [Hint; Consider the three cases 
x >ct, —ct < x < ct and x < —ct separately.] 


Exercise 2.36 


Consider a semi-infinite string on x > 0 with initial data u(x,0) = a(x) and u;(x,0) 
= b(a) for x > 0, where 


a(z)=0, (e)= maa tear 


where n is a constant and c is the wave speed. 


(a) Consider a solution ui) (a,t) of equation (2.68), and show that k can be chosen 
such that this is the solution of the wave equation that satisfies the initial 
conditions. 


(b) For this solution, what is u,(a,0) for x > 0 and « < 0? Express these in terms 
of the function 6(x) that specifies the initial velocity, noting that b(c) = 0 for 
a <0. Can you interpret the result in terms of a mirror pulse? 
Exercise 2.37 This exercise is optional. 


Consider d’Alembert’s solution (2.25) for the initial-value problem of an infinite 
string, You are asked to show that solutions depend ‘nicely’ on the initial conditions, 
in the sense that similar initial conditions yield similar solutions. 


Let ui(a,t) and u2(a,t) denote the solutions for initial conditions 


ui(2,0)=ax(2), (e,0) = (2), 
and 
‘ug(2,0) = a(x), Mae, 0) = bo(x). 


respectively, where a(:c), a2(2) are at least twice differentiable. and b;(x), be(x) 
are at least once differentiable. Assume that the initial data differ only slightly 
between the two cases, such that 


lax(x) —aa(x)| <4, |bi(x) — bo(x)| <€ 
hold for all 2. Show that this implies that the solutions differ at most by 
{uy (at) — ua(a.t)| < b+ et 


for any a and t > 0. 


Hint: You will need to use the triangle inequality |x + y| < |a| + |y| and the result 


|f een < [ae ve 


Solutions to Exercises in Chapter 2 


Solutions to Exercises in Chapter 2 


Solution 2.1 


(a) The wavelength of an electromagnetic wave of frequency v = 200kHz = 
2% 10°s~! is 


The period ris the inverse of v, from equation (2.6). So7=5 x 107° s or 5 ys. 


The wavelength of an electromagnetic wave of frequency v = 2.45 GHz is 


ie. about 12cm. The period is t= 4 x 10's or about 0.4ns. 


Visible light of wavelength A = 600mm has frequency 
BRI ong 

= \~exi07 oe Hz = 500 THz, 

The period is now even shorter: r= 2 x 107'° 


= 2fs. 


(b) The solutions u,,(a,t) are characterised by ky, = n7/l and wy = kne = nre/t. 


By equations (2.6) and (2.7), this yields 
_2n_ 2l _ Wn _ ne 
A=, nt Se OTF 


80 AnUn = ¢, as required. 


Solution 2.2 


(a) The wavelength A is related to the frequency v by \ = e/v. With c ~ 343ms7! 
this gives \ ~ 21.4m for v = 16 Hz and A ~ 0.017 m = 1.7m for v = 20000 Hz. 


(b) For v= 16.5 Hz, we find 1 = \/2 ~ 10.4m. 


(c) The frequency of a pipe of length / = 20m is about 8.6 Hz, which is well below 
the threshold of audible frequencies. (Nevertheless, you can feel the vibration 
at that frequency directly, and you can also hear a mixture of other frequencies, 
higher harmonies, produced by the pipe.) 


Solution 2.3 
(a) The function u(x,t) has the form F(x —ct) with F(z) = exp(—2*) and ¢ = 2, 
so it satisfies the wave equation. Explicitly, the partial derivatives are 
uz (x,t) = —2(a — 2t)u(z, t). 
Ue (at) = [-2 + 4(@ — 2t)*]u(a,t), 
uz(a,t) = 4(a — 2t)u(a, t), 
un(2, t) = [-8 + 16(a — 2t)?Ju(x, t) = duze(a,t) = cuz, (2. t). 
(b) The functions u(x.0), u(a,1) and u(z, 2) are shown in Figure 2.12. 


u(x,t) 1=0 t=1 1=2 
1 


—2 0 


Figure 2.12 The function u(x,t) = exp[—(x — 2t)?] at t= 0. t=1 and t=2 
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us stands for microseconds, 


ns stands for nanoseconds. 


1 THz = 10!* Hz denotes 
one terahertz, 
corresponding to 10! 
cycles per second. 


fs stands for femtoseconds. 
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Solution 2.4 
Differentiating u(x,t) = G(x + ct) with respect to x and t gives 
3 if 

tige(2t)=G"(e+et) and uy(2t)=2O"a+e), | A 

so u(x,t) satisfies the wave equation for any function G which is at least twice 

differentiable. 

Solution 2.5 

Applying the addition formula with a = nx/I and 3 = nzet/I gives 
un(2,t) = 4An [cos (7 ~et)) — 008 (Fe + et))| ‘ 


This has the form of equation (2.14) with F(2) = —G(z) = 4A, cos(nz2/l), 


Solution 2.6 
(a) We have x(y, 2) = (z+ y)/2 and t(y, 2) 


=—y)/(20). 
(b) Taking partial derivatives yields 


Ox(y,2) _ 8 (z+y\_1  Atly.2) _ 6 
Oe OK OR Pe Os 


(c) We have 


i) Ox oe 1 
Uy (ys 2) = By tlalus2)s Hy. =)] = “ay aa Ha = gus — age 


where we have used the chain rule and the results of part (b). 


‘Taking the partial derivative with respect to z, we obtain 


efi 
Vay (Ys 2) = a gue - Ret 
Be eR OL ae 
=o o2 7 292 2c" Oz 2c Oz 


wie knees eae 

= ler + Zt — Gotlat — Fae 
lpg 

= (Pune — tee) + 


where again we have used the chain rule, and uy = uz, according to the mixed 
derivative theorem. Therefore, assuming c # 0, the equations 


Vey(y.2)=0, and cure(a,t) — ue(a.t) =0 
are equivalent. 


(d) We can rewrite the equation as 


C] 
Be tvly 2) = 0. 
The general solution of the first-order differential equation for the function 
v,(y, 2) is an arbitrary function of y, 
vy(y.2) = f(y), 
because the solution must be constant with respect to z. This, in turn, is a 
first-order differential equation, which can be solved by integration to give 
v(y,2) = Fly) + G(2), 


where G(z) is a constant with respect to y, but may be an arbitrary function 
of z. The function F(y) is a primitive (indefinite integral) of our arbitrary 
function f(y). thus F’ = f, so F is also an arbitrary function of y. Note that 
F and G need to be twice differentiable, whereas f needs to be differentiable 
only once. 


Solutions to Exercises in Chapter 2 


So u(y, 2) = F(y) + G(z), with arbitrary twice differentiable functions F and G, 
is the general solution of the wave equation. 


(e) Substituting the original variables into the general solution, we obtain 
u(x,t) = v[y(x.t), 2(2, t)] = v(x — ct,x + ct) = F(x — ct) + G(x + ct), 

which is d’Alembert’s solution (2.14). 
Note that we could perform the same argument with the roles of y and = 
interchanged, performing the two integrations in the opposite order. This 
would produce the same result. 

Solution 2.7 

(a) Denote by B a primitive of the function b, so B’ = b. Then the integral is 
given by 


eet \ 
| dy b(y) = B(x + ct) — B(x — ct). 
wet 


The partial derivatives are 


ee i. 
ef dy (y) = 2 [Ble + et) ~ B(x ~ eb) 


et 
= B' (x + ct) — B'(x — ct) 
= b(a + ct) — b(a — ct) 


and 


Q prtet a 
aie dy b(y) = qlBle + ct) — B(x —ct)| 


= ¢[B' (a + ct) + B(x —ct)] 
= c[b(a + ct) + b(a — et)], 


(b) We need to calculate the second partial derivatives of the solution given in 
equation (2.25): 


vast) = lax — et) +a"(a + et)] + ge (e+ et) — Ve — at] 
and 
me(a,t) = Stale —ct) +a"(a + ct)] + sue +ct) —U (x —ct)| 
= c*tpe(a,2). 


So u(x,t) is a solution of the wave equation. Also, u(x,0) = a(x) and 
tuy(«,0) = Sale = 0) + a'(x + €0)] + plot +c) + b(x — c0)] =d(z), 


hence the initial conditions (2.19) are also satisfied. 


Solution 2.8 
We have a(z) = 0 and 6(r) = sin(3xr). D’Alembert’s solution (2.25) gives 
tet 
ula, t) = xf dy sin(3y) 
2¢ Jct 
= — ZL leos(Be + 3ct) — cos(3x — 3ct)] 
= Aleos(ar — 3ct) — cos(3x + 3ct)] 
= z sin(3:) sin(3ct), 


where we have used the trigonometric identity 2 sin a sin 8 = cos(a — 3) — cos(a + (3). 
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Solution 2.9 
We have a(x) = sin(3x) and b(x) = 2x. thus d’Alembert’s solution (2.25) gives 


1 1 petet 
u(x,t) = glsin(3x — 3ct) + sin(3x + 3ct)] + = i dyy. 


sxmet 


The second term gives 


Be _ (w+et ~(e—ct)? _ dete 


pi [ames 2 gg a 


net 
80 the solution becomes 
u(x,t) = 2tx + sin(3x) cos(3ct), 


where we have used the trigonometric identity 2 sin a cos 3 = sin(a + 3) + sin(a — 8). 


Solution 2.10 


At position x and time to, we have 


1 1 stoteto 
u(ao,to) = =[a(xo — ety) + a(xo + cto)] + xf dy by). 
2 2¢ Jao —eto 
So all we need to know are the two values a(29 — cto) and a(:p + cto) of the func- 
tion a, and the function b on the interval [279 — cto, xo + cto). 


Solution 2.11 


(a) At time ¢ = 0, the pulse is at 1/2—r <2 <1/2+r. It splits into two parts 
that move to the left and to the right with speed ¢. So the left end of the 
left-moving part reaches « = 0 after travelling a distance //2 — r, which takes 
a time ¢ = (I — 2r)/(2c). At the same time, the right end of the right-moving 
part of the pulse reaches x = I. 


(b) The motion in negative time is exactly the same, because changing the sign of 
t just exchanges a(w + ct) and a(x —ct) in d’Alembert’s solution (2.25). So the 
pulse ‘left’ the boundaries at time t = —(! — 2r)/(2c), and hence the boundary 
conditions are satisfied for the time interval —(1 — 2r)/(2e) < t < (1 —2r)/(2e). 


Solution 2.12 
(a) You can differentiate u(x,t) with respect to x and t to show that it satisfies 
the wave equation. Alternatively, notice that setting F(z) = —G(—z) gives 


u(a,t) = F(a — ct) + G(x + ct), which is the form of d’Alembert’s solution of 
the wave equation. Inserting « = 0, we find u(0,t) = G(ct) — G(et) = 0 at all 
times t. 


(b) The solution u(2,t) is sketched in Figure 2.13, at time t = 0 and at a time t, 
with 0 <t < R/e, before the pulse reaches the boundary. 


u(x,0) 


u(x,t) 
G(xtet), 
fics si yv \ 
~ 
a 


—— R-ct R-ct — 
—G(—x+et) 


Figure 2.13 Sketch of the solution u(x,t) = G(« + ct) —G(—«x + ct) with 
G(x) as in Figure 2.5, at time t = 0 (top) and at a time ¢ with 
0<t< R/c (bottom) 
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Solution 2.13 

Setting G(z) = —F(—z), we have u(x,t) = F(x —ct) + G(x + ct), which is the form 
of d’Alembert’s solution of the wave equation. Inserting « = 0, we find u(0,t) = 
F(—ct) — F(—ct) =0 at all times t. 

Solution 2.14 


(a) Inserting the expressions for F and G given in equations (2.22) and (2.23), we 
have 


2 2 ce 


a(z+et) C +f 
om risa dy b(y) 


een ela ee ee xf dvb 


1 1 rte 
= - t)) +— : 
glalz ct) + a(x + ct)| + 3c ie dy bly) 

compare equation (2.24), Analogously. 


-x-ct 
—F(-2 — ct) — G(-« + ct) = pace ase xf dy b(y) 


2 €33) i 2c 
af—z+c) _C 1 pete 
te) oS if aby) 


= —Fla(-2 ct) +a(—z +¢t)] 


a LO 
2 Inenct 
Adding the results above yields equation (2.33). 
(b) Inserting t = 0 gives: 
1i(2,0)=a(z) —a(—z), wj(a,0) = b(a) —B(—2), 


where the second relation follows by using the result in Exercise 2.7, These 
expressions agree with the initial conditions (2.30) for 2 > 0, because a(x) = 
D(x) = 0 for x < 0. 


Solution 2.15 
At 2 = 1, equations (2.34) and (2.35) become u(l,t) = F(l— et) — F(2l—1—ct) =0 
and u(l,t) = G(L+ et) — G(2l —1 + ct) = 0, so the boundary condition is satisfied. 
Solution 2.16 


First, the infinite sum in equation (2.41) is well defined, because for any value of x, 
there are at most two values of j that give a non-vanishing contribution. This is a 
consequence of F(x) = 0 for x < 0 and x >/. Each term in the sum individually is 
a solution of the wave equation, so the infinite sum is also a solution. 


Inserting « = 0 gives u(0,t) = 0. For « = 1, we obtain 


u(l.t) = ss [F(2jl +1 — ct) — F(2jl —1— et)| 
jae 
= ¥ Fjl+l-et)- SY) Fajl-l-et), 
— jx 


where we have split the sum into two parts. Performing the first sum over J = j + 1, 
noting that 271 + /— et = 2JI —1 — et, gives 


u(l,t) = SE F(2d1—1- ct) — Sp F(2jl—1—ct) =0, 


J==00 j==00 


which vanishes because the sums are identical. 


93 


94 Chapter 2 Solutions of the wave equation 


Solution 2.17 


For ¢ = 0, the infinite sum in equation (2.41) becomes 


x 
u(x,0)= }> [FQil+x)— Fjl-x)]. 
j= 

The terms F(2jl +) are sin(2jx + mx/l) = sin(rx/l) for x/l € [-2j,-2j +1] 
and vanish elsewhere. The remaining terms —F(2jl — x) are —sin(2ja — mx/l) = 
—sin(—mx/l) = sin(we/l) for «/l € [2j — 1,2j], and vanish elsewhere. (Here we 
have used the identity sin(—a) = —sin(x).) As j runs through all integers, these 
intervals never overlap (except at the end points of each interval), but cover the 
entire real line. So whatever value « has, it falls into exactly one such interval (or 
on the boundary of two, in which case the function is zero). Thus we find that 
‘u(x, 0) =sin(ma/l) for all x. 


Solution 2.18 


For the initial conditions a(x) = sin(27x/1) and 6(x) = 0, d’Alembert’s solution in 
equation (2.25) gives 


u(z,t)= (sm ( 2) ein (2° =) 
=sin (=) co (774). 


Inserting 2 = 0 and « = 1, we find that the boundary conditions u(0,t) = u(l,t) =0 
are automatically satisfied, so u(a,t) is a solution of the boundary-value problem 
for all values of x and t. 


As in Exercise 2.17, we may interpret this solution as the superposition of an initial 
disturbance described by u(x, 0) for z € (0,1) with its reflections at the two ends of 
the string, which correspond to infinitely many mirror pulses given by sin(27/1) 
on any interval [jl. (7 + 1). with 7 = £1,+2,.... 


Solution 2.19 
From equations (2.22) and (2.23), we have 
F(2jl + x — ct) + G(2jl + + et) 


Fi + i= et C1 piittenet 
= ered) C2 | dy by) 
20 
‘251 - Tal 1 prileetet 
uy pleat Se dyb(y) 
1 i 1 2jl+ntet 
= plal2il +a — et) + a(2jl +2 +et)] + 5 dy by) 
© Jajt+r—et 
and 
—F(2jl — x — ct) — G(2jl — 4 + ct) 
a(2jl-z—e) Ca fue 
= ai -2- 8) oye dy(y) 
zo 
a(2jl—e+et) C1 pret 
~ sOnaet ox f dy b(y) 
P 
1 | Pril-atet 
= —Flalayt — 2 — et) + a(2it—2+et)|— 5 dy bly): 
2jl—x—ct 


compare this with Exercise 2.14, which corresponds to the case j = 0. Adding the 
two equations and summing over all values of j yields equation (2.43). 


Solutions to Exercises in Chapter 2 


Solution 2.20 


(a) For the solution in equation (2.38), we have 


u(x +2,t)= So [Gil +2+x+ et) — G(2jl-2-x+et)] 


jane 
= ¥/ GRG+yl+e+e]- YO GRG-yl-zr+et] 
a ames 


oc 2 
= ¥ Gan+rtet)— Yo GQu-xr+dc) 
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= §} (G@u+2+e)-Geu-r+c)) 
J=-o0 
= u(x,t). 


(b) The sohition in equation (2-41) has the same form as that in equation (2.38), 
apart from the sign in the argument ct, This does not affect the method used 
above, so u(x + 2l,t) = u(x,t) also holds for this solution. 


Solution 2.21 
Inserting the product w(x, y) = f(r)g(y) into the partial differential equation gives 
£"(x) g(y) +2 f(a) 9"(y) = 0. 
Dividing by w(x, y) = f(x)g(y) and rearranging the result yields 
sma) __ 29") 
f(x) gly) * 
where the left-hand side depends only on the variable x, and the right-hand side 
depends only on y. Thus both sides must equal a constant C, and upon multiplying 
with f and g again, we obtain the set of ordinary differential equations 


f(x) —C f(x) =0, 
gy) + 0) =0. 


Solution 2.22 
(a) Inserting w(a.y) = f(x)g(y) gives 
J'(2) g(y) +2 F(a) g"(u) + 3 f(z) gly) = 0. 
Dividing by w(x, y) = f(x)g(y) and rearranging the result yields 
f(a) _ _29"W) _ 5 
(a) oy) 
Again, the left-hand side depends just on x, and the right-hand side depends 


just on y, so both sides must equal a constant C. We now obtain the separated 
equations 


f(x) — Cf (x) =0, 
go (y) + ee au) =0. 


(b) Inserting w(a,y) = f(«)g(y) gives 
S'(x) gy) +2 f(e) a" (y) +3 F(x) g?(y) = 0. 


In this case, the method fails, because the three terms do not become inde- 
pendent of either x or y if we divide by f(x)g(y) (or indeed by any other 
function). 
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Because we split the sum 
into two parts, we can use 
the same summation 
variable J for J = j +1 in 
the first sum and J = j —1 
in the second. 
Alternatively, we could 
have shifted one of the 
summation variables by 2. 
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(c) Inserting w(x,y) = f(«)g(y) gives 
J'(x) gly) + 2 f(x) 9!"(y) = 0. 
Dividing by xf(x)g(y) and rearranging the result yields 
f(x) _ _29"(y) 
xf(x) gy) 
Once more, we have arranged the equation such that the left-hand side depends 


just on x and the right-hand side depends just on y. Thus both sides must 
equal a constant C, and we obtain 


f'(a)—Cxf(x)=0, g"(u)+ a) =0. 
(d 


Inserting w(x, y) = f(x)g(y) gives 
J'(x) g(y) — 2 f(x) a! (y) + 2xy F(x) 9" (y) = 0. 


Because of the non-constant coefficients, it is not possible to divide by a func- 
tion such that all three terms depend on 2 or y only, so the method fails again. 


(e) Inserting w(x, y) = {(x)g(y) gives 
J (a) gly) + 2 F(x) 9""(y) — S'() 9 (y) = F'(@) la(y) — 9'(y)] + 2 F(@) 9" (y) 
=0. 
Dividing by f(x)[9(v) — 9'(y)] gives 
f(z) 2g"(y) 


F(z) ~~ atu) = 9'(u)" 


so again it is possible to separate the variables. The separated equations are 
#2) —CH(w) =0. 9") — Sta) - a] =0. 
(f) Inserting w(x, y) = f(a)g(y) gives 
J'(@) g(y) +2.f (a) o"(u) — f(x) 9! (y) = 0. 


‘This involves the functions f and g and their first and second derivatives, so in 
contrast to the previous case the terms cannot be combined, It is not possible 
to cancel the dependence on either x or y simultaneously for all three terms, 
so the method fails. 


Solution 2.23 


(a) For C > 0, we have two real roots A = +VE of the auxiliary equation, so the 
general solution is 


(x) = aexp(ka) + bexp(—kr), 
where k = VC, and a and b are arbitrary real constants. 


(b) The boundary conditions u(0,t) = u(l,t) = 0 imply f(0) = f(J) = 0, because 
u(x,t) = f(a)g(t) and we are.not interested in solutions where g(t) = 0 for all 
times ¢. Inserting (0) =0 in the general solution for C > 0 found in part (a) 
gives a +b = 0, so b= —a. For x =, we obtain 


f() = aexp(kl) — aexp(—kl) = 2asinh(kl), 


which vanishes only for kl = 0. Since k = VC > 0 (for C > 0), we must have 
a=0), so the only solution is f(a) = 0. 


(ce) For C =0, we have \ = 0 as the single solution of the auxiliary equation, so 
the general solution is a linear function 


f(x) =a+ be. 
with arbitrary real constants a and b. 


(d) For the linear function f(x) = a+ bx, the condition f(0) = 0 implies a = 0. 
Then f(I) = 61 = 0 implies b = 0, so again f(x) = 0 is the only solution. 


Solutions to Exercises in Chapter 2 


Solution 2.24 
(a) Differentiating gives f"(x) = —k? Asin(kx + v) = —k* f(x), so (2.50) is satis- 
fied with k? = -C. 
(b) Using the addition formula sin(a + 3) = sin a cos 3+ cos asin 3, equation (2.53) 
becomes 
f(x) = Asin(ke +) 
= Acos(w) sin(kx) + Asin() cos(kr), 
which is of the required form (2.52) with a = Asin(y) and b = Acos(v). 
(c) We find 
a? + 6? = A[sin? wy + cos? v}] 
=A, 
so we choose A = Va? + > 0. Now we can calculate w from 
siny a 
cos 
so y= ae with —1/2 << n/2if b #0. For b =0, we have = 7/2 
for a > 0 and y = —7/2 fora <0. 


any = 


Solution 2.25 
(a) We obtain 


- (NTE . (2ar . (oar 
a(x) = Ls sin (=) =sin (7) + 2sin (=) 7 
(b) From equation (2.59), the solution is given by 


u(x. t) = sin FF) cos (7) + 2sin (=) cos (=) 2 


(c) The periods of the two terms are given by 27cT2/l = 2m and 5rer;/I = 27, 
respectively. Thus 72 =//ce and t5 = 2l/(5e). The period of u(r, t) is the least 
common multiple of the two periods, so tT = 2l/e = 2r2 = 5t5. 


Solution 2.26 


For m 4 n, we obtain 
. Tne 
7 i fae vin (7) 
= a(m—n)a a(m+n)x 
flee ‘ag Ge) 


= U . (mm—n)r l =, (aMmtnjr é 
=i ( 7 \ - aa tn( T }, 
2, (ae =n)) _ sin[a(m+ wl) i 


Ls man min 
which vanishes because sin(k7) = 0 for any integer k. 


For m =n, we use the same trigonometric relation for a = 3, which gives 2sin* a = 
1 —cos 2a. This yields 


t 
7 ff aesin? (™) =1-4 faces cos (752 7) 
Jo 
ipl. (2enz\]' _ 
-1-} [ee (77)]-1 


because again the sine function vanishes at z = 0 and x =. 
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Solution 2.27 


Equation (2.61) has the same form as equation (2.60); the only difference is the 
additional factor nze/l in the Fourier coefficients for b(z). Thus we can use equa- 
tion (2.64) for b(), yielding 


: ri dtr (2) sin (7). 


Bn tn = = 
Dividing this by w, = knc = zne/l gives equation (2.65). 
Solution 2.28 
(a) The initial form of the string is shown in Figure 2.14. 


u(x,0) 


(ieee aS 


Figure 2.14 Plot of the function u(r, 0) 
(b) From equation (2.60), the Fourier coefficients are A; = 4, Ay = } and A, =0 
otherwise. 


(c) With B,, = 0 for all n (because the string starts from rest), the solution of the 
initial-value problem is 


wofie Ph ap Bake One net ig (3ar _ [ 3net 
u(e,t) = sin (3) cos ( 7 ) + 4sin( 7 ) cos ( T : 


(d) For a = 1/2, this becomes 


l met Smet 
fi 22 yal) 


because sin(7/2) = —sin(3x/2) = 1. This function is shown in Figure 2.15. 
u(l/Z2,t) 
0.4 
02 
® 1 3 5 ctl 
0.2 
0.4 


eer 


Figure 2.15 Plot of the motion of the midpoint of the string 


(e) The solution u(z,t) is a sum of two periodic functions of time. The periods of 
the two terms are given by e7,/l = 27 and 3ner3/l = 2x. Thus 73 = 21/(3c) 
and 7 = 2I/e = 373. The period 7 of u(x,t) is the least common multiple of 
the two periods. so 7= 7 = 2l/e. 


Solution 2.29 
(a) Comparing equations (2.14) and (2.67) yields 
. 
Fe)=5 Ha sine) + Ba cosh 


G(2)= > [Ansin(knz)— Bn cos(Kn2)] 


n=1 


Solutions to Exercises in Chapter 2 


(b) Sine and cosine are odd and even functions, respectively. Hence 


F(-2)= 23 [-Ay sin(in2z) + Bp c05(kn2)] 
Gay. 
Solution 2.30 
(a) This follows from 
f" (a) = A(ik)? exp[i(ke + @)] + B(—ik)? exp[—i(kx — ¥)] 
= —F f(x) 
and k? = —C. 


(b) 


Rewriting equation (2.75), we obtain 

f(a) = Aexp(id) exp(ika) + B exp(iv) exp(—ikz), 
which is of the required form (2.74) with 

a = Aexp(id) = Alcos é + isin d], 

8 = Bexp(iy)) = Bicosy + isiny. 


(c) We have A = |a| > 0, B = [3] > 0, @ = Arg(a) and u = Arg(j3). as long as 
Re(a) # 0 and Re(S) 4 0. 


(d) We start from the form of f(a) given above. Using exp(i@) = cos @ + isin @, 
and expanding the products, the real part of f() becomes 


Alcos @ coa(kz) — sin @sin(kx)| + Blcos y:cos(kx) + sin yssin(ker)) 
= [Acos @ + Bos) cos(kx) — [Asin @ — B sin sin(kr) 
=acos(kx) + bsin(kr). 

which has the form of equation (2.52), with real constants 
a= Acos¢ + Beosy, 

b=—Asingd + Bsiny. 

Analogously, the imaginary part is given by 

Alcos @sin(kwr) + sin @ cos(k.v)] + Blsin ys cos(kx) — cos ysin(kar)| 
= [Asing + BsinY] cos(ka) + [A cos @ — Bcos y)| sin(kx) 
= acos(kx) + bsin(kx), 

where the constants a and b are now given by 
a= Asing + Bsiny, 

b= Acos@— Beosy. 

Solution 2.31 


Using exp|ik(a + ct)] = cos[k(x + ct)] + isin{k(x + ct)}, and noting that the coef- 
ficient functions A(k) = Re[A(k)] +i Im[A(k)] and B(k) = Re[B(k)] + i lm[B(k)] 
are complex, the real and imaginary parts of u(c,t) are obtained as 


Re[u(x, t)] = ’ dk (Re(A(&)] cos|k(a + ct)] — Im{A(k)] sin[k(a + et)] 
Si + Re|B(k)] eos{k (x — ct)] ~ Im[B(¥)] sin|(x — ct) 
and 
Tae l= / ™ ak (IinfA(K)] cosla(e + ct)| + Re[A(A)] sinlA(x + ct) 
+ Imn[B(h)] cos{&(r — et) + Re[B(k)] sin[k(x — ct)]) . 


respectively. 


The argument, with 
—m < Arg(z) <7, ofa 
complex number 2 was 
defined in Block 0, 
Subsection 1.2.7. 
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Solution 2.32 
We can think of this equation as 


a= 5. 
The general solution for the function u, is 


Ug (a, t) = 5t + f(x), 


where f is an arbitrary function of x. The general solution of this equation is Note that you could have 
integrated with respect to 
u(w, t) = Stx + F(x) + G(t), x first. The order is 


where F is a primitive (indefinite integral) of f, so F’ = f, and G is an arbitrary arbitrary because 
function of t. As f is arbitrary, F is also arbitrary, and the general solution is “*t = “tx 


u(x,t) = 5ta + F(x) + G(t) with arbitrary functions F and G. Note that 
u(x,t) = F(x) + G(t) is 
Solution 2.33 the general solution of the 
homogeneous equation 
Putting u(a,.t) = f(x)g(t) gives ter (at) = 0. 


F(x) g(t) — 4 f'(z) g(t) = 2 F(w) g(t). 
Dividing by f()g(t) and rearranging yields 
are) 990) 
F(a) g(t) 
The left-hand side depends only on x, and the right-hand side depends only on t, 
so we obtain two ordinary differential equations 


Cc-2 
f(a) = fa), s(t) = Colt), 
for f and g, where C is an arbitrary constant. Their general solutions are 


fe) = ew (74), g(t) = erexn(cn, 


with arbitrary constants ¢, and c2. The initial condition gives f(x)g(0) = 3exp(3xr), 
thus cy¢c2 = 3 and (C — 2)/4 = 3, which yields C = 14. Thus the solution is 


u(x,t) = 3exp(3x + Lt). 


Solution 2.34 


(a) Inserting u(x,t) = f(x)g(t) in the partial differential equation, and dividing by 
u(w.t) = f(a)g(t), we obtain 
f(z) _ g(t) _ 
Fe) ~ gt) 
The solution of the differential equation g’(t) = Cg(t) is 
g(t) = Aexp(Ct), 


with an arbitrary constant A. 


As shown in Exercise 2.23, only negative values of C yield non-trivial solutions 
to boundary-value problems of this type, so we set k? = —C > 0. The solution 
of the differential equation for f is then 


S() = acos(kx) + bsin(kr), 
where a and b are arbitrary constants. 


(b) The boundary conditions imply f(0) = 0 and f(z) = 0,s0 a = 0 and sin(xk)=0. 
This means that k = 1,2,3.... label the non-trivial normal mode solutions of 
the boundary-value problem, which are 


u(x,t) = By sin(kx) exp(—k"t) 
with arbitrary By and k = 1,2, 


Solutions to Exercises in Chapter 2 


(c) The general solution is the linear combination 


u(x,t) = }> By sin(kar) exp(—k*t). 
k=1 


Inserting the initial condition gives 


x 
u(x, 0) = > By sin(kxr) = 3sine —sin 3x, 
kl 
which implies Bj = 3, Bs = —1 and B, = 0 otherwise. so the solution of the 
problem is 


u(z,t) = 3sin x exp(—t) — sin 3x exp(—9t). 


Solution 2.35 


From equation (2.25), with a(x) = 0, and b(z) = 2nesin(nr) for « > 0 and b(x) = 0 
for « < 0, we obtain 


1 petet 
u(x,t) = > dy b(y) 
2¢ Je-ct 


max{ir-+et,0} 
= nf dysin(ny). 
m 


nax{ar—et,0} 
For « > ct, we thus obtain 
e+et 
u(x,t) = nf dysin(ny) 
e—et 
ct 
=[- cos(ny) |." 
= cos[n(a — ct)] — cos[n(x + ct)] 
2sin(nx) sin(net). 


For —ct <x < ct, the result becomes 


ofa 
u(x,t) =n A dysininy) 
0 


=(- cos(ny) 3° 


= 1—cos|n(x + ct)]. 


Finally, for 2 < —ct, the solution is u(x,t) = 0. 


Solution 2.36 


(a) For the functions u(,)(a,t) of equation (2.68), the initial data imply A(t) = 0 
and 


B(k) kesin(kx) = 2nesin(nz) 


for 2 >0. This can be satisfied by choosing k =n and B(k) = 2, so the 
appropriate solution is 


u(x,t) = 2sin(na) sin(nct). 
(b) For x > 0, we recover the initial condition 
u(x, 0) = 2nesin(nx) = B(x). 
For x < 0, we obtain the same form, 
u;(x.0) = 2nesin(nx) = —2nesin(—nx) = —b(—z), 
but now expressed in terms of b(—a), because —z is positive. So the result is 
uz(a.0) = b(ax) — b(—a), 


which you can interpret as the initial velocity for x > 0 and its mirror image 
for w < 0; compare part (b) of Exercise 2.14. 
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Solution 2.37 


The solutions for the initial data are 


: seas 
ui(ast) =F lale—a) tale +c] + 5 dyba(v), 


1 1 patet 
u(x,t) = 5 {ao(a — ct) + ao(x + ct)] + Ora [ : dy ba(y). 


For their difference, we obtain 


|ur(a,t) — ua(a,)| = slaale —ct) — ag(x — et)) + Flas(2 + et) — ay(x + ct)} 


ee 
+5 [dutta - bac | 


FJax(x—et) —an(e—et)| +5 |aale + et) ~aale + eb) 


1A 


nee 
+E [faire] 


where we have used the triangle inequality. The first two terms can be bounded as 


1 6 
5 |ar(a + et) — a2(a +et)| < 3 


because the bound on the difference, |a; (a) — aa(x)| < 6, is independent of x. For 
the integral, we have 


1! etot 1 ‘r+et 
= Hes dy losta) = 
[ aatovcn ~ beta] <3 [av Jats) roc 


2c 
1 (as ete 
<= dye= — =a. 
aaa Peer me % 


Combining the estimates, we obtain |uj (x,t) — ua(x,t)| < 6+ et. as required. 


CHAPTER 3 


Fourier series and Fourier 
transforms 


3.1 Introduction 


Fourier series and Fourier transforms are powerful tools which find appli- 
cations in mar 2y will prove vei 
useful for finding solutions to linear differential equations; they will be used 
to solve both the wave equation and the diffusion equatio: he necessary 
properties of Fourier series and transforms will be developed in this chapter, 


y areas of mathematics. In this course th 


ry 


so that you can see how the mathematical structure works, before seeing it 
applied in different contexts. 


You have already seen examples of Fourier series and Fourier transforms 
solution of the wave 


in connection with solutions of the wave equation. / 
equation in the form of a Fourier series, and one in the form of a Fourier 
transform, were given in Chapter 2, Section 2.6. 


The Fourier series and transforms introduced in the previous chapter were 
of the trigonometric (sine and cosine) type. This chapter will switch to 
considering complex exponential Fourier series and Fourier transforms. The 
theorems that make Fourier transforms so useful mply 
and elegantly when we use the complex exponential form. 


expressed more § 


This chapter will also introduce the concept of the convolution of two fune- 
tions. Convolution: 
involving probability, and they will play an important role in studying the 
diffusion equation in Block II. The convolution is introduced at this point be- 
cause problems involving convolution are often solved by Fourier transform 
methods, using the convolution theorem, which is derived in this chapter. 


are most often encountered when dealing with problems 


After studying this chapter you should be able to determine Fourier series 
and transforms for a wide range of functions. You should also have an 
appreciation of two applications of convolutions, and of how to use the con- 
volution theorem. Section 3.6 shows how linear differential equations are 
simplified by taking Fourier transforms. The practical use of this method is 
best demonstrated by its applications which will be described later in the 
course. 
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3.2 Fourier series 


3.2.1 The trigonometric Fourier series 


The most easily understood application of the Fourier series is as an approx- 
imation to a periodic function. Let f(x) be a real periodic function with 
period L (that is, f(a +L) = f(x) for all x). We might hope to express it 
as a sum of sine and cosine functions which also have period L. A rather 
general way to do this is to write 


f(e) = 09+ > (ancos(*5"*) + bysin( =") (3.1) 


n=1 


and attempt to find a set of real coefficients a, and b, such that the infinite 
sum is equal to the function f(x). The series on the right-hand side is called 
a Fourier series. The formulae for determining the Fourier coefficients ay 
and b, will be discussed later. This Fourier series is a generalisation of the 
sine and cosine series introduced in Chapter 2. 


As more and more terms are added to the partial sums of the Fourier series, 
Le, 


N 
2anr . ( 2mx fs 

Jiv(w) = $a9 + > (cncos( = ) + bgsin( Fi )) . (3.2) 
we hope that the functions fy(x) will approach the given function f(x). 
Depending on our choice of the function f(x), we may find that the partial 
sums converge to f(x) (that is, limy—.x. f(z) = f(x)) for all real values 
of «, or for a subset of the real line. For practical calculations, the infinite 
series is approximated by a partial sum with a sufficiently large value of N. 
If f(x) is a continuous periodic function with only finitely many maxima and 
minima in each period, it can be shown that the Fourier series converges to 
f(x) for all x. 
Figure 3.1 illustrates this application of Fourier series by comparing the 
function f(x) = |sinx| (which is periodic with period 7) with partial sums 
of its Fourier series. In this case, the Fourier coefficients are 
_ 4 
~ (1 —4n?)’ 
Figure 3.1 compares the function f(x) with two partial sums (3.2) for N = 1 
and N = 4. The partial sums converge rapidly to the function f(x) as N 
increases. 


an bn = 0. (3.3) 


4 - 2 0 2 «4 «& 


Figure 3.1 The periodic function |sinz|, plotted together with two partial sums of 
its Fourier series 


Writing the first coefficient 
as }ao rather than ao is a 
commonly used convention, 
because it simplifies 
writing a general 
expression for the cosine 
coefficients a). 


The Fourier coefficients for 
|sina| are obtained in 
Exercise 3.26, which you 
will be able to attempt 
after Section 3,2. 


3.2 Fourier series 


You have already encountered another case of approximating a specified func- 
tion f(x) by an infinite series, namely the Taylor series, of the form f(x) = 
Yep Anz". The Taylor series is often called a power series, because the func- 
tion is approximated by a sum of powers of the variable x. Similarly, the Fourier 
series is often called a trigonometric series, because it is a sum of trigonometric 
functions. The two series usually converge for different sets of values of xr. 


The Fourier series can be used even when the function f(x) is not periodic. 
In this case the Fourier series cannot converge to the function everywhere, 
but it may converge to the function over an interval of length L. The interval 
may extend from some arbitrarily chosen point xo to x9 + L, and the values 
of the Fourier coefficients will depend upon the choice of xp. An example 
is shown in Figure 3.2, which compares the function f(x) = x? with partial 
sums of its Fourier series (for N = 2 and N = 15), in the case where we have 
chosen L = 2 and xo = —1. In this case, the Fourier coefficients are 

n 
poe (n #0), bp =0. (3.4) 
The partial sums are periodic functions with period 2, but they converge to 
the non-periodic function f(a) for —1 <2 <1. 


2 
a= 3, Gn= 


Figure 3.2. The function xr”, plotted together with two partial sums of its Fourier 
series on the interval [—1, 1] 


In cases such as this, where f(x) is not a periodic function, the Fourier 
series is a periodic extension of f(x). To be more precise, let us denote the 
periodic extension of f(x) by f(x,L), which is defined by f(x,L) = f(x) 
when ag < « < a +L and by the relation f(a +L,L) = f(x, L) for all 
other points except « = ao +nL for n = 0,+1,+2,.... Then the value of 
f(x, Z) for all points where it is defined is given by the Fourier series. 


Many linear differential and partial differential equations which occur as 
models for physical problems have solutions which may be expressed in 
terms of trigonometric functions. Solutions of these differential and partial 
differential equations are often in the form of Fourier series. An obvious 
example is the wave equation, in which case the Fourier series has a physical 
interpretation as a sum (or superposition) of waves. A Fourier series solution 
of the heat equation (diffusion equation) will be discussed later in the course. 


Fourier series were first introduced by Jean Baptiste Joseph Fourier (1758- 
1830) in order to solve the heat equation. This work first appeared in 1807, 
and in its final form in 1822 as a book entitled La théorie analytique de la 
chaleur. 


Fourier coefficients for this 
example are obtained in 
Exercise 3.27. 
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3.2.2 The complex exponential Fourier series 


We shall now introduce an alternative form of Fourier series, the complex 
exponential Fourier series. The advantage of the complex exponential form 
is that the expressions for the Fourier coefficients are often simpler, and 
are usually derived in a more transparent way. When we take the step 
from Fourier series to Fourier transforms, these advantages make the com- 
plex exponential form of the Fourier transform much easier to handle. (In 
fact, the ‘trigonometric’ Fourier transforms, which were introduced briefly 
in Chapter 2, will not be considered further in this course.) 


The complex exponential Fourier series is obtained from (3.1) using Euler's 
formula 


exp(iz) = cosx + isin «. (3.5) 


Using this formula, the cosine and sine functions may be written as 


5lexpCir) + exp(—ir)] 


cos a 
and 
1 
sing = alexi) — exp(—ix)]. 


The Fourier series may then be written in the form 


oo These coefficients will be 
f(z) = 2 enexp(2rinx/L), (3.6) related to the a and by, 
of (3.1) in Exercise 3.1. 


n=—90 


where the ¢, are, in general, a set of complex coefficients, even if f(x) is 
a real-valued function. Note that because the cosine and sine terms are 
composed of complex exponentials with arguments having opposite signs, 
the sum over positive n is replaced by a sum over all n. Because this form 
of Fourier series is more compact and has simpler properties, it will be used 
extensively in the remainder of this course. 


An equation equivalent to (3.5) was first written down in 1710 by Roger Cotes 
(1682-1716), a colleague of Newton, It was later given a more precise interpre- 
tation by de Moivre and Euler, It is often referred to as Euler's formula. 


Exercise 3.1 

Show that the coefficients a,, by, of (3.1) and the ¢, of (3.6) are related as follows: 
Cn = $ (an — ibn) (n> 0), 

Cun = $(an + ibn) (n>), (3.7) 


1 
€o = 340- 


The result of Exercise 3.1 shows that the complex exponential Fourier co- 
efficients are purely real when the Fourier series contains only cosines, and 
purely imaginary when it contains only sines. 


Exercise 3.2 


(a) Assuming that the chain rule is valid for complex-valued functions, show that The simplicity of this 
expression is one of the 


a exp(ikwx) = ikexp(ikx). (3.8) reasons why the complex 
dee exponential form for 
(b) What is the indefinite integral of exp(ikx) with respect to 2? Fourier series (and 


transforms) is preferred 
when dealing with 
differential equations. 


3.2 Fourier series 


Exercise 3.3 
Show that for any integer n, 

exp(izn) =(—1)" and exp(ixn/2) = i". (3.9) 
Exercise 3.4 


(a) Show that the complex conjugate of exp(ia) is [exp(ix)]” = exp(—ir). 


3.6) is real if c_,, = c},. (For n = 0, this 


(b) Show that the function f(s) given 
relation states that co = ¢} 


3.2.3 Calculating Fourier coefficients 


In order to use Fourier series, it is necessary to have a method for calcu- 
lating Fourier coefficients. Here we shall calculate the coefficients ¢, which 
appear in the complex exponential Fourier series (3.6). The following result 
is crucial (here n and m are both integers): 


1 ptote 
L dx exp(—2r7imx/L) exp(27inx/L) 
a 1 roe h 
== dx exp|27i(n — m)a/L) = dams (3.10) 
Bes 
where Spm is the Kronecker delta symbol, defined as follows: 
1, n=m, 4 

bine {tp 25m (3.1) 


Exercise 3.5 


Check that the integral in (3.10) has the value given by (3.11). [Hint: Treat the 
case n = m separately from n # m.] 


In order to understand how the Fourier coefficients are obtained, consider 
the following, where on the right-hand side we have replaced the function 
J (x) by its Fourier series (3.6): 


1 noth 
if dx f(x) exp(—2rinx/L) 
1 no+L oo 
=f drexp(—2rinx/L) S~ em exp(2xima/L). (3.12) 
So m=—oo 


The left-hand side contains the integer n, so the sum in the Fourier series 
has to run over an index which is given another name, in this case m. 
Now we rearrange this expression and exchange the order of summation and 
integration: 


1 toh k 
= da: f (a) exp(—27ina/L) 
L 0) 
1 ro+L Bass 
a dr SS, Cm exp[2ri(m — n)x/L} 
20 m=—o9 
$0. 1 protk 
=> on (=f deexp(2ni(m —n)x/t)) 
= L ro 
m=—26 
x 
= Sy cde = cn (3.13) 


m=—oe 
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These results will be useful 
later for simplifying 
expressions for the 
coefficients of many Fourier 
series. 
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Here equation (3.10) was used to substitute for the integrals in the penul- 
timate line. In the final step we use the definition of the Kronecker delta 
symbol: the only term in the final line which is not equal to zero is the 
m =n term, so the sum is simply a single Fourier coefficient. cp. 


We now have an expression for the Fourier coefficients c, appearing in the 
series 


fi@= sy Cn exp(2rinz/L). (3.6) 


n=—90 


The Fourier coefficients c, are given by 


1 prote 
n= > dx f(x) exp(—27inx/L). (3.14) 
Bier 
The cosine and sine coefficients a, by in (3.1) can be obtained from these This will be considered in 
using the expressions quoted in Exercise 3.1. detail in Example 3.1. 


Tt can be shown that if f(a) is a continuous periodic function, then the 
Fourier series given by (3.6) and (3.14) does converge to f(x). In cases where 
{(x) has discontinuities, there are complicated issues concerning the nature 
of the convergence of the series, but it can be shown that it does converge 
to the function f(x) at all points except those where f(x) is discontinuous 
(provided that there are only a finite number of discontinuities or maxima 
and minima in any finite interval). 


There are also related issues concerning the interpretation of Fourier series. 
For example, the function |sinx| plotted in Figure 3.1 has a discontinuous 
first derivative, whereas all of the terms in the series have continuous first 
derivatives. Any finite sum of continuous functions is continuous, but tak- 
ing the number of terms to infinity can, somewhat surprisingly, produce a 
discontinuous function. Questions about convergence of Fourier series stim- 
ulated controversies which led to a refinement of real analysis in the 19th 
century, 


Example 3.1 


We wish to determine the coefficients of the trigonometric Fourier series (3,1) 
for a function defined on the interval from x9 to 29 + L. Use the results of 
Exercise 3.1 to show that the coefficients of the trigonometric Fourier series 
for the function f(a) with period L are given by 


2 ng tL 
a, = = dx f(x) cos(2mnax/L), n>0, (3.15) 
L Jay 
2 roth 
bh == dx f(x) sin(2mnx/L), n2>1. (3.16) 
L Jay 
Solution 


By considering c_y, +¢, and ¢_, —¢,, the results of Exercise 3.1 can be 
rewritten as 


W=Crate, ne; (3.17) 


p= Coa— chy n> 1 (3.18) 


We now substitute the expression for c, given by equation (3.14) into equa- 
tions (3.17) and (3.18). From equation (3.17), we have for n > 0 


} oth 

oe if dz f (a) (exp(2rinx/L) + exp(—27inx/L)) 
rot 

= Z dx f(x) cos(2mx/L), 


x0 
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where we have used the identity exp(ix) + exp(—ix) = 2cosx; we have 
reached equation (3.15). From equation (3.18), we have for n > 1 


1 protk 
Di Joe 
Qj prot 
oo fs 


where we have used the identity exp(ix) — exp(—ir) = 2isinx. Dividing 
through by i leads directly to equation (3.16). 


iby dz f(x) (exp(2rinx/L) — exp(—2rinx/L)) 


dx f(x) sin(27«/L), 


Example 3.2 


Consider the periodic function shown in Figure 3.3. For obvious reasons, 
this is called the square wave function; it can be expressed in symbolic form 


as 
f(a) = sign(sin x), 
where 
+1 fora >0, 
sign(x) = 0 for «=0, 
-1 forr<0. 


Figure 3.3 The square wave function. (For clarity, dashed vertical lines are shown 
at the points of discontinuity, although the function is defined to be equal to zero 
when « is a multiple of 7.) 


What is the period, L, of f(x)? Show that the Fourier coefficients are 
1)" —1hi 
=m ee 
Cn = : 


7™m 
0, n=0. 


Solution 


The period is L = 27. In equation (3.14), the choice of xo is arbitrary: 
here we take zg = —7. The integral is evaluated by dividing the region of 
integration into two parts: one from —7 to 0, where f(x) = —1, and one 
from 0 to 7, where f(a) = +1. For n #0, 


0 7 
Cn = x dx (—1) exp(—inx) + =f dz (+1) exp(—inx) 
—* 


1 A 0 5 ™ 
Spars [exp(—ina)] — ah [exp(—inx)]5 
af 1 
= =—[1 — exp(zin)] — ——[exp(—izn) — 1] Here we have used a result 
2nin 2xin from Exercise 3.3, 
me aye exp(inn) = (-1)". 


an 
For n = 0, co is the integral of f(z) from —z to 7. This is clearly zero, since 
f is odd. 
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The coefficients are all purely imaginary, implying that when this Fourier 
series is expressed in terms of trigonometric functions, only the sine terms 
are present. (That this is true is explained in the discussion immediately 
following Exercise 3.1.) 


There are other functions which are called “square waves’. Later, we shall 
use the Fourier coefficients of a square wave with an uneven mark-space 
ratio, considered in the following example. 


Example 3.3 


Let f(a) be the periodic function with period L, so f(x +L) = f(x), whose 
values on the interval —L/2 < x < L/2 are given by 
1 for 0 < |x| <a, 
{@)= 3 for |x| = a, (3.19) 
0 fora<|x|<L/2. 


This function is said to have an uneven mark-space ratio when a # L/4; an 
example is shown in Figure 3.4. 


Figure 3.4 A square wave with an uneven mark-space ratio: here L = 10 and a = 2 


Show that the Fourier coefficients for f(a) are given by 
ee 
a= ae sin(2mna/L), n#0, (3.20) 
2a/L, n=0. 
Solution 
The Fourier coefficients are again given by equation (3.14), but here ag = 
—L/2. Substituting for f(«) from equation (3.19) gives 
1 pele 
Cn = if dx f(a) exp(—2rina/L) 
Lip 
= a dz exp(—2rina:/L) 
= =a = exp(— 2rinz/1)| 
~T |2nin “P 


= [exp(2nina/L) — exp(— Seeeai 


ee 
am sin(27mna/L) 
for n £0, and 


L/2 1 fe 
= dx = 2a/L. 
75 tL init meal i 


3.2 Fourier series 


The function (sinx)/2 is often written sincr, and is referred to as the sine 
function. At x = 0, it is defined to be equal to 1 (because lim sin /2 =1): 
per 
sing 
siner = xr i (3.21) 
ak for x =0. 


With this definition, the expressions for the Fourier coefficients c, (n 4 0) 
and cg can be combined into a single formula, valid for all integers n: 


2 
en = — sine (=). : (3.22) 


Exercise 3.6 


Determine the Fourier coefficients for the triangular wave function, shown in Fig- 
ure 3.5. This function may be specified by noting that it is even, so f(x) = f(—x), 
periodic, so f(a + 2m) = f(x), and takes the value f(x) = x in the interval from 
«=0tow=7. 


fx) 4 


3a l(t -«t 0 " 2x 3m x 
Figure 3.5 The triangular wave function 


Show that the Fourier coefficients are 


(-Iy=1 
Cn = mn? a 2 fi Ly 


w/2, n=0. 


(Hint: Again, you should split the region of integration into two parts. Unlike 
previous examples, both integrals now require integration by parts.| 


If you would like additional practice in calculating Fourier coefficients, the 
Further Exercises section contains two more examples (for the functions 
shown in Figures 3.1 and 3.2). 


Exercise 3.7 


The derivative of a Fourier series can normally be obtained by differentiating the 
series term by term. If the Fourier series for f(r) is given by (3.6). show that the 
corresponding Fourier series for the derivative f’(.r) is 


f@= > 2 exp(2rinz/L), (3.23) 


n=—00 


provided that this series converges. (This is an easy exercise: just differentiate the 
general term in the series.) 


‘sinc’ is pronounced ‘sink’. 
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Note that the coefficients of the derivative of the Fourier series decrease more slowly 
than those of the original series as |n| — 00, which means that it is possible for the 
Fourier series for f(x) to converge while the Fourier series for the derivative f"() 
does not converge. This happens at points where the function f(x) is continu- 
ous but non-differentiable, so that f"(x) does not exist. For example, for f(r) in 
Exercise 3.6, these are the points x = nx with n = 0,£1,+2..... 


Exercise 3.8 


Note that the square wave function in Figure 3.3 is the derivative of the triangular 
wave function in Figure 3.5 (except at multiples of 7, where the derivative of the 
triangular wave is undefined). Check that the Fourier coefficients of the square 
wave are obtained from those of the triangular wave by multiplication by in. 


Exercise 3.9 


A Fourier series with L = 27 can also be written in the form 


x 
F(x) = Ao + > Ansin(nx — 6p), 
n=l 
where the coefficients A,, (called amplitudes), and parameters @,, (called phases) 
are real numbers. Determine formulae giving the complex coefficients ¢, in terms 
of the A, and é,,. 


[Hint: Use Euler's formula (3.5) to express the sine function in this expression in 
terms of complex exponentials.} 


3.3 Fourier transforms 


3.3.1 Introduction and definition 


The Fourier transform can be regarded as an extension of the concept of the 
Fourier series (3.6). In many cases, a function f(a) may be represented in 
the form 


f(x) = af. dkexp(ikx) f(k), (3.24) 


where f(k) is called the Fourier transform of f(x). In this representation, 
the sum over n in the Fourier series (3.6) is replaced by an integral over k, 
and the discrete set of Fourier coefficients c, is replaced by a function f(k). 


Equation (3.24) is an implicit definition of the f(k) corresponding to the 
function f(a). A formula for calculating f(k) from f(a) will be given shortly. 


The Fourier transform does not exist for all functions. In this chapter we 
shall assume that the function f(x) approaches zero as x — oo. This 
course will emphasise the appfications of Fourief franstorms, and will not 
consider the conditions for the Fourier transform to exist. 


This section starts by introducing a general formula for the Fourier trans- 
form, then calculates some specific examples, and concludes by explaining 
how the formula is obtained. Later sections will describe the properties that 
make the Fourier transform such a powerful tool. 


3.3 Fourier transforms 


We shall show that the Fourier transform of the function f(x) is given by 


F(k) = f % dx exp(—ike) f(x). (3.25) 


Compare this with formula (3.24) giving f(a) in terms of F(k). Note that the 
formulae for the Fourier transform (mapping from f to f, equation (3.25)) 
and its inverse (mapping from f to f, equation (3.24)) differ only by a sign. 
This close relation between the Fourier transform and its inverse transform 
is a powerful feature, because results which apply to the Fourier transform 
can be adapted to its inverse transform. 


We make some remarks about the Fourier transform, 


e The Fourier transform is very closely related to the Fourier series. The 
Fourier series (3.6) is a sum of terms of the form A(k) exp(ikx), where k 
and n are related by k = 2mn/L, and A(k) = en. If L is very large, then 
the separation of successive values of k, Ak = 27/L, is very small. In this 
case the sum can be approximated by an integral. This observation forms 
the basis of the derivation of the Fourier transform in Subsection 3.3.3. 


e@ The function Aexp(ikx) occurs in descriptions of wave motion: we have 
seen that the real part of this function can represent the vertical dis- 
placement of a string at some instant of time. The number k is called 
the wave number, and A is the complex amplitude of the wave. A more 
general wave might be written in the form of a superposition: 


N 
F(a) = 0 Alkn) expikn), 
n=l 
where {ky :n=1,...,N} is a set of wave numbers. In situations where 
N is large, the sum of the k, may be often be approximated by an 
integral over k, that is, by a Fourier transform. 


¢ It should be emphasised that the Fourier transform is a mapping from 
one function f to another function f. From a mathematical point 
of view, the name of the variable which is integrated over in equa- 
tions (3.25) and (3.24) is irrelevant. The variables used in the Fourier 
transform f and the function f are sometimes referred to as conju- 
gate variables (terminology that has no relation to complex conjugates). 
Thus in (3.25) and (3.24), k is the conjugate variable to x. 


In applications of Fourier transforms, the names of variables reflect the 
quantities that they represent: for example, z is often used for a distance, 
and t for a time. The function exp[i(ka — wt)| is often used to represent 
a wave with wave number k and angular frequency w. For this reason, 
the symbol & is often used as the conjugate variable to x, so that if 
the function f is a function of a position variable x, then its Fourier 
transform f will often be written as a function of a variable named k, 
i.e. as f(k). Similarly, if f is a function of time, its Fourier transform 
will typically be written f(w). 

e Many different definitions of the Fourier transform can be found in dif- 
ferent textbooks. For example, some books use the relation 


f(a) = [ dyexo(2niey) flu) 


to define the Fourier transform f of a function f. The useful properties 
of Fourier transforms continue to hold true when alternative definitions 
are used, but some of the factors appearing in formulae are different 
(e.g. 1/27 may have to be replaced by 1/27 or 1). When reading other 
texts, you must be careful to note how the Fourier transform is defined. 
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3.3.2 Some examples of Fourier transforms 


Now we consider some examples of Fourier transforms. The three examples 
discussed here are the most commonly used Fourier transforms. Two of 
them are introduced through an example and an exercise, which you are 
recommended to work through. 


Example 3.4 
Use equation (3.25) to show that the Fourier transform of the function 
f(a) = exp(—|e|) is 

= 1 2 

== — 

F(R) Van 1 +k? 
Figure 3.8 on page 121 includes graphs of this f and f. The function 
1/(1 +k?) oceurs frequently in applied mathematics, and is often called 
the Lorentzian function, named after Hendrik Antoon Lorentz (1853-1928), 
a Dutch physicist. 
Solution 


We split the integral into two parts, one for « > 0, where |x| = x, and the 
other for x < 0, where |a| = —a: 


: 1 / a - 
f(k)= ae fa exp(—ikx) exp(—|z|) 


oo 0 
= =f dx exp{[—(1 + ik)a] + I. dx exp[(1 — ik)x] 
1 -1 ss 1 8 ; 
“TS ([Feoo-o-+ me + F Tgesnt—ihsl}) 
ee oe 
~ Van \1+ik ” 1-%k 
1 2 
isis 


Exercise 3.10 


The characteristic function or top-hat function on the interval from —a to a is 
denoted by x,(«) and defined by 


\_ fi for lel <a, ; 
xale)={) for |z| >a. (8:26) 


The characteristic function on thé interval from —1 to +1 will be denoted by x(x). 
80 x(a) = xy (@), 


Show that the Fourier transform of (cr) is 


(3.27) 


for k #0, and that X(0) = /2/z. 


This Fourier transform may also be expressed in terms of the sine function, dis- 
cussed in Example 3.3: ¥(k) = \/2/rsinc(k). Figure 3.8 shows graphs of y(:r) and 


/2/msine(k). 


3.3 Fourier transforms 


The final example is the Fourier transform of a Gaussian function, 


f(a) = exp(—2?/2). (3.28) 
Its Fourier transform is 
F(k) = exp(—k*/2) (3.29) 


~i.e. this function is its own Fourier transform. This result is one of several 
very useful properties of Gaussian functions. In Section 3.4 we shall dis- 
cuss the rules which enable us to find the Fourier transform of the general 
Gaussian function from this specific case. 


We cannot give a rigorous derivation of this result here, but below we give some 
insight into why (3.29) is true. First, recall from Block 0 the following formula 
for the Gaussian integral: 


i dx exp(—ax?) = VE (3.30) 


Note that —a?/2— ike = —(a + ik)?/2—k*/2, so the expression for the Fourier 
transform can be written as 


F(k 


1 se 
= sa | reo(-ike ex(—2*/2) 


= = exp(—k?/2) fn dx exp[—(a + ik)?/2). 


Tk 


By changing the variable to u = x — a and using (3.30), the integral 
0° 
| dz exp|—(« — a)?/2| = V2 (3.31) 
00 


is seen to be independent of a for any real value of a. If this result is also true 
for complex values of a, then equation (3.29) follows (after setting a = —ik), 
It can be shown that the integral is independent of a when the integrand is 
a Gaussian function, buy demonstrating this fact requires some knowledge of 
complex analysis. 


3.3.3 Derivation of the Fourier transform 


In this subsection we shall sketch the derivation of the formula for the Fourier 
transform of a function f(a) that approaches zero as |:r| + 00. The deriva- 
tion of the expression for f(k) will not be assessed, but you are expected 
to be able to use the result, equation (3.25). The Fourier transform is 
closely related to the Fourier series. We have seen (in Subsection 3.2.1) 
that a Fourier series can be used to represent a non-periodic function on an 
interval of length L. Here we consider the Fourier series for the periodic 
extension of f(a) on an interval of length L, with its centre at «= 0. We 
call this periodic extension f(a, L), and for any z in the interval (—L/2, L/2) 
we assume that f(x) = f(a,L). (This assumption is valid for all continu- 
ous functions f(x).) It follows that for any x, f(x,L) approaches f(x) as 
Lo. 


We shall see that as the length L of this interval is taken to infinity, the 
sum over Fourier coefficients is approximated by an integral, which will 
correspond to the integral in equation (3.24). 


Before showing that this is plausible for rather general functions, let us 
consider how it works for a specific example: we shall obtain the Fourier 
transform of the characteristic function y,(x) introduced in Exercise 3.10. 
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Its periodic extension has already been introduced: the uneven mark-space 
ratio square wave considered in Example 3.3 is periodic with period L, and is 
equal to the characteristic function inside the interval [—L/2, L/2) (except at 
the discontinuities). The Fourier coefficients c,, are given by equation (3.20), 
leading to the Fourier series 


f(a, £) = i eS (F 2) «/? asinetaena/Lexp(2rins/1), (3.32) 


n=—90 


where sine() = (sinx)/a. Now put Ak = 2x/L, and define the variable 
ky, = 27n/L = nAk so that equation (3.32) becomes 


f(z,L)= > Ak [Pasine( a) exp(ikyx). (3.33) 
VOR 
At this point we recall that the definite integral may be defined by means 
of a limit as 
jim, SS efa)= i dr f(x), (3.34) 
Os cewaeby 


where x, = nédx and the notation {a < xr, <b} means ‘the set of all rp 
such that a < tp < 6’ (see Figure 3.6). (There are classes of functions for 
which this definition of the definite integral is not suitable, but these are 
not normally encountered in applied mathematics.) 


fx) 


a & b A 
Figure 3.6 The area under this curve from a to b is the definite integral of f(a) 


between x =a and x = b. It can be expressed as the limit of a sum of areas of 
small rectangles of width dr as dx — 0. 


We apply this to equation (3.33), with Ak and k,, playing the roles of dx 
and a, respectively, and note that the limit Ak — 0 corresponds to the 
infinite interval limit, L oo. As this limit is taken, Ak — 0 and we have 


f(a,L) — f(x), so 


1 sx Su. on 7% ‘ 
= Ti a dk [Zasine(ha) expt). (3.35) 


Comparing this expression with (3.24), we see that the Fourier transform of 
f(@) = Xa(@) is given by 


F(k) = rE asinc(ka). (3.36) 


This is in agreement with the result of Exercise 3.10, obtained (for the case 
where a = 1) by using formula (3.25) for the Fourier transform. Thus we 
have seen that the Fourier transform of f(x) may be obtained from the 
Fourier coefficients of the periodic extension f(x. L). 


3.4 Some properties of Fourier transforms 


Now we consider the general case of a function f(x) for which f(x) — 0 as 
|| + co. Given a function f(s), we consider its periodic extension f(x, L) 
with period L, and using (3.6) we write the Fourier series of this periodic 


extension in the form 
(=) (%) exp(27inx/L) 


1 2 
A 

1 < oe . 

= = C(kn. L) exp(iknx), (3.37) 


where Ak = 2x/L and kp, =nAk. The coefficients C(kn, L) are obtained 
using (3.14) as 


Le, 1 ot 
C(kn, L) = = -=/ dx f(x) exp(—ikn). 3.38, 
Ut eis fod) Me f(x) exp( a (3.38) 
We now take the limit L — oo in relations (3.37) and (3.38). Since Ak — 0, 
the sum in equation (3.37) becomes an integral. Also, f(z.L) — f(x) as 
L — 00, so the integral may be written in the form 

1 

2) = — 

FO)= i. 
Comparing this with the definition of the Fourier transform (3.24), and using 
equation (3.38), we see that 


/ dk lim C(k, L) exp(ikx). (3.39) 
=o L100 


F(k) = jim, O(k, L)= = He dx f(x) exp(—ike). (3.40) 


This agrees with equation (3.25). 


It should be emphasised that in this discussion we have not provided all the 
steps needed to justify the taking of the limit L — 00, so this should be 
regarded as a plausibility argument rather than a full proof, which would 
be beyond the scope of this course. 


3.4 Some properties of Fourier 
transforms 


This section will introduce some elementary properties of Fourier transforms, 
via a series of worked examples and exercises. A common use of these results 
is to obtain Fourier transforms of a wide range of functions from a small 
number of elementary examples. These exercises are followed by Table 3.2, 
showing elementary Fourier transform pairs, f(a) and f(k), based upon 
the examples introduced in Subsection 3.3.2. Together with the properties 
described earlier, these will be sufficient to evaluate most of the examples 
encountered in this course. Further exercises will illustrate methods for 
finding more general Fourier transforms from the examples in this table. 


Most of the applications of the Fourier transform arise from two further 
properties, discussed in Sections 3.5 and 3.6. 


It is recommended that you attempt all of the exercises in this section, in 
order to become accustomed to manipulating Fourier transforms. 
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Exercise 3.11 


Linearity. Here we check that taking the Fourier transform is a linear operation. 
Consider a linear combination of functions f;(x), fo(), with constant coefficients 
a}, a2, i.e. F(x) = ay fi(a) + a2 fo(xr). Check that the Fourier transform of F(x) is 


F(k) = ay filk) + a2fo(h), (3.41) 


where f, and fy are the Fourier transforms of f, and fo, respectively. 


Example 3.5 


Consider the effect of scaling the coordinate x by a factor a 
itive real number). Show that the Fourier transform of the function 
F(x) = f(a/a) is 


P(k) =a f(ak), (3.42) 


where f is the Fourier transform of f. 


Solution 


To determine the Fourier transform of F(x) = f(x/a), we change the vari- 
able of integration to u = a/a: 


F(k) = ef dx exp(—ike) f(x/a) 


= =f duexp(—ikau) f(u) 
a f(ak). 


(We assumed a > 0 when making the change of variable: more generally, 
F(k) =|a| f(ok).) 


i 


Example 3.5 shows that stretching the z-axis by a factor a corresponds to 
making a contraction of the k-axis by the same factor (see Figure 3.7). 


Say, 
_Fe-fx/a) 


Figure 3.7. The scaling property of Fourier transforms, as considered in 
Example 3.5; in this example, a <1 


Example 3.6 
Translation. Consider the effect of translating or shifting a function f(x) 
along the a-axis by a distance X. The translated function is given by F(a) = 
f(a —X). Note that the graph of F is obtained by shifting the graph of 
f along the x-axis to the right (if X > 0) by a distance X. Show that the 
Fourier transform of this function F(:r) is 

F(k) = exp(—ikX) f(k), (3.43) 


where f is the Fourier transform of f. 
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We can describe this result by saying that multiplication of f by exp(—ikX) 
is the image of the operation of translation of f by a displacement X. 


Solution 


To determine the Fourier transform of F(a) = f(a—X), we change the 
variable of integration to u= a2 — X: 


- 30 
F(k) = m ae dx exp(—ikx) f(a —X) 
1 sé 
= Se | ducnl-ih(ut X)] f(u) 
=exp(-ikX) f(k). = 
If the Fourier transform of a function f is the function f, what is the Fourier 


transform of the function f? To answer this question, attempt the following 
exercise. 


Exercise 3.12 


Inversion. Show that the Fourier transform of f(z) is f(—k). 


This result implies that if you know that f is the Fourier transform of f, you 
also have the Fourier transform of f. These are often described as forming 
a Fourier transform pair. In words, the Fourier transform of the Fourier 
transform is obtained from the original function by changing the sign of the 
argument. This is summarised by the following, in which A , B means 
‘take the Fourier transform of function A to give function B’: 


if f(x) £5 f(k), then f(k) £5 f(-z). (3.44) 


In the case of an even function, applying the Fourier transform twice returns 
you to the original function: 


if f(x) = f(—x) and f(x) ©% F(k), then f(k) =5 s(e). (3.45) 


Exercise 3.13 


Symmetry. Show that the Fourier transform of an even real-valued function is also 
an even real-valued function (provided that the Fourier transform exists). What is 
the corresponding result for the Fourier transform of an odd real-valued function? 


You should be prepared to think of using the properties considered in the ex- 
ercises above for manipulations involving Fourier transforms. The remaining 
exercises of this subsection illustrate some applications of these results. 


Exercise 3.14 
What is the Fourier transform of F(c) = exp(iKx) (xr), where K is a constant? 
Show that the Fourier transform of g(x) = f(a) cos(Ar) is 
(k) = 31f(k +) + f(k—d)]. 
where f(k) is the Fourier transform of the function f(x). 


[Hint: Recall that cos(#) = $[exp(i#) + exp(—i8)]-] 
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Note that there is a near symmetry here: in Example 3.6, we saw that multi- 
plication by exp(—ikX) is the image of translation by X, and Exercise 3.14 
showed that translation by K is the image of multiplication by exp(iKz). 


The properties that we have considered thus far are summarised in Table 3.1. 


Table 3.1 Summary of some properties of Fourier transforms 


Property Function Fourier transform 
Linearity af(x)+bg(x) a f(k) + bg(k) 
Scaling (« #0) S(a/a) |a| flak) 
Translation f(x —a) exp(—ika) f(k) 
Translation in k exp(iax) f(x) f(k—a) 
Inversion F(x) f(-k) 


For this course, only three basic Fourier transform pairs will be used. These 
three pairs are those considered as examples in Subsection 3.3.2: for conve- 
nience, they are listed in Table 3.2. Other Fourier transforms encountered 
in this course can be obtained from these with the help of the properties 
listed above, together with the convolution theorem (to be introduced in 
Section 3.5) or results on Fourier transforms of derivatives and integrals 
(Section 3.6). 


Table 3.2 Some Fourier transform pairs 


exp(—|zr|) (ome 


exp(—a?/2) exp(—k?/2) 
2 sink 
ak 


x(x) 


Figure 3.8 shows graphs of the elementary Fourier transform pairs listed 
in Table 3.2. Note that because all of the functions are even (i.e. f(x) = 
{(-«)), all of these pairs are dual (in the sense that the Fourier transform 
of a function in either column is the function in the other column (recall 
equation (3.45)). 


Computer algebra packages (such as Mathcad or Maple) can often find Fourier 
transforms; if you have access to one of these, it could be helpful, but bear 
in mind that there can be many equivalent ways to present a given result, 
and these packages may sometimes present formulae in forms different to those 
quoted in our answers to exercises. 


Also, mathematical tables (such as Tables of integrals, series and products, by 
I. S. Gradshteyn and I. M. Ryzhik, 5th English edition, edited by A. Jeffrey, 
Academic Press, New York. 1994) list large numbers of functions for which 
the Fourier transforms are known. Often these are expressed in terms of the 
‘special functions’ of mathematical physics, such as Bessel functions. If you 
visit a library that has a copy, you might find it interesting to look at these 
tables; but we would not suggest investing in this book, as it is a tool for 
specialists. 
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Figure 3.8 Plots of three elementary Fourier transform pairs 


The following exercises will give you more practice in using the rules sum- 
marised in Table 3.1. 


Exercise 3.15 


Show that the Fourier transform of g(x) = Af(ax — azo) (where xo and A are 
constants, and a is a positive number) is 


a(k) = 4 exp(-ikao) f(k/a). 


Exercise 3.16 


Use the scaling rule (see Example 3.5) to write down Fourier transforms of the 
following functions (where a is a positive constant): 


fila) =exp(—alz|), fala) =exp(—az”), fale) = x(22/a). 
Exercise 3.17 


Use the rule for inversion of Fourier transforms (3.45) to determine the Fourier 
transform of 


sina 
UAC) Rare 
then apply the scaling rule to obtain the Fourier transform of 
sin(az) 


F(z) = 


(where a is a positive constant). 
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Exercise 3.18 
What are the Fourier transforms of the functions 
f(a) =exp[—a(x —2x0)7]. g(x) = exp(iKx) exp(—az*), 


where a is a positive constant, and x and K are real numbers 


3.5 Convolutions and the convolution 
theorem 


Given two functions f(a) and g(a), a third function h(x) can be defined, 
which is called the convolution of f and g: 


h(x) = e du f(a —u) g(u). (3.46) 


°° 


This is a rather complicated looking construction, but the convolution of 
two functions occurs in many contexts in applied mathematics; we shall 
describe two examples (blurred images, and time-delay processes) below. 
Several other examples of convolutions will be given later in the course. 


We use the notation h = f @g to indicate that h is the convolution of f 
and g. The convolution may not be defined in all cases; we restrict at- 
tention to functions f(a) and g(w) that approach zero rapidly as || — oe. 
The reason for discussing convolution in a chapter on Fourier transforms is 
because of the convolution theorem, which often enables problems involving 
convolutions to be solved by Fourier transforming. 


3.5.1 Blurred images 


One example of a conyolution is a blurred image produced by an out-of-focus 
camera, and this example can give a useful mental picture when thinking 
about problems involving convolution. For simplicity, we discuss this as a 
one-dimensional example, in which the image is formed on a line, with coor- 
dinate x, rather than in a plane with coordinates (x,y). Here the function 
g(u) represents the light intensity at position u for a perfect image, and 
f(a — 1) is the light intensity at 2 which is produced by the camera if the 
perfect image is a point of light at u: the function f therefore describes the 
blurring of the image (see Figure 3.9). The intensity of light in the observed 
image is h(x). The contribution to the intensity at x from wu is proportional 
to the perfect-image intensity there, g(u), multiplied by the amount of this 
y that spreads to the position x, namely f(z —u). The observed in- 
of the image at x is the sum of all the intensities at each point u, and 
is obtained by integrating over u. Equation (3.46) is therefore a reasonable 
model for the light intensity at « when the ideal image would be described 
by g(x). 

Because of a fault in its assembly, the Hubble space telescope produced 
blurred images until adjustments were made by an astronaut. Until the 
repairs were made, the images were ‘enhanced’ to counteract the effect of 
the blurring. A two-dimensional version of the convolution equation (3.46) 
was used to model the relation between the blurred images transmitted to 
Earth from the Hubble telescope, and the true images. 
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Figure 3.9 Convolution can be a model for a blurred or out-of-focus image. Here 
g(x) is the light intensity as a function of position x for a perfect image. and f(x) 
is the light intensity observed at position 2 when a perfect camera would show a 
point of light at the origin. The image produced by a real camera, with its 
imperfect or out-of-focus lens, is modelled by the convolution h = f @ g. 


The functions f and g used in Figure 3.9 are 

g(x) = exp(—x?/50)[1 + cos 3a], f(a) = exp(—x*). 
Have a look at the form of all three curves, and think about how they are 
related to the definition of the convolution. In particular, note that the 
rapidly varying part of the function g(x) is suppressed after convolution 
with f(x), whereas the slowly varying part remains nearly unchanged. In 
this example, the rapidly oscillating part of the function represents fine detail 
in the ideal image g which is lost in the blurred image h. 


3.5.2 Time-delay processes 


Another example where convolutions arise is in modelling time-delay pro- 
cesses, such as in the following situation. People arrive at a tourist attrac- 
tion, and spend a variable amount of time looking around before visiting the 
souvenir shop. The number of people going through the entrance between 
time k and time k +1 minutes is nj(k). The number of people arriving at 
the souvenir shop between k and k +1 minutes is no(k). The probability 
that a person will spend / minutes (to the nearest minute) looking at the 
attraction is P(/) (note that P(l) = 0 if 1 <0). A model for the relationship 
between the functions n,(#) and no(t) is then 


oo 
no(k)= > P(l)ma(k—0). (3.47) 
l=-20 
(Note that only positive values of / contribute to the sum, because P(1) = 0 
when / is negative.) This expression is already similar in structure to the 
convolution as defined in equation (3.46), and ng is said to be the discrete 
convolution of P and ny. 
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Tf n(k), n2(k) and P(l) are slowly varying functions of k and /, then these 
functions may be approximated by functions of continuous time variables t 
and 7, and the sum may be approximated by an integral of the form 


ng(t) = ie dr P(r) ny(t — 7). (3.48) 


This expression for no(t) is a convolution integral. (The function P(r) must 
be zero for negative values of 7, because the probability of spending a neg- 
ative amount of time in the shop must be zero.) Figure 3.10 illustrates the 
relation between nj(t) and no(t) (for some artificially constructed data). 


Note that the time dependence of the time-delayed quantity, no(t), looks 
‘smoother’ than that of the original number, n;(¢). This is analogous to the 
blurring effect in the previous example of a convolution. 
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Figure 3.10 The number of people arriving at a tourist attraction per unit time 
is ni(t). The probability of spending a time between ¢ and t + ét looking round 
the attraction is P(t)édt: in this illustration, P(t) = exp(—t). The rate at which 
people arrive at the souvenir shop, n2(t), is given by the convolution ng = P @m. 
In this illustration, all three time axes are in units of hours, not minutes. 


Exercise 3.19 
Show that 
feg=g9ef (3.49) 


(ie. the convolution operation is commutative). {Hint: Change the variable of 
integration.] 


3.5.3 The convolution theorem 


The Fourier transform of the convolution h = f @ g is expressed very simply 
in terms of the Fourier transforms of the component functions f and g, as 
the following calculation shows: 


3.5 Convolutions and the convolution theorem 


i(k) = a [ x dz h(x)exp(=ikz) 


= ef. dx exp(—ikx) ‘, du f(x —u) g(u) 


= af. dug(u) f dexp(—ike) f(2~ u) 
= Se [du atwexo(iku) [ade expl-ik(e — w)] (2 - 
rere tu g(u) exp(—iku) ese exp(—ik(a — u)] f(a — u) 


= se | duatwrero(—ikw = dy f(y)exp(~iky) 
= V2 g(k) f(k). (3.50) 


(In the third step, the order of the integrations was reversed, and in the 
fifth step the substitution y =a — wu was used.) This result is known as 
the convolution theorem. In words, the Fourier transform of the convolution 
f @@ is V2r times the product of the Fourier transforms of the functions f 
and g: 


h=f@g — h=v2%rfi. (3.51) 


After Fourier transforming, convolution, a difficult operation involving eval- 
uation of an integral, is replaced by multiplication, a very simple operation. 
This means that problems in which convolutions appear are often solved by 
application of the Fourier transform. 


Figure 3.11 shows the Fourier transforms of the three functions plotted in 
Figure 3.9. Note that the third function is V2z times the product of the 
first two functions, as is implied by the convolution theorem. The Fourier 
transform of g has three peaks: the central one is the Fourier transform of 
the Gaussian function, and the other two arise from the Gaussian function 
multiplied by the cosine function, and are shifted images of this Fourier 
transform as implied by Exercise 3.14. The magnitudes of the two ‘satellite’ 
peaks are reduced in the Fourier transform of h, representing the fact that 
the rapidly varying features (represented by contributions to the Fourier 
integral (3.24) with larger values of k) are suppressed when g is convoluted 
with f. 
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Figure 3.1! The Fourier transforms of the functions in Figure 3.9 
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The convolution theorem gives a hint about how a true image, g, can be recov- 
ered from a blurred image, h. If the blurred image is modelled by h = f @ 9 
(where f describes the blurring effect, as in Subsection 3.5.1), the convolution 
theorem indicates that the Fourier transforms are related by h = 2x fg. We 
Fourier transform both h and f, and obtain the Fourier transform of g: 


h(k) 

V2 fk)” 

In principle we can then determine g(a) by inverse Fourier transforming g(k). 
In practice, this ‘deconvolution’ does not work smoothly, because there are 
values of k for which f(k) is very small. When we divide h(/) by f(k), small 
errors in /i(k) can be greatly magnified. The Hubble space telescope pictures 
were enhanced by a ‘deconvolution’ process, but this required much more than 
a direct application of the convolution theorem. 


ak) = 


Example 3.7 
Calculate the convolution F = f; ® fz of two Gaussian functions 
fi(x) =exp(—/2), fol) = exp(—ax?/2), 


where a > 0. Use the table of standard Fourier transforms and the scaling 
rule to determine the Fourier transform of F. 


Solution 
The convolution of f;(«) = exp(—x?/2) and fo(a) = exp(—ax*/2) is 
F(z) = he duexp(—|(x — u)?/2 + au*/2)) 


= i duexp{—®(u)/2). 


where (u) = A(u— B)*+C, with A=a+1, B=2x/A, C =aa?/(a +1). 
The reason for writing the exponent in this form is that the integral with 
respect to u is found using a standard Gaussian integral: 


F(z) = ie duexp{(—®(u)/2| 


= exp(—C/2) ri is duexp[—A(u — B)*/2] 


2n/Aexp(—C/2). 


(The last step used the substitution v = u—B and the expression for the 
integral of the Gaussian function.) Inserting the values of A and C, we see 
that F is a Gaussian function: 


=(on® ol-ae toa 


Using the second result in Exercise 3.16 with a = $a/(a +1), we see that 
the Fourier transform of this Gaussian function is also a Gaussian function: 


: 2 
F(k) = (Zeo[-He+9] | 


Thus we have seen that the convolution of two Gaussian functions is another 
Gaussian function. 


3.6 Fourier transforms of derivatives 


Exercise 3.20 


Determine the Fourier transforms of the functions f; and fy in Example 3.7, and use 
the convolution theorem to write down the Fourier transform of their convolution F. 
Confirm that you obtain the same result for the Fourier transform of F as in 
Example 3.7. 


Exercise 3.21 


Use the convolution theorem to calculate the convolution of two Lorentzian func- 
tions 


= 1 
re)= | wae 


[Hints: Use the table of Fourier transforms and the scaling relation to find the 
Fourier transforms of the Lorentzian functions. Then use the convolution theorem 
to determine the Fourier transform of F. Finally, invert this Fourier transform to 
determine F itself.] 


Exercise 3.22 


Calculate the convolution of the characteristic function y(zr) (as defined in Ex- 
ercise 3.10) with itself, Calculate the Fourier transform of F = y ® x using the 
convolution theorem. 


[Hint: Consider the region where the integrand is non-zero.) 


3.6 Fourier transforms of derivatives 


Perhaps the most useful property of Fourier transforms is that there is a 
very simple relationship between the Fourier transform f(k) of a function 
f(x) and the Fourier transform of its derivative, f’(x). You will see that the 
Fourier transform of the first derivative is ik f(s), and that higher derivatives 
follow a simple pattern. You will see that these properties can be used to 
obtain solutions to certain types of differential equations. 


Consider the Fourier transform of the derivative of the function f(x). This 
Fourier transform will be called f,(k): 


z 1 rhe Roce : 

A= ef. dx f'(x) exp(—ikx). (3.52) 
Integrating by parts, 

Aulk) = a [exp(—iker) f(x)]™. + ikf(h). (3.53) 


The first term on the right-hand side is equal to zero if the function f(x) 
approaches zero in the limits « — too, in which case 


filk) =ikf(k). (3.54) 


Applying (3.54) repeatedly, this result can be generalised immediately to 
higher derivatives. The Fourier transform of d” f /da" is 


Suk) = (ik)" F(R). (3.55) 
provided that the function d"~ f /dc”—! approaches zero as |r| — too. The 


conclusion is that differentiation, an operation of calculus, is replaced by 
multiplication, an algebraic operation. on taking the Fourier transform. 
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Note that for this section 
only. f, means the Fourier 
transform of d" f/dic", for 
any n: elsewhere. it would 
mean the Fourier 
transform of a function f,. 
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This is one of the features that makes the Fourier transform a powerful 
tool: the Fourier transform of a linear constant-coefficient differential equa- 
tion is an algebraic equation, which is much easier to solve. The required 
solution may then be recovered by an inverse Fourier transform. Because 
linear constant-coefficient differential and partial differential equations arise 
in describing many natural phenomena, this is a very useful method. The 
approach is illustrated in Figure 3.12 and used in Exercise 3.25. Later in 
the course, the method will be used to obtain solutions of the wave equation 
and the heat /diffusion equation. 


Gr meteal transform 
| vitrnial geion of) | equation for, | vitrnial geion of) | Algebraic equation for (k) 


Easy solution 
[expressions | ion for fix) Expression for /ik) 
VWeasi 


transform 


Figure 3.12 Illustrating the use of Fourier transforms to solve differential 
equations. This approach is directly applicable to linear constant-coefficient 
differential equations, but Fourier transforms can also be useful for other types 
of differential equations. 


Because integration is the reverse of differentiation, there is a result corre- 
sponding to (3,54) for the Fourier transform of the integral of a function, If 
F is the indefinite integral (or primitive) of f (that is, f = F’ = dF/dzx), then 
their Fourier transforms are expected to be related by F(k) = f(k)/(ik). This 
approach can sometimes be useful, but there may be difficulties in applying 
it. For example, because of the division by k, |F(k)| may approach infinity 
as k 0, and this can cause problems when calculating the inverse Fourier 
transform. 


Exercise 3.23 


Calculate the derivative of the Lorentzian function f(a) = 1/(1 +2). Determine 
the Fourier transform of f(a) and its derivative using (3.54). 


Exercise 3.24 


Show that the Fourier transform of x(x) is if/(k), where //(k) is the derivative 
with respect to k of the Fourier transform of f. 


Hint: Note that —iaexp(—ikwx) = S exp(-ikz). 


Note the near symmetry between the results in Exercise 3.24 and equa- 
tion (3.54): multiplication by one variable is the ‘Fourier image’ of differen- 
tiation with respect to the conjugate variable. 
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Exercise 3.25 


Previously, the Fourier transform of the Gaussian function was obtained by an in- 
complete argument, which rested on an assumption about integration over complex 
variables (see equation (3.31)). This exercise provides stronger evidence for accept- 
ing that the Fourier transform of a Gaussian function is also a Gaussian function. 


If a function f satisfies the differential equation 


df 


ae t 2h =0. 
show that its Fourier transform f(k) satisfies the same differential equation, i.e. 

af ae 

ap thE =0. 


Solve the first of these differential equations for f(z), showing that it is solved by 
the Gaussian function f(x) = exp(—x?/2). Hence show that this Gaussian function 
is its own Fourier transform. 


3.7 Summary of Fourier transforms 


Table 3.3 summarises the properties of Fourier transforms, and lists the 
elementary Fourier transform pairs, for use as a quick reference. 


Fourier transform: 
= 1 100 
k) = dx exp(—ika) f(x). 
Fi) = Fe | dveso( ihe) fe) 
Inverse Fourier transform: 


fti'= sal. dkexp(ikx) f(k). 


Table 3.3 Summary of Fourier transforms for quick reference 


Property Function Fourier transform 
Linearity a f(x) + bg(x) a f(k) + b9(k) 
Sealing (a 4 0) f(x/a) \a| f(ak) 
Translation f(z—a) exp(—ika) f(k) 
Translation in k exp(iar) f(x) F(k-a) 
Inversion F(x) f(-k) 
Convolution f(z) @ g(x) V2z f(k) a(k) 
Differentiation f(x) ik f(k) 
Multiplication by x x f(x) i f'(k) 
Fourier transform pairs f(x) fi (k) 

: " 2 
Exponential /Lorentzian exp(—|z|) v2 Ge 
Gaussian/Gaussian exp(—z?/2) exp(—k?/2) 
Characteristic/sine x(x) 2 ae 
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3.8 Outcomes 


After studying this unit you should be able to: 


e understand the trigonometric Fourier series and its use for both periodic 
and non-periodic functions; 


e understand the complex exponential Fourier series; 

e calculate the complex exponential Fourier coefficients ¢,, for a given func- 
tion; 

e calculate the trigonometric Fourier coefficients a, and b, for a given 
function; 

¢ understand the Fourier transform; 

e determine the Fourier transforms for a few simple and commonly en- 
countered functions; 

e understand some basic properties of Fourier transforms, i.e. linearity, 
scaling, translations. and inversion and its consequences for even real- 
valued functions 

e use the basic properties (linearity, scaling, etc.) to determine Fourier 
transforms of more complicated functions given the Fourier transforms 
of a few simpler functions: 
understand what is meant by the convolution of two functions; 
understand the convolution theorem; 


take Fourier transforms of derivatives. 


3.9 Further Exercises 


The following two exercises provide further practice in determining Fourier 


coefficients. 


Exercise 3.26 

Determine the Fourier coefficients for the function f(a) = 

in Figure 3.1. Show that the general Fourier coefficient is 
2 

m1 — 4n?)’ 


sin.x|, which was plotted 


en 


Exercise 3.27 


Determine the Fourier coefficients for the periodic function which takes the value 
f(x) = «? in the interval {—1, 1], for which two partial sums were plotted in Fig- 


ure 3.2. Show that the general Fourier coefficient is 


n#0, 


3.10 Appendix: Multi-dimensional Fourier transforms 


Tt is often possible to arrive at a result involving Fourier transforms through 
different approaches, as the following exercises show. They illustrate several 
of the rules for manipulating Fourier transforms. 


Exercise 3.28 
The function f(x) is defined as follows: 


+1 for0<a<1, 
f(z)=4 -1 for-1<2<0, 
0 otherwise. 


Sketch a graph of this function. Express f(r) as the difference of two translated 
characteristic functions. Use the Fourier transform of the characteristic function, 
together with the elementary properties of Fourier transforms discussed in Sec- 
tion 3.4, to determine the Fourier transform of f (2). 


Exercise 3.29 


By direct calculation, determine the function F(c) which is minus the convolution 
of the characteristic function on the interval [—}. 3] with itself, i.e. 


F 


=Xaj2 ® Xaj2- 


Show that the function f(a) considered in Exe 3.28 is the derivative of th 
function F(a) (except at the three points where F is non-differentiable). 


Use the convolution theorem to determine the Fourier transform of F, Hence, using 
the results of Section 3.6, determine the Fourier transform of f(x). Compare your 
answer with that for Exercise 3.28. 


3.10 Appendix: Multi-dimensional 
Fourier transforms 


The Fourier transform can be extended in a natural way to functions of two 
or more variables, and the two-dimensional case will be used later. You do 
not need to study this material; it is provided as a reference if you wish to 
see how the two-dimensional version is obtained and if you are interested 
in higher-dimensional generalisations. Only equations (3.56) and (3.57) are 
used later, not the discussion forming the remainder of this appendix. 


A function of two variables f(x1.22) has a Fourier transform F(k1,k2) which 
is defined in the equation 


fern) = 5 if ak, / dk expli(kizy + ket2)] f(kiske). (3.56) 


The Fourier transform itself is given by 


1 /~ 2 
F(ki.k2) = al dey f dag exp[—i(kir1 + kore)] f(t1,22). (3-57) 


These relations are analogous to the single-variable case. 
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We show that (3.57) is the inverse of (3.56). 


Consider an intermediate function g(ki,:¢2) which is the Fourier transform of 
f with respect to only one variable (x, say). Then 


= 
reais = ( _ hab 20) exp(iki 2); 

where the standard formula for the Fourier transform gives 
(kt) = af Flei.22) exp(—ikiz1). 


Now write g(k1, 22) in terms of its Fourier transform with respect to the second 
variable, «2, which is taken to be f (ki, kz), 


1 a z 
ky.) = = dky f (ky, k ikor2), 
g(ki, 2) af. 2 f (kx, kz) exp(ikex2) 
and write down the corresponding inverse. The resulting equations can be 
combined to express f(a,22) in terms of f(k,, 2) and vice versa, resulting in 


equations (3.56) and (3.57). 


In d dimensions, the variables x; and k; may be written as vectors: 2 = 


(1, 02..6.43 rq) and k = (ky, ke,..-. ka). The corresponding expressions re- 
lating the function f(a) to its transform f(k) are 
iI " Fy 
f@a)= Ge | deesotie +a) f(k), (3.58) 
ws 1 5 Pa 
f(k) = me [ dxeso(—ik- x) f(a), (3.59) 
where 
d 
kew=)>_ kin (3.60) 
isl 


is the usual scalar product of vectors. The integral over da stands for the 
multiple integral 


0 oo oe 
fe-f dy f dag of dxq, (3.61) 
=o 00 oo 


and the integral over dk is defined in the same way. 


Exercise 3.30 


Show that the Fourier transform of F(a, 22) = f(x1)g(x2) is the product of Fourier 
transforms F(k,,k2) = (ki) (ka). 


Most of the properties of Fourier transforms extend in a natural way to 
functions of two or more variables. As an example, let us consider the 
convolution theorem. Convolution of functions of two variables is defined 
by a natural extension of (3.46): the convolution of (21,22) and g(x1,2r2) 
1s 


A(x,22) = ri au f dug f(a — uy, %2 — U2) g(r. U2). (3.62) 


Exercise 3.31 


Generalise the convolution theorem to functions of two variables. 
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Solutions to Exercises in Chapter 3 


Solution 3.1 
Using the relations 
eee plexpCir) + exptiz} 
and 
sin = 1 ig S ix) 
sing = 7lexp(iz) —exp(—iz)], 
we obtain 


x x 
J (x) = $40 + SY an cos(2rna/L) + > bp sin(2mnx/L) 


n=l n=1 


5 x 
= ba0 + 4 So (an — ibn) exp(2minar/L) + 3) (an + ibn) exp(—2rine/L) 
n=t nal 


i=I1/iin 
ig the second line, 


oo —1 
= bay +4 S (an — ibn) exp(2rina/L) +4 S> (an + ib-n) exp(2rina/L) 
2 2 2 
ei Keats 
os 


SE, Cn exp(2mina/L). 


n=—00 


Comparing the coefficients of the sums in the last two lines gives the result quoted 
in the exercise. 


Solution 3.2 
(a) We may use the relation exp(ikx) = cos(kr) + isin(kr) to obtain (using the 
chain rule) 
d 7 ; a 
~ exp(ikx) = —ksin(kir) + ik cos(kx) 
dx 
= ik|cos(ka) + isin(ka)] 
= ikexp(ikx). 


However, it will help you to calculate more rapidly if you get used to work- 


ing with the exponential function directly. The relation dexp(z z) 
remains valid when z is a complex number. Using the chain rule gives The notation 
d 4.) _ dike) dexp(2) df(z)/dz|z2y 
ae Pike) Sat means ‘differentiate f with 
4 . respect to z and substitute 
= ikexp(ikr). 


= =y in the resulting 


(b) The indefinite integral (primitive) of exp(ikx) is exp(ikx)/ik (which can be function’. 


checked by differentiation). 


Solution 3.3 
For integer values of n, 
exp(imn) = cos(mn) + isin(mn) 
=(-1)" 
and 
exp(imn/2) = [exp(ix/2)]" 
[cos(x/2) + ésin(x/2)]" 
in 
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Solution 3.4 
(a) The complex conjugate of exp(ix) is 
[exp(ix)]* = [cosa + isin2]* = cosx — isinx = exp(—izx). 


(b) If en =c%, then 


f(z) = SO enexp(2ninx/L) 


Di Cm exp(—2mimx/L) 


= YE Gulexp(2rimz/L))* 
= [em exp(2rima/L)]* = f*(x), f*(x) is shorthand 
] 
m=—00 notation for [f(2x)]*. 


so f is a real-valued function. Note that the substitution m= —n was used, 
and that the name of the variable being summed over is irrelevant. 


Alternatively, assuming the relation c_, = ¢},, you could split up the summa- 
tion as follows: 


oo cI 
S(2) = co + Yen exp(2rina/L) + olen exp(2xinz/L)]". 
n=l n=l 
The function f(x) is real because co is real and the two sums are complex 
conjugates of each other. 


Solution 3.5 
Let N=n-—m. For N #0, we have 


roth 
zo 


roth E 
i dx exp(2riNa/L) = por {exp(27iNex/L)] 


‘0 


* — [exp(2xiN (ay + L)/L) — exp(2riNxo/L)] 
ist The last step uses the fact 


— Lexp(2niNxo/L)lexp(2xiN) = 1] _ 9 that exp(2xiN) = 1 for 
Ini : integer N. 


When N = 0, the integrand is unity, so the integral is equal to the length of the 
interval, namely L. Hence the expression on the right-hand side of equation (3.10) 
is 1 when N = 0 (i.e. when m =n), and 0 when N £0 (i-e. when m # n). 


Solution 3.6 


We take L = 27 and zp = —7. Again, for a function defined piecewise on intervals, 
the approach is to split the region of integration into segments. For n 4 0, we have 


eT pe La jek 
fr = we | 2-2) exe(-inz) +f dx xexp(—inz) 


ay [ deazlexp(ina) +exp(—ina)], 
0 


20 
where the change of variable u = —x was used in the first integral. Now, integrating 
by parts, 
” ‘i © 7 
if dx x exp(inx) = (eae) ~ zf dx exp(inx) 
0 m o Mio 
ital) ieee Ae 
in (in)? (yr, 


where we have used the fact that exp(imn) = (—1)”. 
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We obtain the Fourier coefficient ¢,, by combining this integral with another, dif- 
fering only by the sign of n. The terms proportional to 1/n cancel, and we obtain 
_(1)=1 


a 


n#0. 


For n = 0, we have 
-/ yf x 
o-z/ dee + 5 [ drz ==. 
an J_y or Jy 2 
The coefficients are all purely real, implying that when this Fourier series is ex- 
pressed in terms of trigonometric functions, only the cosine terms are present. 


Solution 3.7 
We have 


oo 


f'(a)= Sy cu exp(2rinr/L) 


2nin 
L 


cp exp(27ine/L). 


Solution 3.8 


The derivative of the triangular wave is +1 for 0 <a < 7, and —1 for 7 < x < 27. 
Also, the derivative must be a periodic function with the same period, namely 
L=2n. The derivative is therefore identical to the square wave (except at points 
where is an integer multiple of 7, where the derivative of the triangular wave is 
undefined). The Fourier coefficients for the triangular wave are (from Exercise 3.6) 
en = [(—1)" — 1]/mn? (n £0), and co = 7/2. Those for the square wave are there- 
fore expected to be 
2rin (—1)" _ 2 “ 
Oe cee an) 

for n #0, and co =0. Substituting L = 27, these c, are in agreement with those 
calculated for the square wave in Example 3.2. 


Solution 3.9 
We have 


f(z) =Ao+ Se Ap sin(na — ,) 


n=l 


=454+3° Bo (expli(ne —¢,)] — expl=i(nz — by) 


n= 


os An . : — AR 
= Ay + y Fr exp(—id,,) exp(inx) — Dy Se exp(id_,,) exp(ina) 
nl n=—oc 
oe 


= SD Gn exp(ina), 


where 
co = Ao, 
An ; 
=~ exp(—id,,) (n> 0). 
re ta) 


meg, 


2 


exp(i@_,) (n <0). 
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Solution 3.10 
For k #0, 


; Life a 
Hk) = se [ azexo(-ike) 


= Fao ~ exp(ik)] 
= Fpejpleon(t) + isin() — eos(— k) —isin(—k)] 
ik 
=/27 =" 
When k = 0, 
pis: «ieee 2 
it) =e fee eS 
Solution 3.11 


We assume a standard result for integrals (in which P and Q are constants): 


b b b 
f[ eipse)+ Que) =P [ dr s(a) +9 ff aea(e). 
Applying this to the Fourier transform, we obtain 
F®= af. deexp(—ike) [ay f(a) + a2fo(2)] 


a 


= Hef despite) (0) + ef drexp(—ike) fal 
= oli k) + ag fa(k). 
Solution 3.12 
Starting with equation (3.25), 
oo 
fi= ei in doexp(—ikz) fiz), 
and using the substitution u = —, we find 
oe 
Fk) = zl. Guexp(thu) f(—u); 
This expression is in the same form as equation (3.24), apart from differences in 


the names of variables. Changing the names of the variables (k — « and u — k), 
this becomes 


0 
Ha) = Fe [_ ahexo(ika) -¥) 

Comparing with the standard expression for the Fourier transform, equation (3.24), 
this shows that f(—k) is the Fourier transform of f(a). 

Solution 3.13 

If f(x) = f(—a), then 


Hk) = ef dreso(ite) s) 


oS 
= =f duexp(—iku) f(—u) The second equality uses a 
td change of variable u = —2, 

and the third uses 


1 tis 2 = 
FE | tuexo(-ike) su) = 70) fu) = f(-). 
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If f is also a real-valued function, satisfying f(x) = [f(z)]*, then 

UF" = ef dr lexo(—ike fle) = fl-W) 
So if f is both even and real-valued, then [f(k)]* = f(—k) = f(k), i.e. f(k) is real- 
valued. 


If f is odd, f(—x) =—f(e), then the same arguments show that f is also odd, 
J (kk) = —f(—k). If f is also a real-valued function, then we have [f(k)]* = f(—k) = 
—f(k), so f is purely imaginary. 


Solution 3.14 


The Fourier transform of F(x) = exp(iKx) f(x) is 
1 a " oie. 
F(k) = Fe | aresol-ike) lexp(iKz) f(x)] 


= zl. avexp|-i(k— Ka) f(a) = Fk K), 


so translation in the Fourier transform variable is the image of multiplication by 
an oscillatory exponential (i.e. an exponential whose argument is the conjugate 
variable times a purely imaginary constant). 


The Fourier transform of g(a) = cos(Axr) f(x) = }{exp(iAx) + exp(—iAx)] f(x) is 
given by applying this result to each term. 
Solution 3.15 
Define fi (x) = f(ax) and fo(x) = f\(a — 20), so that 
g(a) = A f(a(a —x0)) = A fala — 20) = A f(z). 
Then, using the result of Example 3.6, the Fourier transform of f2 is 
Sa(k) = exp(—ikero) fi(h)- 
Using the result of Example 3.5 (with a replaced by 1/a), the Fourier transform of 
fi is 
s i: 
Alk) = = L(k/a). 
The Fourier transform of g is therefore 


A(k) = A folk) = Aexp (ike) fk) = 4 exp(—ikzo) f(k/a). 


Solution 3.16 
The scaling rule implies that the Fourier transform of f(ax) is f(k/a)/a. The 


The Fourier transform of f,(z) = 


‘ a) cme 
Fourier transform of exp(—|:|) is i= 


exp(—alr|) is therefore 


z 1 /2 1 2 a 
ho 3 aap Via 


The Fourier transform of f(x) = exp(—2?/2) is one of our standard examples. The 
function F(x) = exp(—azx?) is in the form F(x) = f(x/a), where a = 1/V2a. We 
use the formula in Example 3.5, and find F(k) = aexp(—a?k?/2), so the Fourier 
transform of f(a) = exp(—ax”) is 
exp(—h?/4a) 

v2a 


Similarly, with a = a/2, the other Fourier transform is 


itu) =f ee. 


folk) = 
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Solution 3.17 


Note that the function f(a) = (sinx)/z is proportional to the Fourier transform of 
x(x). Using the rule for inverting Fourier transforms, together with the fact that 
(sinx)/a is an even function, its Fourier transform is 


F(k) = ii x(k). 


Using the scaling rule, the Fourier transform of F(x) = sin(ax)/x = af(ax) is 
The final step uses the 


aE pee ME FP one) (age ae definition in 
la (Exe) (Ext. equation (3.26). 


Solution 3.18 


The Fourier transform of exp(—az?) is exp(—k?/4a)//2a (found in Exercise 3.16). 
The function f(a) is a translation of this function, and using the result of Exam- 
ple 3.6 we see that its Fourier transform is 


Fk) = a exp(—ikaro) exp(—h?/4a). 


The Fourier transform of the second function follows from the rule obtained in 
Exercise 3,14: 


ee 
Hk) = Fe exp [-E 


Solution 3.19 


Let hy = f @g and hg =9@ f. Then, using the change of variable v = x — u, we 
have 


tale) = ‘i du f(e—e)p{u) 


oo 


= [av ste) ae ~ 0) = hate) 


Solution 3.20 
The Fourier transforms of the functions f; and f2 introduced in Example 3.7 are 
: : a 1 
Fi(k) = exp(—k?/2),  fa(k) = = exp[-k?/(2a)]. 
va 


The Fourier transform of their convolution is therefore 


F ay Se oF x2 
BW) = VIE Aw) fate) = [= oo [-# -F] 


= y= exp[—(a + 1)k?/2a], 


which is in agreement with Example 3.7. 


Solution 3.21 
We define 
1 1 
I@)= Ta 9@)= a7 = piel. 


The Fourier transforms of these Lorentzian functions are decreasing exponential 
functions of |k|: using the results in Table 3.2 and Example 3.5 (the scaling prop- 
erty), we have 


Fie) = fFexvt-ie), a0) = 4y)/F exr(—alk. 


Solutions to Exercises in Chapter 3 


The Fourier transform of the convolution F = f @ g is 


z ie 2: 

Fk) = Vin f(b) ak) = 2 2 expl-(a +1). 
This is also a decreasing exponential function of |k|, so the convolution F is also 
a Lorentzian function. Using the scaling property and the same Fourier transform 
pair, 


Ce 
2a woth i +e 
=F ett 
~ a (a1)? +a? 
Solution 3.22 


In the convolution integral 
3 
F(a) = [ duxle-wx(w), 
Us 


the integrand is equal to unity in the overlapping section of the intervals [—1. 1] and 
{a —1,a+ 1], and zero elsewhere. When 0 < x < 2 this overlap interval extends 
from x —1 to | and has length 2-2, and when ~—2 < 2 < 0 it extends from —1 
to 1+2 and has length 2+ 2. In other cases there is no overlapping region. The 
integral is equal to the length of the overlapping region, so 


— |x| for |x| < 2, 
E(n)= 1 otherwise. 


‘The Fourier transform F(k) of F(x) is most conveniently calculated using the con- 
volution theorem, using the Fourier transform of y(:c) quoted in Table 3.2: 


F(k) = va[ i] -22 = 


Solution 3.23 


The Fourier transforms of the functions 


2. 
f(z) = = g(x) = f'(x) = sean 


ir 
[Zheso(-ik. 


are 


S(k) = (geo-H). 9(k) = ik f(h) = 


Solution 3.24 


The Fourier transform of F(x) = xf (x) is 
é is a 
Pk) = Fee [de exp(—ike) f(a) 


= Se ft Hewike) Sl) 

= a s te dzexp(—ikz) f(z) 
Alternatively, 
= 1 

~ Van dk 

~ oar dx x exp(—ike) f(a) = —i F(k). 


df(k) 
dk 


zf. dzexp(-ike) f(z) 
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Solution 3.25 


If f(z) satisfies the differential equation df /dx + xf =0 for all x, then the Fourier 
transform of the left-hand side is equal to zero for all k. The Fourier transform of 
df /dx is ikf(k), where f is the Fourier transform of f, The Fourier transform of 
xf (x) was found in Exercise 3.24. Combining these, f satisfies 


2s. 76h 
ikf +i = 0. 
Dividing by i shows that f and f satisfy the same differential equation. 


‘The differential equation df /de +f =0 may be rearranged to give 


[Fs [ace-o, 


which may be evaluated to give 
In f(x) = —4a + constant, 
or (upon exponentiating this relation) 
f(a) = Cexp(—2?/2), 
for some constant C. The Fourier transform of f() satisfies the same differen- 


tial equation, and must therefore be of the form f(k) = Dexp(—k?/2), for some 
constant D. From the general formula for the Fourier transform, we have 


Py y sad 
D= f(0) =~ dx 
H0) = Fe [ae se 
(9 ae 2 
== dx —x*/2 
me | trexo(-2*/2) 
=O; 
so D = C. Choosing C = 1 gives our standard form for the Fourier transform of a 


Gaussian function. 


Solution 3.26 


When f(x) is a periodic function, the choice of xo is arbitrary, but the degree of 
difficulty in finding the Fourier coefficients can depend upon making a good choice. 
We take xo = 0, L = x. Using the formula for Fourier coefficients (3.14), we obtain 


* 
cae 1 drexp(—2inz)einz 
TJo 
= 2 [dex (—2inz) 4 xp(ix) — exp(—ix)] 
Sas P 3*P a 
m 
= xf dz (exp[—(2n — 1)ix] — exp[—(2n + 1)izx]) . 
2ri Jo 
Now define integrals J, (for integer m) by 


oo 
in = f dxexp(—imz) 
0 


{exp(—irm) — 1] 


i{(—1)™ — 1) 


m 


Note that J,, = —2i/m when m is odd, and J,, = 0 when m is even. So 
on = ln = Tans1) 
ey aes ee 
~ Ont ai Si sri) 
= 2 
~ «(1 —4n?)” 
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If you repeat this exercise setting x9 = —7/2, L = =, you will reach the same result, 
but the calculation will be more complicated. 


Solution 3.27 
We use (3.14), setting L = 2 and xg = —1. For n #0, 


1 
Cn = if dx x? exp(—ninx) 
-1 


= 1 2 . ri 1 és 
=a (2? exp(—minz)]" , + re ri, de 2x exp(—rinx) 


2: 
= ie ee (= rina) + ic eeolaney 
SOT an bah + oar lx exp(—rina: 
_ 2(-1)" 
men? 


where integration by parts was used in the second and third equalities. 
Also, 


1 
o=4f dx x* 
-1 
=. 
=*5 


Solution 3.28 


‘The function f(a) is shown in Figure 3.13. 


Sx) 


0.5 


Figure 3.13 The function f(x) defined in Exercise 3.28 


If x, (2) is the characteristic function for the interval [—a, a], and x(x) is the char- 
acteristic function for the interval [—1. 1], then the function f(z) may be written 


f(a) = x1a(@ — 3) — x1y2(@+ 3) 
= x(22 — 1) — x(22 +1). 
The scaling rule shows that the Fourier transform of y(2r) is 
2 
i 


Applying the translation rule to each component, the Fourier transform of f is 


i(k) = vz exp (—ih/2) — exp(ik/2)| @H) 


_ eae 
NE Ke” 


sin(k/2)/k. 
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Solution 3.29 


This is similar to Exercise 3.22, but it asks for the convolution of y4/2(x) with 
itself, rather than \,(x). The same reasoning shows that F(z) is a scaled version 
of the result of that exercise. By inspection of the integral defining F, it is clear 
that F =—1 at «= 0, and F vanishes when x < —1 and when x > 1. The function 
F(z) is therefore 
yf -G—lz) forils| <1, 

oN {5 for |a] > 1. 
The derivative of this function is equal to zero when x < —1 or when x > 1, minus 
one when —1 < x < 0, and unity when 0 < z <1, so f(x) =dF/dxr (except at 
aw =—1,0,1, where F’ is undefined). 


The Fourier transform of F is obtained using the convolution theorem. The Fourier 
transform of xj /2(#) = x(2) is X1jo(k) = V/2/msin(k/2)/k. The Fourier transform 
of F is then 


a a 2 2 sin?(k/2 
F(k) = -Vin [i209] = -Vvir= ey 
Using (3.54), the Fourier transform of f is therefore 
2 sin?(k/2) 
a k/2 * 


in agreement with the result of the previous exercise. 


F(k) = ik F(k) = -i 


Solution 3.30 
We have 


B(ktsbe) = x [ dey [ dary exp|—i(hyr; + ko2)) f(x) 9(2) 
= [ deve(-its2y) f(s) x = J arvex(-ikats) oe) 
= F(ky) a(ke). 


Solution 3.31 


Let h = f @g be the two-dimensional convolution, as defined in the text. The 
Fourier transform of h is 


i. 1 s® 00 
(ki, ko) = ral dry f dep exph—t(hix, +kx2)] 
0 20 
os oc 
xf du, [ dug f(x; — uy, 22 — uz) glu. U2) 
00 00 
1 f= oo 
= af duy f du g(uy. U2) exp[—i(ky uy + kyuz)] 
Lo aed 90 
oc oc 
xf dr, f dig exp(—ifkey (ay — uy) + ka(ar2 — u2)]) 
00 20 


x f(xy — ui, a2 — ua) 


fo 
=3 | dn / dup exp[—i(yuy + ket)] g(t, U2) 
T I-20 —90 The third step uses the 


tes re G . change of variables 
x [anf draco‘ + baa) Sn) ee a 
= 2m f (kr. he) g(a, ke). 


The generalisation to d dimensions contains the factor (27)“/?. 


CHAPTER 4 


Fourier methods in one 
dimension 


4.1 Introduction 


In Chapter 2, we solved the boundary alue problem for a vibrat- 
ing string with fixed ends. The strategy employed in that solution consis 
of three main steps: 


(i) separation of variables; 


(ii) normal mode solutions (for given boundary conditions’ 


(iii) coefficients of normal modes (from given initial data), 


In step (i), we replace the partial differential equation with a system of 
ordinary differential equations, which is then solved in step (ii) for the cor- 
responding boundary values by separation of variables. The solution of the 
boundary- and initial-value problem for the partial differential equation can 
be expressed as a linear combination of the normal mode solutions derived 
in this way. The corresponding coefficients are calculated from the initial 
data in step (iii), using the orthogonality of normal mode solutions. Finally, 
all that remains to be done is to sum up the contributions of the normal 
mode solutions with these coefficients. For a finite string with fixed ends 
the normal modes are expressed in terms of sine functions, and the expan- 
sion of the solution in terms of normal modes leads to a Fourier 
In this chapter, we demonstrate how this approach can be applied to solve 
other boundary- and initial-value problems. 


sine series. 


We start in Section 4.2 by continuing the discussion of vibrating strings with 
fixed ends, and solve initial-value problems by means of Fourier sine seri 
The same method can be applied to solve the partial differential equation 
with other boundary conditions, where, for instance, the end of the string is 
allowed to move freely in the transverse direction, or is subjected to external 
forces. Examples of such boundary conditions are discussed in Section 4.3, 
where we show how the corresponding solutions of the wave equation are 
expressed in terms of Fourier serie: 


In Section 4.4, we introduce a new partial differential equation that describes 
damped wave motion, for instance the damped vibrations of a string subject 
to air resistance. We demonstrate how the methods developed for the wave 
equation can be adapted to cope with this new situation. 


Finally, in Section 4.5, we add a further complication by considering the case 
where an external force acts along the entire length of a string — like the 
wind blowing on a washing line. In particular, the phenomenon of resonance, 
where a small external driving force can lead to large-amplitude motion. 
discussed in detail for the the case where the time-dependence of the external 
force is sinusoidal. 


See Subsection 2.6.4 of 
Chapter 2. 
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4.2 Initial-value problem for strings 
with fixed ends 


Recapitulating the results of Chapter 2, the general solution u(x,t) of the 
wave equation 


un(x,t) = fod Ure (@,t), (4.1) 


with fixed boundary condition u(0,t) = u(l,t) = 0, can be expressed as an 
infinite sum of normal modes, giving 


u(x,t) = Se (=) [40 cos (7) + Bysin (=)| > (4,2) 


n=1 


The initial conditions u(x,0) = a(a) and u;(a,0) = b(a) are expressed in 
terms of Fourier sine series as 


= 
ri T™mre 
cant ei (=): O<2e<l, (4.3) 
Te ee mmr 
(ec) == > nBy sin (=). 0<e<il. (4.4) 
n=! 


The coefficients A, and B, are obtained using the orthogonality relation 


f "desin (72) sin (™2) = bmn. 14 


This gives the results 


compare equations (2.62), (2.64) and (2.65) of Chapter 2. 


In the following example, we consider the solution for an initial condition 
that simulates a plucked string. 


Example 4.1 


Consider a string of length 1, fixed at its end points at «= 0 and x =I, 

which at time ¢ = 0 is released from rest, so b(x) = 0, with the triangular 
initial shape 

(2) ts for 0 < x < 1/2, 48 

z= 4. 

l—2z forl/2<2<l, (48) 


as shown in Figure 4.1. Calculate the corresponding solution u(x,t) of the 
wave equation. 


Figure 4.) The triangular wave a(r) 


4.2 Initial-value problem for strings with fixed ends 


Solution 


The solution is given by equation (4.2) with the appropriate values of the 
Fourier coefficients A, and B,. The string is released from rest, so h(x) = 0, 
and equation (4.7) gives B, = 0 for all n. For the Fourier coefficients A, 
we obtain from equation (4.6) 


Bopi . (7Nx af . (Tnx 
An =F , deasin(“) +7 [det 2)sin (=). (4.9) 
Substituting y = /— x in the second integral gives 
qi 0 = 
dz (1 — x) sin (=) =- dy ysin (7-2) 
1/2 l 1/2 I 
Ha my 
a dy y sin (7m — —— 
Rem! ( T ) 
1/2 
= -(-y" f dyysin (=) é (4.10) 
lo 1 


The last relation follows because 
sin(n — x) = sin(an) cos x — cos(7n) sin 
= —cos(7n) sine 
=—(-1)"sinz 
for integer n. Thus the second integral in equation (4.9) equals —(—1)” 
times the first, and we obtain 


1/2 
An=[1- con; f deasin (™*). (4.11) 


In particular, this shows that all the even coefficients vanish; that is, A, = 0 
for n = 2m. 
We still need to calculate the integral in equation (4.11). You are asked to 
show in Exercise 4.1 that 
x * sin(kz) — kzcos(kz 

fi dessin(kz) = sinlhe) — Be cooks) (4.12) 
With k = 7m/l and z =1/2, we obtain kz = mn/2. For odd n, writing 
n = 2m —1, this gives sin(kz) = (—1)™~! and cos(kz) = 0. Thus we obtain 


4i(-1)"! 


Aim = SGqoye Aim = 0, m=1,2, (4.13) 
Therefore 
2 (_4)m-1 & alata 
HEE ian esi 2) cos (72 ) (4.4) 
m=1 


is the appropriate solution for the given initial condition. 


Note that in this example, the time-dependent part involves only the co- 
sine function. So, at time t = 0, each mode contributes with its maximal 
displacement, which makes sense if the string is released from rest. 


Exercise 4.1 


Verify equation (4.12), using integration by parts. 
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Symmetry arguments 
show that this is true for 
all initial profiles a(x) 
which are symmetric 
about 2 =1/2, 

ie. a(x) = a(! — x). 
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What does this solution look like, and how useful is it as an infinite series? 
It depends very much on the convergence properties of the series. Consider 
the truncated series 


a (-1)™-1 [== - 7) aa (= - us) : 


7 4 (m—12 T T 


(4.15) 


m=1 
where we sum only the first M terms. If, for a reasonably small value 
of M, this gives a good approximation to the true solution with M = 00, 
then this approach is of practical use, because the finite sum can easily be 
calculated on a computer. For the example at hand, the behaviour is shown 
in Figure 4.2, which shows snapshots of the form of the string as a function 
of time over a whole period = 21/c of the motion. The snapshots are taken 
at times ¢ which are multiples of 7/16. 


time at 


1 
15/16 
7B 
13/16 
3/4 
1/16 
5/8 
9/16 
1/2 


A 
—~ 
S 
W 
7A 


38 
5/16 
V4 
3/16 
Vs 
W16 
0 


M=2 M=4 M=8 exact 


Figure 4.2 Snapshots of the exact solution (4.14) of the initial-value problem 
(extreme right) and three approximations by truncated Fourier series (4.15) 


From Figure 4.2 it is clear, even for such small numbers of terms in the 
series (4.15), that we have obtained a reasonable approximation to the true 
solution, and the accuracy increases with increasing M. This is particularly 
apparent close to the ‘kinks’ in this solution, where the derivative changes 
discontinuously. 


Note that the exact solution shown in Figure 4.2 was, in fact, not obtained by 
means of the infinite series (4.14), but by the methods discussed in Chapter 2, 
using d’Alembert’s solution and reflection at the boundary. According to this 
approach, the solution is given by 


u(e,t) = 3 [aa — ct) + a(x + ct)] . (4.16) 


where a(x). defined for all real x, is now the odd periodic extension of the 
initial function on 0 < x <1 defined in equation (4.8), with period L = 2I, 
which means that it satisfies a(—x) = —a(.r) and a(« +21) = a(x) for all x. 
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This odd periodic extension. depicted in Figure 4.3, agrees with the Fourier 

sine series deduced above. The Fourier sine series of a 
function defined on an 
interval [0, [] is always an 
odd periodic function of 
period L = 2l. 


Figure 4.3. The odd periodic extension of the triangular wave a(x) 


Exercise 4.2 


Consider the initial-value problem of a string released from rest, but now with an 
initial displacement 


,_fa/o for 0< a <1/2, 
Ae iee\fiG sora 
(a) What is the solution in this case? [Hint: Use the results of Example 4.1.] 


(b) With regard to the assumptions that entered the derivation of the wave equa- 
tion, is there any difference between the solutions for these initial conditions 
and those of equation (4.8), with respect to their applicability to the motion 
of a real string? 


We now consider an example where the string is initially at its equilibrium 
position, but with a given initial velocity. So the initial conditions are a(x) = 
u(x,0) = 0 and b(a) = u%(x,0). You may think of a string in equilibrium 
being given an initial ‘kick’ at time t = 0, described by a function b(:r). 


Example 4.2 


Consider a string of length /, fixed at its end points at r= 0 and x =1, 
which at time ¢ = 0 is in its equilibrium position with an initial velocity 
nA for 0 < a < 1/2, 
b(a) = 
l-x forl/2<2#<l, 
which is the same as the function shown in Figure 4.1. Calculate the corre- 
sponding solution u(x,t) of the wave equation. 


(4.17) 


Solution 
The Fourier coefficients B,, are given by equation (4.7). Since the function 
b(x) is identical to the function a(«) of equation (4.8), the coefficients By, 
must be given by B, =1A,/(anc) with A, from equations (4.13). Hence, 
for m= 1,2.3,..., we obtain 

l 4-1") 42(-1)"1 
(2m — 1)c 722m —1)? (2m — 1)8e’ 
The string is initially in its equilibrium position, so a(x) = u(x,0) = 0, and 
the coefficients A, vanish for all n. So 


One oe 4]2(—1)™-1 sin (2 = 7) sin (2 = “) (4.19) 


7™(2m —1)8e l i] 


Bom—-1 = Bom =0. (4.18) 


m=1 


is the appropriate solution of the wave equation. I 
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In Figure 4.4, the functions obtained by truncating this series to m < M 
are shown for M = 2, M =4 and M =8. Comparing this with Figure 4.2, 
it is apparent that this series converges faster; in fact, it is hard to spot any 
difference between the curves of Figure 4.4 for different M. 


time “/ts 

14 |) = ———— 
1k} | ieee a ee ae ae 
2. (es (ee SS ———— 
ol ee a <a a 
Gi | | Oi RO, er 
ead a 
5/8 ee See ed ad 
SG) a a) 
| ———— 
T6 | —_Ap—@ ———— — ————_ ——— ————_ 
BIR ae re, 
56) = — me es 
i LEE as a a 
S16) ee a aan en} Ceara 
ee ne, 
W16 | ee 
0 ———— 

M=2 M=4 M=8 exact 


Figure 4.4 Snapshots of the exact solution of the initial-value problem (extreme 
right) and approximations obtained by truncating the Fourier series after M terms 


The reason for the faster convergence is that the coefficients B, are pro- 
portional to n~4, whereas the coefficients A, of equations (4.13) are propor- 
tional to n-*. This additional factor of n~! comes from taking the derivative 
u(x, 0) in the initial condition. 


Exercise 4.3 


Verify by explicit calculation that the solution u(x,t) given in equation (4.19) 
satisfies the boundary conditions u(0,t) = u(l,t)=0 and the initial conditions 
u(a,0) = 0 and u;(x,0) = b(x), with b(x) as given in equation (4.17). 


In the following exercise, you are asked to deal with a case where neither the 
initial displacement a(a) = u(x, 0) nor the velocity b(2) = us(a,0) vanishes. 


Exercise 4.4 


Consider the motion of a string of length J. fixed at « =0 and 2 = 1, with initial 
conditions 


fe) = {2/0 forO<a<i/2, 5) _ {—x/20 for 0< x <1/2, 
~ | (l=a)/10 for l/2<a2<l, ae —(l—2)/20 for l/2<2x<l. 


Determine the solution of the initial-value problem. 


4.3 Strings with moving ends 
4.3 Strings with moving ends 


So far, we have concentrated on the example of a vibrating string which 
is fixed at its end points, such as a guitar string. However, there are also 
phy systems which correspond to different boundary conditions. For 
instance, an organ pipe or a wind instrument is usually open at one end. 
For a vibrating string, an analogy of this situation is a free end, say at 
«x =(), which means that u(0,¢) is not constrained to be zero. However, we 
still assume that the motion is transverse, so the end is always at x = 0. 
As sketched in Figure 4.5, this may be realised by attaching a ring to the 
end of the string such that the ring slides without friction along a rod fixed 
at position «= 0. Later, we shall also consider the case where friction is 
present at the end, or where the end is attached to the equilibrium position 
u(0,¢t) = 0 by a spring. 


x=0 


Figure 4.5 A string with a ring at its end at ¢=0 


4.3.1 A free end 


Consider a string of length /, extending from « = 0 to x = 1. Suppose that 
it performs transverse motion, with a free end, as depicted in Figure 4.5, 
at 2 =0. Note that we do not allow longitudinal motion — a marked point 
at position i along the equilibrium string can move only transversely (per- 
pendicular to the string direction), so at time t, its position is xi + u(x, t)j. 


The free end at « = 0 is allowed to move, so u(0,t) 4 0 in general. In order 
to find the appropriate boundary condition for this case, let us consider the 
forces acting on the ring; see Figure 4.6. We assume that the ring is small, 
so we can treat it as a particle moving according to Newton's second law. 
The ring has a small mass, M, and eventually we shall take the limit as 
M — 0. We are not interested in the effect of gravity; you may think of the 
motion as taking place in a horizontal plane, so the gravitational force on 
the ring does not affect the motion. As in Chapter 1. we assume that we can 
neglect the change in length of the string, and hence the change in tension. 


Mu,(0,05 
0) 


FO) 


HY 


x=0 


Figure 4.6 Forces acting on a ring of mass M attached to the end of a string 
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At time t, the positive string tension T > 0 yields a force F;(t) on the 
ting. As discussed in Chapter 1, the force is tangential to the string, and its 
magnitude is equal to the tension T, which, within the same assumptions 
and approximations as in Chapter 1, is constant for small deviations from 
equilibrium. For small u,(0,#), the force is 


F\(t) = T[i+ uz(0, t)j], (4.20) 
which follows from equation (1.16) on page 21 with ¢, = u,(0,t), noting 
that there is a change of sign due to the definitions of the forces. 


The force F\ is partly compensated by a force F'2, exerted by the solid rod 
on the ring to keep it at 2 = 0; see Figure 4.6. As the solid rod resists motion 
only in the i direction, the component of F2 in the j direction vanishes, so 
F2(t) = —F,(t)i. 


Newton's second law for the motion of the ring gives 
M up(0,t)j = Fy(t) + Fo(t) = (1 — Fa(t)|i+ Tuz(0,t)j 
=Tu,(0,t)j, (4.21) 


because the component of the resultant force in the i direction must vanish, 
so F(t) = T within our approximation. The boundary condition for the 
string with the ring of mass M attached to its end is thus 


M wt(0,t) = Tuz(0,t). (4.22) 


For vanishing mass, M — 0, we must have u,(0,¢) = 0, as otherwise the 
acceleration u:(0,t) would become arbitrarily large, and the end of the 
string would move infinitely fast. 


We hence obtain the boundary condition for a free end 


Boundary condition for a free end 
up (0,t) = 0, (4.23) 


corresponding to the limiting case of a massless ring. This boundary condi- 
tion means that at 2 = 0 the string is horizontal, as depicted in Figure 4.7. 


F, F, 


x=0 


Figure 4.7 A string attached to a massless ring at « = 0 


The boundary condition (4.23) is an example of a Neumann condition, 
named after Carl Gottfried Neumann (1832-1925), where the value of the 
partial derivative of the function u is specified on the boundary. 


4.3.2 Damped and sprung ends 


In the above example of a string with free ends, the ring at the end of the 
string was supposed to move freely, which means without any friction, along 
the transverse rod. In any real experiment, some friction will be present, 
which means that there will be a force that damps the motion of the end 
along the rod; see Figure 4.8. 


4.3 Strings with moving ends 


x=0 i 


Figure 4.8 A string with a damped end at x = 0. At the instant depicted here, the 
ring is moving downwards, and the damping force acts upwards. 


Now, in addition to the forces Fy = T(i+ u,(0,t)j) and F2 = —Ti, we have 
an additional force F3 which acts in the j direction. For the damped end, 
we consider a force F'3 which is proportional to velocity in magnitude and 
opposed in direction, so it tends to slow down any motion. This means that 


F3(t) = —rw(0,t)j. (4.24) 
where r is called the damping constant. For small velocities, this simple 


force provides a good description of damping in many physical systems, for 
instance for air resistance. 


Again, the component of the resultant force F = F, + F2 + Fs in the i 
direction vanishes, so 

F(t) = [Tuz(0,t) — ru (0, t)] j- (4.25) 
The equation of motion of the ring in the j direction is then given by New- 
ton’s second law as 

M uy (0,t) = T uy(0,t) — uy (0, t). (4.26) 


In the limit as M — 0, we obtain the boundary condition for a damped 


oh Boundary condition for a damped end 


u,(0,t) — Ru,(0,t) =0, (4.27) 
where R= r/T. 
Another interesting case occurs if the end is connected to a spring such that 


the spring force acts on the end towards an equilibrium position, as depicted 
in Figure 4.9, which we refer to as a ‘sprung end’. 


Figure 4.9 A string with a sprung end at « =0 
For a sprung end, characterised by a spring constant k and equilibrium 
position at u = 0, the additional force is 
Fy =—ku(0,t)j. (4.28) 
You are asked in Exercise 4.5 to verify that this leads to the boundary 
ono Sane an Boundary condition for a sprung end 
u,(0,t) — «u(0,t) =0 (4.29) 
with « = k/T. 


« is the Greek letter kappa. 
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Note that the letter k occurs with two different meanings, as a spring constant 
and as a wave number in the solution. However, this notation is conventional, 
and you will find it in most textbooks. In what follows, we try to avoid any 
confusion by using x = k/T to characterise a sprung end. 


Exercise 4.5 


Show that the boundary condition for a sprung end is given by equation (4.29). 


If we consider damped or sprung ends at the other end of the string, we 
obtain the same boundary conditions, apart from a change in sign of the 
term u;(0,t). This arises because, at z =, the tension force F), which 
is tangential to the string, has a negative component in the i direction, so 
F(t) = T(—i—uz(I,t)j) = —T(i+ u,(l,t)j). Correspondingly, the force F2 This is equation (1.16) 


that keeps the end at « =/ is then Fo(t) = Ti. with @, = uz(I,t). 
For a damped and sprung end at « = /, the appropriate boundary conditions 
are 
ux (I.t) + Ru(l,t) =0 (4.30) 
and 
ur(l,t) + Ku(l,t) = 0, (4.31) 
respectively. You are asked to verify the latter equation in the following 
exercise. 


Exercise 4.6 


Consider a string of tension T with a mass M attached to its end. The end is held 
at « =1 by a spring with spring constant «7 and equilibrium position u(J,t) = 0. 


(a) Use Newton's second law to derive the equation of motion of the mass M, 
assuming that displacements are small, and that gravity can be neglected. 


(b) Show that as M — 0, the condition (4.31) is recovered. 


The boundary conditions considered here are such that they lead to lin- 
ear equations in the function u and its partial derivatives at the ends; see 
equations (4.23), (4.27) and (4.29)-(4.31). This property makes it possible 
to solve the wave equation with these boundary conditions along the same 
lines as for the case of fixed ends. 


4.3.3 Normal modes for strings with moving ends 


We now follow the same approach as before to solve the wave equation with 
one or two moving ends of the type introduced above. We first derive the 
normal mode solution for the case where one end is free and the other end 
is fixed, 


One fixed and one free end 


For the string with a free end at « = 0 and a fixed end at x = 1, the boundary 
conditions are 


uz(0,t) = u(l,t) = 0. (4.32) 


4.3 Strings with moving ends 


The wave equation itself is unchanged, so separation of variables u(x,t) = 
f()g(t) is applicable, and the resulting ordinary differential equations are 
the same as for fixed boundary conditions: 
f"(x) — C f(x) =0, (4.33) 
g(t) —2C g(t) =0; (4.34) 
compare equations (2.50) and (2.51). 


In the second step, we have to solve the ordinary differential equations with 
the new boundary conditions, i.e. f/(0) = f(/) =0. As in the case of fixed 
ends, only negative values of the separation constant C = —k* < 0 lead to 
non-trivial solutions. This can be shown in the same way as in Subsec- 
tion 2.6.1; compare Exercise 2.23. The general solution for f(x) is 


f(x) =acos(kx) + bsin(kr), a,b€R, (4.35) 


as derived in equation (2.52) for the string with fixed ends. So far, everything 
is exactly as for fixed ends, but the boundary condition at x = 0 now yields 
f'(0) = bk = 0, which implies b = 0, so f(x) = acos(kax). At «=I, we 
obtain 

f()) = acos(kl) = 0, (4.36) 


so we arrive at the condition cos(kl) = 0 for the possible values of k lead- 
ing to non-trivial solutions. This means that the eigenvalues are given by 
kyl = nx — 7/2 = m(2n — 1)/2 with integer n, so kn = 7(2n — 1)/(2l). The 
corresponding solutions or eigenmodes are 
—1)s 

fn(z) = an cos (7A), RH 1j2,3;..-. (4.37) 
We need to consider only positive values of n. This can be seen by consid- 
ering n = 1 —m, which gives 

cos[(2(1 — m) — 1)xa/(2l)] = cos[—(2m — 1)ra/(2I)] 

= cos|(2m — 1)rx/(2l)] 

as the cosine function is symmetric about 0. Hence f,(2) = fi—n(x) if we 
choose ay, = a@—n- 
The differential equation (4.34) for the function g(t) is the same as equa- 
tion (2.51), so its solution is 

Gn(t) = Ap cos(kyct) + By sin(kyct)s (4.38) 


compare equation (2.57). Hence we have derived the normal modes of the 


string with one free end Nacmalanedeatorthe 


tn(a,t) = cos (= = 7) string with one free end 
21 
x [40 cos CS5 2) +B, sin (5 ue) ; (4.39) 
with arbitrary real constants A, and B,,, for n = 1,2,3,.... The difference 


from the case of two fixed ends considered in Chapter 2 is the cosine function 
for the position-dependent part in place of the sine function, and the different 
values of k,. The presence of a cosine function means that the end point at 
« = 0, rather than being a node, now is a point where the string moves the 
furthest from its equilibrium position during a normal mode motion. This 
may seem surprising, but indeed it is a direct consequence of the boundary 
conditions, as the equation f’(0) =0 means that f must be extremal at 
z2=0. 
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The general solution of the boundary-value problem is, as before, a linear 
combination of all normal mode solutions: 


u(x,t) = 5 cos( 7) 


n=1 


x [40 oos( =" = 2) + Brn win" = | . (4.40) 


21 2l 
The third step, the computation of the coefficients A, and B, from given 
initial conditions u,(x,0) = a(a) and u(x,0) = b(x), is deferred to Exer- 
cise 4.21 at the end of this chapter. 


Two free ends: Fourier cosine series 
For two free ends, the boundary conditions are 
u,(0,t) = ur(I,t) = 0. (4.41) 


Again, the wave equation is the same as before. With u(x,t) = f(x)g(t), 
we again obtain the ordinary differential equations (4.33) and (4.34), with 
boundary conditions 


(0) = f'() =0. (4.42) 


There is one important change compared to the previous cases. For the case 
of two free ends, it is no longer true that only separation constants C < 0 
lead to non-trivial solutions. Here, we also need to take into account the 
case C = 0, which leads to a solution 


uo(a, t) = $(Ao + Bot); (4.43) The factor } is introduced 


for later convenience, 
compare equations (2.50) and (2.51) and Exercise 2.23 in Chapter 2. The ee 


interpretation of this solution is that the string is allowed to move with a 
constant velocity Bo/2 up (or down) the end rods, starting from a constant 
equilibrium position Ag/2 at t= 0. With one or two fixed ends, this is not 
possible. Although we may not be interested in this solution, we need to take 
it into account in order to obtain solutions for any given initial conditions. 


Consider now solutions with C = —k? < 0. The general solution for f(x) is 
once more given by equation (4.35). Inserting the boundary conditions (4.42) 


yields 

f'(0) = bk =0, (4.44) 
which implies b = 0, and 

f'()) = —aksin(kl) = 0, (4.45) 


so we arrive at the condition sin(kl) = 0. This is the same condition as for the 
string with two fixed ends, thus k,, = 7n/l. The corresponding eigenmodes 
are 


fala) = Gn cos (=) , STDs (4.46) 


Because the cosine function is even, positive and negative values of n give 
the same function. 


Once again the corresponding solutions for g(t) are given by equation (4.38). 
We have now derived the normal modes of the string with two free ends 


Normal modes of the string with two free ends 
Un (a, t) = cos (=) [An cos () + B, sin (=)] : (4.47) 


with arbitrary real constants A, and B,,, for n = 1,2,3,.... Together with 
the solution up given in equation (4.43), this forms a complete set in the 
sense that any solution can be expressed as a linear combination of these. 


4.3 Strings with moving ends 


The general solution of the boundary-value problem is now expressed in 
terms of the solution (4.43) and the normal modes of equation (4.47), giving 


u(x,t) = $(Ao + Bot) 


= 7™mxr mnet mnet 

+ Deol ; ) [4ncos( : ) Bsin( : | . (4:48) 
In the third and final step of our procedure, we need to compute the co- 
efficients A, and B,, for n = 0,1,2. from given initial displacement 
u(x,0) = a(a) and initial velocity u,(x,0) = b(x). We do this by following 
the same steps as for the string with fixed ends. The difference is that we 
now deal with cosine rather than sine functions of the position coordinate 2. 
We thus expect a result expressed in terms of a Fourier series containing 
only cosine functions. 


Inserting the initial conditions in equation (4.48) gives 
Fourier cosine series 


a(n) = Ag+ my An cos (=) (4.49) 
and 
b(a) = 4By + 75 mB cos (=). (4.50) 


n=1 
Apart from replacing the sine functions by cosine functions, these have 
forms similar to the equations for the string with fixed ends; compare equa- 
tions (4.3) and (4.4). The coefficients A, and B, are thus essentially the 
Fourier coefficients of a Fourier cosine series. 


As for the sine functions, there exists an orthogonality relation 


if dercos ( ) cos (= ) Ona, Mitecrde (4.51) 


In Exercise 4.7, you are asked to verify this relation and to derive the Fourier 
coefficients of the Fourier cosine series 


Fourier coefficients of the Fourier cosine series 


mmx 
An = if ar a(a) cos (=), n>0. (4.52) 


Exercise 4.7 


(a) Show that the orthogonality relation (4.51) holds. {Hint: Use the relation 
2cos a cos 3 = cos(a — 3) + cos(a + 3), and consider separately the cases m 4 n 
and m =n (m,n > 1).) 


(b) Show that equation (4.49) and this orthogonality relation imply formula (4.52) 
for the Fourier coefficients. 


The coefficients A,, and B,, of equations (4.49) and (4.50), for n = 1,2,3,..., 
are given by 
i wna 2 


A 2 dz a(x) cos(™*), oo eae 


TJo 
and for n = 0 we obtain 
Lhe anf 
Ag = if dza(z), Bo= if dx b(x), (4.54) 
A tale 


which means that the coefficients Ap/2 and Bo/2 that enter in equation (4.48) 
are the mean values of the functions a(x) and b(x) on the interval [0,1], re- 
spectively. 


facie ) cos (=), (4.53) 
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As an explicit example, we consider the case of a linear initial displacement 
given by 


a(x) = f —%, Osest (4.55) 


this function is shown in Figure 4.10. 


a(x) 


W2: 


Wz i 
U2: 
Figure 4.10 The function a(:r) of equation (4.55) 
Because cosine is an even function, the corresponding Fourier cosine series 
of a(x) is an even periodic extension of the function a(x), which is extended 


to a function on the whole real line such that a(a) = a(—2x) with period 
L = 2l; this function is shown in Figure 4.11. 


a(x) 


-n| 


Figure 4.11 An even periodic extension of the function a(x) of equation (4.55) 


In fact, this function is the same as the triangular wave considered in Sec- 
tion 4.2, apart from a shift of 1/2 in the x direction; compare Figure 4.3. 
So it is to be expected that the resulting Fourier coefficients are intimately 
related. This is indeed the case, as you are asked to show in Exercise 4.8, 
where the corresponding initial-value problem for the string with free ends 
is to be solved. A second example is considered in Exercise 4.20 at the end 
of this chapter. 


Exercise 4.8 
= 
(a) Caloulntaithe tdenrel [ dzaicoa kx) using integration by parce 
0 
(b) Calculate the Fourier cosine coefficients A, of the function a(x) of equa- 
tion (4.55) from equations (4.52). 


(c) Compare the result of part (b) with the coefficients A,, of the corresponding 
Fourier sine series given in equations (4.13). How are the coefficients related? 


(d) Assume that b(x) = 0. Calculate the solution of the corresponding initial-value 
problem for the string with two free ends at x = 0 and x = 1, and compare the 
result to equation (4.14). 


4.3 Strings with moving ends 


Other boundary conditions 


In principle, we can calculate the normal modes for other linear boundary 
conditions analogously. However, for the sprung or damped ends the bound- 
ary condition involves two terms, so the result will be more complicated. An 
example is considered in Exercise 4.9. 


Exercise 4.9 


Consider a string of length | with constant tension T > 0 with a free end at «= 0 
and a sprung end at « = 1, The sprung end is characterised by a spring constant «T. 


(a) Derive the condition tan(kl) = x/k for the wave numbers k of the normal 
modes, 


(b) Assume that «l = 1. Sketch the two functions tan z and «l/z = 1/z for z > 0, 
where 2 = kl. What can you say about the solutions 2, of tan 2 = 1/2? 


(c) Starting from the condition derived in part (a), determine the limiting values 
of k when the spring at the end is very weak, that is, in the limit as x — 0. 


(d) Similarly, what are the limiting values for & for a very stiff spring at the end, 
that is, for & — 00? 


(e) Ifyou compare this with the wave numbers k;, for finite *, what would you con- 
clude about the effect of the sprung end on the corresponding normal modes? 
Is it more pronounced for low- or for high-frequency modes? 


The above discussion shows how to solve the initial-value problem for strings 
with free boundary conditions within the framework of Fourier series. The 
damped and sprung boundaries are more involved, because the values of 
kp, are not simply proportional to n and, as evinced by the example of 
Exercise 4.9, cannot be simply evaluated. This means that the resulting 
expression will not be a Fourier series in the usual sense. However, it is 
possible to generalise the notion of Fourier series so that an analogous treat- 
ment extends to this case. We shall encounter generalised Fourier series 
again later in the course. 


4.3.4 Inhomogeneous boundary conditions 


The boundary conditions considered so far have the form 
au(ap,t) + Buy (xp,t) + yur(ep,t) = 0 


at the boundary point x}, with real constants a, 3 and y. These are linear 
homogeneous boundary conditions. which involve the function u and its first 
partial derivatives. The word linear refers to the fact the u and its deriva- 
tives enter linearly, and homogeneous means that all single terms depend on 
the dependent variable u or its derivatives, such that they vanish for u = 0. 
We call boundary conditions inhomogeneous if that is not the case. 


As an example, consider a string with free ends. We grip the end at x =1 
and move it up and down, according to some given function p(t); so the 
boundary condition at « = 1 becomes u(/,t) = p(t). For example, you might 
think of a musical wind instrument, where the motion of the reed excites 
a wave motion of the air in the instrument; or a loudspeaker, where the 
membrane undergoes forced vibrations which are produced by moving one 
point of the membrane. 
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in Chapter 5. 
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Let us consider a specific example. A string of length / is fixed at z = 0. The 
other end, at «r = l, is forced to move sinusoidally with angular frequency wex. The subscript ‘ex’ stands 
so the boundary conditions are for ‘external’, 


u(0,t)=0, u(l,t) = sin(wext). (4.56) 


We consider the case where the string is initially at rest in the equilibrium 
position, so the initial conditions are 


u(x,0) = u(2,0)=0, O<2e<l. (4.57) 


In this example, the end of the string at « = / performs a harmonic oscillation 
with angular frequency we, an external driving frequency. We assume that 
Wex does not coincide with one of the eigenfrequencies w,, of the system. 


General solution 


It can be shown that the general solution for the inhomogeneous boundary 

condition can be obtained as the sum of a particular solution (or particular — This is similar to the 
integral) u‘P*")(x,t) of the wave equation that satisfies the inhomogeneous Solution of an E, 
boundary conditions, and the complementary function, which is the general inhomogeneous ordinary 


‘ F 5 . differential equation in 
solution uw‘) (a, 4) of the associated homogeneous boundary problem, in terms of a particular 


our case u(1,t) = 0. So integral and the 
u(x,t) = uP) (x,t) + u(t™ (a, t), (4.58) ee es 


where the second term has to satisfy the wave equation with homogeneous 
boundary conditions u{"°™ (0, t) = u'"™) (1, t) = 0, which means we are deal- 
ing with fixed ends. According to equation (4.2), the general solution of the 
homogeneous case is 


w(tom) (x,t) = 3 sin(Ana)[An cos(wnt) + By sin(wnt)] (4.59) 


n=1 


with wy = ckn = mne/l. 


We now proceed as follows. First, we find a particular integral u'?™)(a,t) 
that obeys the inhomogeneous boundary conditions. Then we need to solve 
an initial-value problem for the homogeneous system, where the initial con- 
ditions are obtained from equation (4.57) after inserting the chosen par- 
ticular integral. This determines the Fourier coefficients A, and B, in 
equation (4.59), and hence the homogeneous part u‘"°™) (x,t). The desired 
solution is then obtained by adding these two contributions according to 
equation (4.58). 


A particular solution 


A particular solution of the inhomogeneous boundary problem is a function 


ulP*") (x, t) that satisfies the wave equation ufP™) = culb™ and the bound- 
ary conditions 

uP) (0,t) =0, u!P*")(1, t) = sin(wext). (4.60) 
We try 

uP) (x, t) = U(x) sin(wext), (4.61) 


which corresponds to a string that follows the externally imposed oscillatory 
motion and has a shape given by a function U(x). Inserting this into the 
wave equation gives 


4.3 Strings with moving ends 


U" (x) + = U(a)=0, (4.62) 


and the boundary conditions (4.60) imply U(0) =0 and U(l)=1. The 
general solution of the differential equation (4.62) is U(x) = acos(kexa) + 
bsin(kexa) with kex =Wex/e. The boundary conditions require a = 0 and 
1 =U (I) = bsin(kexl), so b = 1/sin(kexl). Therefore a suitable particular 
solution is 

sin (kext) 
sin(Kex) 
Note that ke! # mn according to our assumption that wey 4 w,. The general 
solution for the boundary conditions (4.56) is thus 

in (exe) 
sin(Kexl) 


ulP®) (2,1) = sin(wext). (4.63) 


u(x,t) = Sin(Wext) 


+} sin(knx)[Ap cos(wyt) + By sin(wyt)]. (4.64) 


n=) 


Initial conditions 


We now impose the initial conditions (4.57), which give 


0 = u(x, 0) =u") (2,0) + u™ (x, 0), (4.65) 

0 = up (xr,0) = ul?" (a0) + ulY™ (x, 0). (4.66) 
Inserting the terms for the particular solution (4.63) yields 

(hom), 9) — (hom) = _ Chex sin( hex) = 

u (x,0)=0, uw (x.0) = aa F (4.67) 


which are initial conditions for the homogeneous solution u!"°™)(a,0). So 
this is now an initial-value problem for the string with fixed ends, which we 
know how to solve. 


Calculation of Fourier coefficients 


The first condition, u‘*™(x,0) = a(x) = 0, implies Fourier coefficients 
A, = 0 in equation (4.64); compare equation (4.6). The coefficients B,, 
are given by equation (4.6) with b() = —ckex sin(kexa)/ sin(hex!), so 


7 
Bs =f dx b(x) sin(kyx) 
me 


= -aates f dx sin(kexr) sin(kn). (4.68) 
mnsin(Kexl) 
We can evaluate the integral by making use of the relation 2sinasin 3 = 


cos(a — 3) — = + 3), to obtain 


B,= -aa [ dz (c06[( hex — krn)2!] —c08{ (ex + n)2}) 
_ Rex sin[(kex —kn)z] _ sin[(kex + al 
~~ Fnisin(Kexl) Kex — Fn Kexthn — |o 
Kex sin[(kex — kn] - sin|(kex + kn)l] 
~ansin Fed) ( Keg = Fn Bex +E ) Eglo 1600) 


With k, = n7/I for integer n, we have 
sin[(Aex + kp )l] = sin(kex! + mn) = (—1)” sin(kexl). 
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so the factor sin(ex!) cancels and we obtain 
By = —(oD hex ( 
7m 
2(-1)"ex 
a. 
Cie 
a 


(4.70) 


Note that the denominator of B, is proportional to w2, —w?, which vanishes 

for Wex = Wy. This means that whenever the driving frequency approaches 

one of the eigenfrequencies of the system, the corresponding Fourier coeffi- Note that the 

cient grows indefinitely. This phenomenon is called resonance. In this case, eigenfrequencies are those 
our solution ceases to be valid near the resonance, because we rely on as- ont hormogetiectis 
sumptions about small deviations from equilibrium, and neglected physical ae Se 
effects (such as friction or non-linear effects) which will become important i ‘ 
and remove the divergence for wx = W,. One way to achieve that is to add 

an arbitrarily small amount of friction, which leads to a damped motion. In 

fact, as friction cannot be completely avoided in any mechanical system, in 

reality the motion will always be damped, and the amplitude at resonance 

will stay finite. Still, it may become large, so resonance effects need to be 

taken into account in the structural analysis of bridges and buildings. 


Solution for the example 
Here, we assume that we are not at resonance, SO Wey # wW, for any string 
mode n = 1,2,3,.... Then the solution for the example is 


eR sin(Wext) 


99 (_4)n-1 
a SE sea sin(kn) sin(wpt), (4.71) 


where wp = ckn = mne/l. 


Exercise 4.10 


Consider a string of length 1 = 10 and wave speed ¢ = 200 with a free boundary 
condition at «= 0. The other end, at « = /, is forced to move according to u(I,t) = 
2sin(257t). The string is initially at rest in the equilibrium position. Find a 
particular solution that satisfies the boundary conditions. [Hint: The different 
boundary condition at « = 0 suggests using a cosine function rather than a sine 
function as a trial solution for U(a) in equation (4.63).] 


4.4 Damped waves 


Previously, we considered damped ends, but we did not take into account 
any friction acting along the string. In a real mechanical system, however, 
there is always some friction present, such as friction in the string or air 
resistance. Let us assume that the corresponding force is proportional to 


4.4 Damped waves 


velocity, as in equation (4.24), but it now acts uniformly along the entire 
string. As it acts in the opposite direction to the velocity, it causes the 
wave motion to decrease with time. If we repeat the derivation of the wave 
equation in Chapter 1 with this additional force, we arrive at the damped 


wave equation be 
a Damped wave equation 


un (a,t) + 2-u (a, t) — Cc? use(2,t) = 0, (4.72) 


which involves a term proportional to the first partial derivative with respect 
to time t, with a proportionality constant js > 0. Here, we are interested 
not in the details of the derivation of the damping term, characterised by a 
damping constant 1, from the friction force, which can be done along the 
lines of Chapter 1, but in its solution using the methods developed above. 
For simplicity, we concentrate on the case of fixed boundary conditions. 


4.4.1 Separation of variables 


The first step in solving this equation is again separation of variables. Let 
us see what changes if we use a product form u(x,t) = f(2)g(t), as we did in 
equation (2.45) of Chapter 2 for the (undamped) wave equation. Inserting 
the product into equation (4.72) and rearranging terms gives 


J g(t) +2ng"(t) _ f(a) _ 

e a(t) f(x) 
where C is an arbitrary constant. So separation of variables still works. 
The position-dependent part does not change, and is still given by equa- 
tion (4.33). The equation for the time-dependent part becomes 

ol (t) + Qn g/(t) — FC g(t) = 0, (4.74) 


which differs from the corresponding equation (4.34) by the presence of the 
damping term involving the first derivative of the function g(t). For p = 0 
the damping term vanishes, and we recover the equations of undamped wave 
motion. 


(4.73) 


As before, we proceed by solving the two equations for the functions f(a) 
and g(t). Since the position-dependent part does not change, the arguments 
remain the same. As for the undamped wave equation, only negative values 
of the constant C lead to non-trivial solutions for fixed boundary condi- 
tions, so we can again choose —C = k? = w*/c? > 0 with w > 0 and k > 0. 
The general solution of the linear second-order differential equation for f is 
f(x) = acos(kx) + bsin(ka) with arbitrary real coefficients a and b; compare 
equation (4.35). 


Solution of the time-dependent part 


Equation (4.74) for g(t) is the same as the equation of a damped harmonic os- 
cillator, which you may have come across previously (for instance in MST207 
or MST209). 


We can solve it by first solving the auxiliary equation 
d? + QnA +07 = 0, (4.75) 


where w? = —c?C. In general, this quadratic equation has two solutions, 
given by 


Mia = bt Vu? — Ww. (4.76) 


We now have to distinguish three cases, depending on the sign of pz —w. 
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First, for p > w, we are in the strong damping case, where equation (4.76) 
gives two real solutions Ay,2 = —+ \/u? —w?. Second, = w is the case 
of critical damping, where the square root in equation (4.76) vanishes, and 
we are left with a single solution \= —. Third, for yp < w, we are in the 
weak damping regime. In this situation, equation (4.76) gives two complex 
conjugate solutions Ay 2 = —p+ iy/u? — p?. 

The corresponding general solutions are as follows. For the strongly damped 
case, the general solution can be expressed as the sum of two exponentials 


g(t) = ae + be" (> w), (4.77) 
with negative Ay,2 = — + /y? — uw? < 0 and arbitrary real coefficients a 


and b. At critical damping, we have only one exponential function, multi- 
plied by a linear function in t, 


g(t) =(a+bt)e (w=), (4.78) 
where again a and b are arbitrary real constants. Finally, for weak damping, 
we obtain 

g(t) = [acos(Qt) + bsin(Mt)Je™ (ju < w), (4.79) 


where the angular frequency 2 > 0 is given by 


2 = Vu? — p?. (4.80) 
As for strong and critical damping, the function g(t) in equation (4.79) de- 
creases exponentially, but the trigonometric factor means that it oscillates 
with an angular frequency 2. This function g(t) therefore corresponds to an 
oscillatory motion with an amplitude Aexp(—jt) that decreases exponen- 
tially with time. 


Example solutions for strong, critical and weak damping are shown in Fig- 


ure 4.12. 
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Figure 4.12 Plot of solutions g(t) of equation (4.74) with j= 3. Curves (a) 

and (b) correspond to strongly damped solutions (4.77) for w = 1 and w = 2, 
respectively. Curve (c) is a critically damped solution (4.78) for w= 3, and 
curves (d)-(f) are weakly damped solutions (4.79) for w = 5, w = 15 and w = 50, 
respectively. The coefficients a and 6 in equations (4.77)-(4.79) are chosen as 
a= b= } for curves (a) and (b), and a = b = 1 for curves (c)-(f). 


For our example of the string, strong and critical damping mean that a 
plucked string returns to equilibrium without any oscillations — which might 
happen if you considered a string immersed in oil or a similar environment 
that produces sufficiently strong damping. However, for a guitar string 
that does not usually happen, as you can hear the sound of a certain pitch 
that corresponds to an oscillatory motion of angular frequency 9. Still, 
the motion of a real guitar string is clearly damped — if you listen to the 
sound after you pluck the string, its volume decreases with time, until after 
a while it cannot be heard. At the same time, you can also see that the 
visible vibration of the string diminishes and eventually fades. 


4.4 Damped waves 


Exercise 4.11 

Tf we consider the motion of a damped string with two free ends, we can again have 

a mode to(«,t) with wo = 0. 

(a) According to our characterisation, is this mode weakly, critically or strongly 
damped for j: > 0? 

(b) Accordingly, what solution would you obtain from equations (4.77)-(4.79)? 

(c) Now solve the differential equation (4.74) for g(t) with C = 0 by integrating it 
directly, and determine the general solution. 


(d) Write down the corresponding solution uo(, t) of the wave equation for a string 
with free ends. 


4.4.2 Solution of the damped wave equation 


In this section, we concentrate on the weakly damped case. If we consider 
a string of length 1, fixed at its end points at  =0 and x =/, we need 
to impose the boundary conditions u(0,t) = u(l,t) = 0. Because u(x,t) = 
f(x)g(t), this implies f(0) = f() = 0, exactly as for the undamped wave 
equation. Thus in the function f(x) of equation (4.35) we have a = 0 and 
k=rn/l, for n= 1,2, This gives 

mmr 


fn(z) = bn sin (7 


as for the undamped wave equation. The corresponding functions g,,(¢) then 
become 


Nee do, ater (4.81) 


gn(t) = e*[An cos(Qnt) + Bn sin(Qnt)] (4.82) 
where 
Qn = VB, wn =chn= =. n=1,2,3,.... (4.83) 


The general solution of the weakly damped wave equation (4.72) with bound- 
ary conditions u(0,t) = u(l,t) = 0 is thus 


u(a,t) = 3° fale)gn(t) 


n=1 


Es 
= eM SS sin(kn) [An cos(Qnt) + Bn sin(Qnt)) , (4.84) 
n=l 
choosing b, = 1 without loss of generality. 


This solution holds true if the damping is so weak that all modes are weakly 
damped, which means that 1 < w» for all n, or 

=. (4.85) 
Otherwise, the solution contains a mixture of strongly and weakly damped 
modes, and occasionally a single critically damped mode. For ps = 0, we 
have 2, = w, and thus recover the equations for the undamped case. 


psu = 


Note that the normal modes governing the position-dependent part of the 
solutions are unchanged. In particular, if the motion is started in a particular 
normal mode, then the system will stay in this mode throughout its motion. 
The damping means only that the frequency of the mode is slightly shifted. 
according to equations (4.83), and that the amplitude of the oscillations 
decays exponentially. If the damping is sufficiently strong. then the lower- 
eigenvalue modes may be strongly or critically damped and thus not lead to 
oscillatory motion. 
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Exercise 4.12 


Consider a string of length / = 1 with fixed ends, wave speed ¢ = 10 and damping 
constant 1 = 30m. Are these normal modes strongly, critically or weakly damped? 


(a)n=1 (b)n=2 (c)n=3 (d)n=4 (e) n=5 


Exercise 4.13 


What condition has the damping constant 2 to satisfy for a mode n of a string 
of length | with fixed ends, wave speed c and damping constant j1 to be critically 
damped or strongly damped? Write down the general form of the contribution to 
the general solution from each of the following. 


(a) A critically damped mode 
(b) A strongly damped mode 


Exercise 4.14 


Write down the general solution of the damped wave equation for a string of length 
1 =1 with fixed ends, wave speed c = 10 and damping constant js = 307. 


Solution of the initial-value problem 


The final step in the solution of the damped wave equation concerns again 
the initial-value problem for fixed ends. We know what we have to do - 
we write down the initial conditions u(x,0) = a(x) and w(x,0) = b(x) in 
terms of our general solution (4.84), and determine from this the arbitrary 
coefficients A, and By. For simplicity, we again concentrate on the weakly 
damped case; the other cases can be treated analogously. 


At time t = 0, the solution (4,84) gives 


o(a) = Asin (7), (4.86) 
W(x) = vi (Qn Bn — HAn) sin (=). (4.87) 


Exercise 4.15 


Verify equation (4.87) for b(2) = u(x, 0), with u given by equation (4.84). 


If we compare this with the result for the undamped wave equation, we See equations (4.3) 
find that the differences are the term —jA,, appearing in the sum for b(), and (4.4). 

and the presence of Q,, rather than w,,. Nevertheless, we still obtain the 

coefficients A, and B,, from the Fourier sine series of the functions a(x) and 

b(x) that specify the initial conditions. This gives 


Pye _ (mx 
Aa = if dza(z) sin (™), (4.88) 
which is the same as in equation (4.6) for the undamped case. and 
1 Bait . (Tnx 
Bu = a- (An +5 ‘i dx b(z) sin ()) e (4.89) 


which differs from the corresponding equation (4.7). 


4.5 Inhomogeneous damped wave equation 165 


Exercise 4.16 


Consider a string of length 1 = 10 with fixed ends, wave speed c = 200 and damping 
constant j1 = 2n. It is initially released from rest with 


2/10 for 0<2<5, 


aap =al)= { (10-2)/10 for5 <2 <10. 


Determine the solution of the initial-value problem. 


4.5 Inhomogeneous damped wave 
equation 


So far, we have considered homogeneous partial differential equations. Nei- 
ther the undamped wave equation (4.1) nor the damped wave equation (4.72) 
involves functions of position or time other than the function u(,t) or its 
derivatives. In what follows, we are going to apply the methods developed 
so far in a more general set-up. We shall consider inhomogeneous equations. 
such as, for instance, the wave equation for a string that is subject to an 
external force along its length. As an example, you may think of a string 
which is subject to a continuous external driving force, like a washing line 
or a power line blowing in the wind. Other examples are gravity acting on 
a string, or a tuning fork exciting the vibration of a string. 


To describe such systems, we consider the inhomogeneous damped wave 


equation A 
ae Inhomogeneous damped wave equation 


up (x, t) + 2pup(a, t) — 2 ure(2,t) = p(x, t), (4.90) 


which includes a term that corresponds to an external force (per unit length) 
of magnitude F(a,t) = pp(x,t) acting at position x along the string at 
time ¢, where p is the density (1.11). We assume that the function p is 
given, and we wish to solve equation (4.90) for the function u. 


In principle, we can again consider various boundary conditions. For defi- 
niteness, we concentrate again on our main example, the finite string with 
fixed boundaries, so the boundary conditions are u(0,t) = u(l.t) = 0. To 
conform with the fixed end boundary conditions, we require that p(0,t) = 
p(l.t) =0 for all t. Initial conditions are specified by u(x,0) = a(x) and 
up(x.0) = d(x). 


The homogeneous equation, which corresponds to taking p(x, t) = 0 in equa- 
tion (4.90), is the damped wave equation discussed before. We know that 
the normal modes f,,(x) of the homogeneous equation are given by equa- 
tions (4.81), which takes care of the fixed boundary conditions. We can 
express the solution of the initial-value problem in terms of normal modes 
as u(a,t) = 2) fn(x)gn(t). This is the approach that we shall take for 
the driven system as well. 


As a first step, we express the function p(x, t) in terms of the normal modes 
fn(x) of the homogeneous equation which were given in equations (4.81). 
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This means that we write p(x,t) as a Fourier sine series, so 


ple,t) = Spa(tsin aa) by =, (4.91) 


where the time-dependence is contained in the coefficients 


Om : 
pal) = 7 f de (at)sin(ky) (4.92) 
0 
The expansion of the solution of equation (4.90) in terms of the normal 
modes is 
oa eS 
u(a,t) = > fnla)on(t) = ¥° gn(t) sin(knx), (4.93) 
n=l n=l 


where g,(t) are functions of time t. Inserting equations (4.91) and (4.93) 
into the inhomogeneous wave equation (4.90) gives 
2 
NE [on (t) + Qe (t) + 7k? g(t) — prl(t)] sin(k,r) = 0. (4.94) 
n=) 
The left-hand side is therefore a Fourier series for the constant function 0, 
thus all Fourier coefficients must vanish. This yields 


gu(t) + 2p g),(t) + Pk? gn(t) =pn(t). n=1,2,3,...5 (4.95) 


which is a set of ordinary differential equations for the coefficients g,(t). For 
a given function p(,t), we can determine the Fourier coefficients p,(t), and 
then solve this set of equations. 


For the initial conditions a(z) = u(x,0) and b(x) = w(a,0), equation (4.93) 
gives 


os oc 
a(x) = S° gn(0) sin(Fepsr), bar) = SY g.(0) sin(kno). (4.96) 
n=l n=1 
The initial conditions g,(0) and g/,(0) for the differential equations (4.95) 
are thus given by the Fourier coefficients of the functions a(x) and b(x); 
compare equations (4.3) and (4.4). Therefore we obtain 


2 fi 1 
gn(0) = if dx a(x) sin(kyx), g},(0) = if da b(x)sin(kyx). (4.97) 
0 0 
The second equation looks somewhat different from its counterpart in equa- 


tion (4.4), because we also used a Fourier decomposition for the time- 
dependent part in that case, and actually performed the time derivative. 


4.5.1 Harmonic driving 


As an example, we consider a case where the Fourier expansion (4.91) of 
p(x,t) consists of a single term 


(x,t) = Pm(t) sin(Kin), (4.98) 
and the system is initially at rest at its equilibrium position, so 
a(x) = b(x) =0. (4.99) 


In this case, the set of differential equations (4.95) becomes 
Gn(t) + 2p.gy(t) + Php I(t) = Pm(t) Sam 


= me for n =m, 


0 forn #m, (aa0uP 


4.5 Inhomogeneous damped wave equation 


and the initial conditions (4.99) amount to 

mO=CZ(0)=0, n=1)2;3-..; (4.101) 
compare equations (4.96). For n # m, the solution of the second-order dif- 
ferential equation (4.100) with g,(0) = g/,(0) =0 is g,(t) = 0. This means 
that the Fourier series of the solution u(x,t) in equation (4.93) consists of 
the single normal mode n = m only, irrespective of the time-dependence of 
Pm(t), 80 

u(x,t) = gm(t) sin(Ayax). (4.102) 
Now we have to solve the equation for n = m. This is the differential equa- 
tion for a damped harmonic oscillator with external driving p,,(t). We shall 


solve this equation only for the special case where p varies sinusoidally with 
time. 


Single-frequency driving 
Consider a harmonic driving with 
Pm(t) = Pm COS(Wext) (4.103) 


in equation (4.98). The string is subject to a periodic time-dependent force 
(with period 7 = 27/wex) which varies sinusoidally along the string. 
The motion of the string involves only the mode n = m, so the solution 
u(a,t) has the form of equation (4.102). To calculate the function g,,(t), we 
need to solve equation (4.100) for n = m, which becomes 

Gin (t) + 2H din(t) + Win Gmn(t) = Pm COS(West)- (4.104) 


It turns out that it is advantageous to solve this equation in terms of complex 
exponential functions rather than trigonometric functions. To this end, we 
note that 


Pm(t) = Pm CO8(Wext) = Pm Re(e"), (4.105) 
so we consider the complex equation 
T(t) + 2p Gin t) + Win S(t) = Pme'“*s*, (4.106) 


keeping in mind that it is the real part of its solution g,,(t) that actually 
describes the motion. 


The general solution of the inhomogeneous equation is the sum of the gen- 
eral solution of the homogeneous equation, also called the complementary 
function, and a particular integral of the inhomogeneous equation. Again, 
the homogeneous part consists of a damped motion, which eventually dies 
out. This part of the solution is referred to as the transient. Particular 
integrals correspond to the forced motion. A natural assumption is that the 
system oscillates with the frequency wex of the driving force. We check if 
this works by inserting 


gh") = Ameer? (4.107) 
where the coefficient A,, may, in general, be complex. This yields 

Amet [(iiex)? + 2pivex + w?,] = pmelot. (4.108) 
Cancelling exp(iw.t) on both sides leaves us with 

ee (4.109) 


WR, — Wey + Ziptiver.” 
which is complex for non-vanishing damping constant 1. 
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The real and imaginary parts of Aj, = Ap + iA; of equation (4.109) are 


given by 
ae = Pr : x Win = es = Pines 
2, — 02, + Qipwex WE, — Ww, — Dipwrex 
Pm wn — Wee) : 2Pm flex 


= = 4 4, 
Chak, Ruka, 19) 


Alternatively, we may express A,, in terms of its absolute value |.Ajn,| = 


1 AR + A? and its argument 4,,,, giving 


Am = |Amle!@m = |Am| (COS bm, + i8iN bm), (4.111) 
with 
Pm 
|Am| = ; (4.112) 
i (Win — Wee)? + 4pPwe 
and a phase @,, which is determined, up to multiples of 27, by 
PI m 
08 by = Ee = Pe Win = = (4.113) 
|Am| [pl /(w?, = w2,)? + 4yPur, 
; A Pin 2 Hive 
sing», = = : (4.114) 
mm lAm| Beal wh = WB)? + uP, 
Taking the ratio of these two equations gives 
iB 
SiN On 2pWex 
=— = -= 4.115 
ttm co8dm ae — why a 


which, however, determines @,,, only up to multiples of 7. 


Exercise 4.17 

Assume that pn > 0. 

(a) Caleulate {A,,| for the driving frequency wp. = win. 
(b) Calculate the phase ,,. 


Now the real part of the particular solution is 
Re[g{?*”] = Re[Ane“**] 
= Re[|Am| el(Hex?+4m)] 
= |Am| cos(wext + by). (4.116) 


The transient part is given by the general solution of the associated homo- 
geneous equation (4.74). Here we shall assume that we are in the weakly 
damped case, so the general solution is 


gfhe™) (t) =e" [am COS(Qant) + bm Sin mnt]. (4.117) 
with 
= (=r (4.118) 


compare equations (4.79) and (4.80). Hence the general solution of equa- 
tion (4.104) is 


Gm(t) = |Am| COs(wext + bm) 
+ & [am COS(Qmt) + bm Sin(Amt)]- (4.119) 


An example is shown in Figure 4.13. 
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gent) 
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Figure 4.13 Plot of the time-dependent part gm(t) = gh?" (t) + gi? (t) of the 
forced wave motion, for pt = Wy /10, Wex = Wyn = 1, Pm = 1/5 and coefficients 
a= 1 and b=0 in equation (4.119) 


The constants a and b are determined by the initial conditions. For a string 
that is initially at rest in equilibrium, the initial conditions (4.101) give 
am + |Am|cos em =0, bmQ&m — Amit —|Am|wWex sind, =0. (4.120) 
This yields 
Om = —|Am|C0Sdms bm = — Bali, COS Opp, — Wex SIN Hyp, )- (4.121) 


m 
So the complete, admittedly rather complicated, solution turns out to be 


u(a,t) = sin(kmst) (|Am|COS(Wext + Om) 
+ eM [am COS(Qmt) + bm sin(Qmet)]) ; (4.122) 


see equation (4.93). It consists of a transient motion of frequency 2,, from 
equation (4.118), and an undamped harmonic motion with the driving fre- 
quency wey; see Figure 4.13. The response of the system is shifted with 
respect to the driving force by a phase shift ¢,,- 


Figure 4.14 Sketch of the amplitude |A,,| and the phase shift @,, for weak 
damping, jt = W/10 and pm /w2, = 1, as a function of the external driving 
frequency wex. At wWex = Wm, ©), = —7/2, whereas the maximal amplitude occurs 
at a frequency that is slightly smaller than w,,; compare Exercise 4.18 below. 


As the driving frequency wex is varied, the amplitude |A,,| goes through a 
maximum; see Figure 4.14. This is the phenomenon of resonance, which 
we met previously in Section 4.3 when discussing inhomogeneous boundary 
conditions. You may also be familiar with resonance occurring in forced 
oscillations in mechanics. It occurs when the damping is weak and the 
driving frequency we, is close to the natural frequency w,, of the normal 
mode. For vanishing damping  — 0, the amplitude becomes infinitely large 
at the resonance, which is a reason why damping should be included in 
the discussion of forced motion. Roughly speaking, the closer the external 
driving frequency matches a natural frequency of a system, the easier it is 
to force the system to oscillate. 
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Resonance is important in many applications. In some cases, like in musi- 
cal instruments, resonance is desired. However, in other cases it can have 
destructive effects, and needs to be avoided. This is the reason why, for 
instance, large groups of soldiers should not cross a bridge in step. 


Exercise 4.18 


Consider the amplitude |A,,| of the forced motion. We are interested in the driving 
frequency wex where the amplitude is largest. 


(a) Argue that the amplitude is maximal for the driving frequency wx that min- 
imises the expression (w?, — w2,)* + 4p?w.. 

(b) Calculate the derivative of this expression with respect to wex. and determine 
the values of wex where this derivative vanishes. 


¢) What condition must w, and j satisfy to give a positive value for w,, where 
p 
the derivative vanishes? 


(d) Assuming that there is a positive real solution, what is tan@,, for this value 
of Wex? What happens to the phase ¢,, as the damping constant becomes 
small? 


4.6 Summary and Outcomes 


In this chapter, Fourier methods were used to solve the one-dimensional 
wave equation. Solving the initial-value problem relies upon calculating the 
Fourier series of the functions specifying the initial conditions. 


A variety of boundary conditions have been considered, including free, 
damped and sprung ends, as well as inhomogeneous boundary conditions 
which correspond to an external driving of the motion. The phenomenon 
of resonance occurs when the external driving frequency coincides with an 
eigenfrequency of the system. Without damping, the amplitude of the solu- 
tion is unbounded. 


The damped wave equation, with a damping term that is proportional to 
velocity, can be solved with the same methods. If there is an external 
driving force, the damped wave equation becomes inhomogeneous, and the 
general solution is the sum of a particular solution of the inhomogeneous 
equation and the general solution of the homogeneous equation. For the 
damped wave equation, the latter always decays exponentially. and is called 
a transient. After a long time has elapsed, the motion is given completely 
by the particular solution which, for a harmonic driving force, has the same 
frequency as the external driving force. 


After working through this chapter, you should: 


e know how to treat fixed and free boundary conditions; 


e be able to calculate normal modes for free, sprung or damped boundary 
conditions; 


know how to solve initial-value problems for these boundary conditions; 
be able to apply Fourier sine and cosine series; 

know how to account for inhomogeneous boundary conditions: 

be able to solve the damped wave equation: 

know the difference between strong, critical and weak damping; 
understand what resonance means and how it arises; 

be able to solve inhomogeneous wave equations for simple driving forces. 


4.7 Further Exercises 


4.7 Further Exercises 


Exercise 4.19 


Consider the motion of a stretched string of length | = 3, with fixed ends and the 
initial conditions 


i.e. the string is released at rest with a square-shaped pulse of one third of its length 
at the centre. 


(a) 
(b) 


(e) 


0 for 0< a <1, 
a(x) =¢ 1/10 forl<r<2, d(x) =0; 
0 for 2<2 <3, 


Calculate the Fourier coefficients A,, from equation (4.6), and show that they 
are given by 


1 m 2nn 
An = = [ows (=) —cos (=) 4 


Show that A, vanishes for even values of n. 


This pulse form with 
discontinuities cannot be 
applied to a real string, 
Draw a sketch of the odd periodic extension of the function a(.r). but we may think of a 
square pulse with slightly 
rounded edges that we can 
approximate in this way. 
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Any integer n can be written in a unique way as n= 6p +g, where p is an For instance, n = 65 gives 


integer and q € {0,1,2,3,4,5}. The values of cos(7n/3) depend only on g and =p = 10 and g = 5. 


are given by 

1 for q =0, 

1/2 for q=1andq=5, 
—1/2 forg=2and q=4, 
-1 forq=3. 


cos [(6p +9) 


Use this to calculate the values of Agp+q for odd q. 


Insert the result into equation (4.2), and determine the solution of the initial- 
value problem. 


Exercise 4.20 


Consider a string of length / with free boundary conditions at both ends. The initial 
conditions are given by u(x, 0) = a(x) = 0 and (2,0) = 6(), which is defined on 
the interval [0,1] by 


yaya ft  frosrsi/2, 
CS rae Mec tare. 


For 0 < x <1, this is the function considered previously for the string with fixed 
boundaries; compare equation (4.8). 


(a) 
(b 


(c) 
(d) 


What is the even periodic extension of b(2)? What is its period? 


Sketch the function b(), and compare it with the odd periodic extension shown 
in Figure 4.3. How are the two functions related? 


Calculate the Fourier cosine coefficients B,, by applying equation (4.52) to b(x). 


In this example, b(2) is also periodic with period /. We can compute its Fourier 
coefficients with respect to this period, so 


~ 4 fl 


B,== | drb(x)cos (=) » forn>0. 
lp 


Show that By, = Bam, and that this implies that the two Fourier series agree. 


172 Chapter 4 Fourier methods in one dimension 


(e) Compare your result with that of Exercise 4.8. Verify the relation b(x) = 
1/4 — a(2x)/2, where a(x) is the even periodic extension of equation (4.55). 
Check that this relation is obeyed by the respective Fourier expansions. 


(f) Calculate the corresponding solution of the initial-value problem for a string 
of length | with two free ends. 


Exercise 4.21 


Consider the string with one free and one fixed end of Subsection 4.3.3. The general 
solution of the corresponding boundary-value problem is given in equation (4.40) 
on page 154. 


(a) What is the period of the function u(x,t) of equation (4.40) in the variable :? 
In other words, what is the smallest L > 0 such that u(x + L,t) = u(x,t)? 


(b) Is the function u(x, ¢) of equation (4.40) even or odd with respect to reflections 
at « =0 and x =/? In other words, how are u(—zx) and u(2l — 2x) related to 
u(x,t)? 


(c) Express the initial conditions u(x,0) = a(x) and u(x, 0) = b(a) in terms of the 
normal mode expansion (4.40). 


(d) Show that the orthogonality relation (4.51) implies 


2 f dec os (HOT) oc mp (BE) = bn mn > 1. 


[Hint: Starting from equation (4.51) with | replaced by 2I, split the integration 
into two parts, from 0 to / and from / to 2/, and eventually use the identity 
cos[m(2n — 1) — 2] = —cosx to combine the two parts into a single integral.] 


(e) Show that the corresponding Fourier coefficients A, and B,,, for n = 1,2.3,..., 
of the functions a(x) and b(2) are given by 


t r 
An = if dx a(x) cos (a). 


a 4 . m(2n — 1)x 
B= ae deb(x)cos (OHV) 


respectively. 
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Solutions to Exercises in Chapter 4 


Solution 4.1 
Integration by parts gives 
ff dexsin(ke) = OO) | 2 i iaecontes) 
0 kg ko 


cos(kz) | sin(kz) 
pe 
which gives equation (4.12). 


Solution 4.2 


(a) The initial displacement a(x) corresponds to a tenth of the triangular displace- 
ment considered in Example 4.1. Therefore the corresponding Fourier coeffi- 
cients are A,,/10 with A, as given in equations (4.13), and the corresponding 
solution is u(x, t)/10 with u(x,t) as in equation (4.14). 


(b) Even though the two solutions differ only by a constant factor, there is a 
difference regarding their applicability to a real vibrating string. In the deriva- 
tion of the wave equation for transverse vibrating strings in Chapter 1, we 
assumed that the amplitude of the vibrations is small, so we could neglect 
terms of second order in the displacement. The motion corresponding to the 
initial condition of this exercise satisfies that assumption better than the mo- 
tion with the initial condition of Example 4.1, so we should expect it to give a 
more accurate description of the motion of a real string. 


Solution 4.3 


For « =0 and a =1, we have sin(x(2m — 1)0/l) = sin(x(2m — 1)I/l) = 0, so the 
boundary conditions are satisfied. At ¢=0, the other sine factors vanish, ie, 
sin(m(2m — 1)c0/l) = 0, thus u(,0) =0. All that is left to check is the partial 
derivative at t = 0, which is given by 


SS n(2m—1e 42(-1)""! __ /x(2m—1)x 
Sa am —1)%e" 7 


mai 


4-1)" (x(2m—1)x 
= (2m —1)2" T : 


m=) 


u(r, 0) 


which is indeed the Fourier series of the function b(x), which has coefficients given 
by equations (4.13). 


Solution 4.4 


First observe that b() = —a(wr)/2, so the functions have the same Fourier coef- 
ficients apart from an overall factor —}. Moreover, we solved the initial-value 
problem with this function a(r) and b(z) = 0 in Exercise 4.2, and calculated the 
Fourier coefficients of the function 10a(.r) in equations (4.13). 


For the coefficients A, and B,, in equation (4.2), we thus obtain 


2u(-1)""} i = (-1)"-1 
5r2(2m—1)2? ~*~ 58m —1)8c" 


for m = 1,2.3,.... The solution of the initial-value problem is then 


(<1) /n(2m— 1) 
bee pea cal a a 


Eaiiee (= es a2) ie aes (= —1)et 
“i l 27(2m — le fi S 


Aam—1 = Aam = Bam =0, 
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Solution 4.5 
The net force acting on the ring is 
F=F\+F2+F,. 
Its component in the i direction vanishes, so 
F(t) = [Tuz(0,t) — ku(0, t)] 5. 
Newton's second law for the motion of the ring in the j direction gives 
Muy (0,t) = T uz(0,t) — ku(0,t), 
which, in the limit as M — 0, becomes 
T uz(0.t) — ku(0,t) =0. 
Dividing by T > 0 and using x = k/T yields equation (4.29). 


Solution 4.6 


(a) We consider the forces acting on the particle of mass M. These are the tension 
force F, = —T(i+ ur(I,t)j), the force F2 = Ti that keeps the end at x = 1, 
and the spring force Fy = —KTu(l, t)j. 


The total force is 
F=F,\+F2+Fy=—-T{uz(l.t) + xu(l,t)]j, 

so Newton's second law for the motion in the j direction gives 
M uy (It) = —Tluz(L.t) + wu(l,t)). 


(b) For vanishing mass M, the condition becomes 
us(I,t) + ull, t) =0, 
which is equation (4.31). 
Solution 4.7 


(a) For m #n, using the relation given in the Hint, we obtain 


if oom (FT) (%) 


-if dx [cos (HE) + con (MEME) 


l — (xm —n)ax l . (r(m+nje\]! 
ilo ( 7 )+atpain( T )), 
aH (satan =n)) , sinfr(m + =) 


us mn m+n 
=0. 


which vanishes because sin(k) = 0 for any integer k. For m =n > 1, we use 
the same trigonometric relation for a = 3, which gives 2cos? a = 1+ cos 2a. 
This yields 


are 2 (me a 2rnx 
7 J, dees (=) =1+} [ decos (#7) 


a142 [gin (22)]' 
ecier0) Baa) ara | 
=1, 


because again the sine function vanishes at x = 0 and at 2 =/. 
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(b) To make use of the orthogonality relation, we take the infinite sum for a(:r) 
given in equation (4.49), multiply it by (2/1) cos(mmx/1), and integrate over a 
from «= 0 to «=I. This gives, for m > 0, 


2 [ deata)oos (=) 
=? f decos (™) St on(*)] 
= [ aecos = )+ doa} z ff deco (2) cos (™) 


-“ sin ( =m) + yan Sra teas 


because the first term in the last line vanishes. This is precisely equation (4.52) 
for the coefficient A,, for m > 0. For m = 0, we obtain 


7 farmer} [ ae[ +3 snooe(™)] 
“thekai feale am) 
= Ao He [ain (FE) = Ao 


because all terms in the infinite sum vanish. Note that we again interchanged 
the order of summation and integration, and it is tacitly assumed that the sum 
converges in an appropriate sense, so that this interchange is justifiable. 


Solution 4.8 
(a) Integration by parts gives 
[ “ dzwcos(ka) = [ay - if desin(ke) 
0 


(b) We obtain 


2 [le—2?]! 
wnt fe(t-)-t(¢]- 


Sif deen (=)- 2 [deco (ME 


0 


l sin(™)} oe (Ese noe ‘) 
7m ip 8 


l ™ wn? 


il 


cos(mn) — 1 
mn? 


uae 2. 
oar sin(7n) — = sin(mn) — 21 


=f-CiIss 


Here, we used part (a) with z =/ and k = xn/l. Thus A,, = 0 for even n, and 
for odd n = 2m —1 we find 


Al 
Aan = mq IF 
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(c) The coefficients A, are the absolute values of the corresponding coefficients 
A, of equations (4.13) for the Fourier sine series. 


(d) The solution of the initial-value problem is given by equation (4.48), with A, 
as obtained above and B,, =0. This yields 


= — Al (2m — lx a(2m — 1)et 
ued) = 2 aap ( T ) eos ( T ). 


We recover precisely the result of equation (4.14) when we shift x by 1/2 to 
the right, because 


L\_< Al n(2m—l)e 7(2m — 1)ct 
u(—5et) = Do cape aye ome (SH + J ~ me) coe (OT) 


m=1 


<< Al . (a(2m— lr (2m — let 
=-> a (4 - mr) cos (22m = Det) 


m=. 
eS Ay. (x(Q2m=1)r\ _ (x(2m— let 
=> sa ( T ) eos ( i ) 


where we used cos(y + 7/2) = —siny and sin(y — mm) = (—1)” siny for inte- 
ger m. 


Solution 4.9 


(a) The boundary conditions are 

uz,(0.t)=0,  up(l,t) + ru(l,t) =0; 
see equation (4.31) concerning the correct sign at the 2 = end. With u(a,t) = 
J («)g(t), the corresponding boundary conditions for f(a) are 

s'(0) =0, f(D) + Kf(Y =O. 
The general solution for f(a) was given in equation (4.35). The boundary 
condition at 2 = 0 implies that f(s) = acos(kx), as in the case with two free 
ends. At 2 = 1, the boundary condition yields 

0 = —aksin(kl) + ax cos(kl) = acos(kl) (* — ke tan(kl)) 
(provided cos(kl) #0). This means that « — ktan(kl) = 0, which yields the 
desired condition. 


(b) The functions tanz and 1/2 are sketched in Figure 4.15. Solutions of the 
equation tan z = 1/2 correspond to intersection points of the two graphs. Such 
points are marked by dots in Figure 4.15. 


Figure 4.15 Plot of the functions tan z and 1/z 


Within any interval (n — })m < 2 < (n+ }$)z, for n=0,1,2,3,..., there is 
precisely one solution z, of the equation tanz = 1/z, because tanz in that 
interval is a strictly monotonically increasing function of z which maps the 
interval to the entire set of real numbers. So the graph of 1/2 intersects that 
of tan z precisely once on each interval. As 1/z decreases with increasing z, 
the solutions move towards the zeros of the tangent function, so z, — nz — 0 
as n— 00. 
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(c) For the limiting case where « = 0, the condition becomes tan(kl) = 0, hence 
the possible values of k are determined by the condition sin(kl) = 0, which 
gives k, = na/l, n= 1,2,3,.... 


(d) For the other limiting case, k — oc, the condition becomes cot(kl) = 0, so 
cos(kl) = 0, which gives k, = x(n + $)/l, n =0,1,2,.... 

(e) With increasing n, the solutions z, are of the form (n+ €,)/l with decreas- 
ing €, >0. So for large n, the values of k, become closer and closer to 
ky, = 7™n/l, which was the limiting case for a weak spring at the end. Because 
the frequencies are v,, = w,/(27) = kne/(2m), the lower-frequency modes are 
more affected by the presence of the spring. 


Solution 4.10 
With the parameters given, we have we, = 257 and key = wex/e = 7/8. We again 
try a particular solution of the form 

ulP**) (x,t) = U(x) sin(wext) = U(x) sin(25rt). 
The function U(x) = C cos(kexa) = C cos(72/8), with some constant C, is a solu- 
tion of the differential equation (4.62) that satisfies the free boundary condition at 
x = 0, because 

ufP™") (0, t) = U'(0) sin(25zxt) = 0. 
10, we obtain 


uP") (10,4) = C cos(75/4) sin(25at) = -5 sin(25zt), 
so we can satisfy the boundary condition at « = 10 by choosing C = ~2V2. Thus 
a particular solution is 


u!P*) (x,t) = —2V2 cos(ma/8) sin(25zt). 


At ax 


Solution 4.11 
(a) For 4. > 0 and wo = 0, we have 2 > wo, so the mode is strongly damped. 
(b) The two eigenvalues of the auxiliary equation (4.75) are Ay = 0 and Ap = —2y1, 
so equation (4.77) gives 
g(t) =a+ be", 
(c) For C = 0, the differential equation becomes 
g(t) + 2ng'(t) = 0. 
Integrating once gives 
g(t) + 2ug(t) = D, 
with an arbitrary integration constant D. The general solution of this inho- 
mogeneous first-order differential equation is the sum of the general solution 


bexp(—2yt) of the homogeneous equation and a particular solution, which we 
can choose as a constant 


g(t) = 5 =a. 

Thus the general solution is 
g(t) =a+ be", 

as obtained above. 


(Alternatively, notice that after one integration we obtain an ordinary linear 
first-order differential equation, and solve using the integrating factor method 
described in Block 0, Subsection 1.3.2.) 


(d) The normal modes of an undamped string with two free ends are given in 
equation (4.47), and the solution for the case n = 0 in equation (4.43). The 
position-dependent part stays the same. given by f(x) = cos(7na/l) = 1 for 
n=0. The corresponding solution for the damped string is 


u(x,t) = f(x)g(t) = Ao + Boe". 


See equation (2.6). 
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Solution 4.12 

We have w, = mne/l = 107m. 

(a) w, = 107 < p: strongly damped. 
(b) wy = 207 < pu: strongly damped. 
(c) ws = 307 = ps: critically damped. 
(d) wy = 407 > pw: weakly damped. 
(e) ws = 507 > pw: weakly damped. 


Solution 4.13 


We have w, = mne/l. The mode n is critically damped for jp = w, = mne/l, and 
strongly damped for > mne/l. 


(a) For a critically damped mode n, we have ys = 7ne/l. This gives a term 


ct). pane 
(Ay + Bnt) exp (-"*) sin (=) 
in the general solution, 


(b) For a strongly damped mode n, the contribution is 


(Ane™ + Bne™) sin (=) , 


I 
where Ay,» = —p+ i? —w <0 are the two solutions of the auxiliary equa- 
tion, 
Solution 4.14 


As seen in Exercise 4.12, the modes n = 1 and n = 2 are strongly damped, the mode 
n = 3 is critically damped, and all other modes n > 4 are weakly damped. We have 
w = 107, thus the solutions of the auxiliary equation are Ay 9 = (—30 + 20V2)z. 
For n = 2, we obtain w, = 207 and A;,2 = (—30+ 10/5)x. For n > 4. we have 
angular frequencies 2,, = 107V/n® — 9. 


Thus the general solution is 
u(x,t) = (Ape #40V2)et +B, e(-80-20V2)) inf) 
a (Azet-sortove)mt + Bye--10V9)"*) sin nz) 
+ (As + Bst) e~" sin(3mr) 
+ Ss [An sin(10m/n? — 91) + Bn cos(10nV/n? = 91)] e~%** sin(anz). 
n=4 
Solution 4.15 
Applying the product rule to equation (4.84), we obtain 


u(x,t) = —pe~M > [Ap cos(Qnt) + By sin(Qnt)] sin(knar) 


n=1 
oe 
+e MS [=O An sin(Qnt) + Lp By cOs(Qnt)] sin(Ky x), 
n=1 
hence 


B(x) = u(x, 0) = —p SO Ay sin(kyx) + 2 Qn By sin(kax) 


n=1 n= 


= Y2nBn — An) sin( kn), 


n= 


as required. 
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Solution 4.16 


Since the ends are fixed, w,, = mne/l = 207n for n = 1,2,3,..-, So wy > ys and all 
modes are weakly damped. The general solution is given by 


x 
u(a,t) = > [An cos(Qnt) + Bn sin(Qnt)] ew" sin(kn), 
n=l 
with ky =w,/¢ = 7/10 and Q,, = 27V/100n? — I; see equations (4.84) and (4.83). 
The coefficients A, and B, are given in equations (4.88) and (4.89), respectively. 
Since b() = 0, By = #Ap,/Q,. The coefficients A, are 1/10 of those given in 


equations (4,13) with 1 = 10, so See Exercise 4.2. 
4(-1)" 
Aam—1 = @Qm =)" Arm = 0, 


for m= 1,2,3,.... The solution of the initial-value problem is thus 


bo 4(—,)m-1 2 =f 
u(z,t) = De ao [cos anit) + = s(n 10] 7?" sin (ey) ‘ 
or 
Solution 4.17 


(a) For wex = Wm, equation (4.112) becomes 
|Am| = —Pm|_ Pa 
V4Htwz, 2pm 
(b) For the phase @,,, equations (4.113) and (4.114) become 
COS >, = 0, 


2, 
sin bm = -—oee = 1. 


Jeu, 


Hence ¢,, = —7/2 (up to multiples of 27). 


Solution 4.18 


(a) First, the numerator |p,,| of |A,,{ given by equation (4.112) is constant, which 
means that maxima of |A,,,| occur at minima of the square root in the denom- 
inator. Second, the square root function is monotonically increasing, so these 
minima coincide with those of the argument under the square root, which gives 
the quoted expression. 

(b) Using the chain rule, the derivative is 

d 
divex 
This vanishes if 
Autex [= (win, — Wie) + 247] = 0, 
which gives wey = 0 or w?, —w2, = 27; thus 


[wh — we)? + 4pPwi.] = —duex (Wim — Weg) + 8p? Wex- 


Wex = b/w, — 2p. 


(c) For a real positive solution of the quadratic equation, we need w?, > 2u?, thus 
wm > V2u. This is a stronger requirement than the weak damping condition 
wm > be 


(d) The phase for we, at the maximum satisfies 


plex 2 pier Wex 
ti = = Ss 
an Bn uk, — Ww, 2p? “u 
As js becomes small, this ratio is a large negative number, thus @,, approaches 
—7/2 (up to integer multiples of 7). 
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Solution 4.19 
(a) The extension of a(x) is sketched in Figure 4.16. 


a(x) 
110 


Figure 4.16 ‘The odd periodic extension of a(x) 


(b) We obtain 


An = 2 [ aeate)sin (=) 
= i [asin (=) 
2 
=~ (FP) 


a a a 
‘5a 3 3)’ 
as required, 


(c) For even n = 2m, we obtain, using cosa = cos(27m — a), the result 


SITE oe (a \ Neon e tam — 7) 
cos (=F) — cos (=F) = cos (=3") — cos (22m ~ = 


-oe(°P)-o-(@P)-« 


(d) The non-vanishing coefficients are 


1 r Qn 1 
Atei= Sep #1) [os (3) ~eos ()| ~ 5x(Gp +1)’ 


1 
CA CEN eed ileal arma, 


Ay = aliens on — cos =) = pee ee 
MOrt8 = Fr(Op +5) | \ 3 3)|~ 5x(6p+5)° 
(e) As 6(«) =0, we have B, =0 for all n. The solution is 
= 1 . (x(6p+ lr (6p + 1)ct 
we. = | eee ( 3 ) os ( 3 ) 


oe 
2. (x(6p+3)x x(Gp + 3)ct 
Se teal 3 ) eos ( 3 ) 


80 Agm = 0. 


Aop+3 = 


1 . (a(6p+5)xr m(6p + 5)ect 
+ saapryn( 3 )om( 3 )]- 
Solution 4.20 


(a) The even extension is obtained by setting b(a) = b(—x) for —I < x < 0, and 
continuing periodically such that b( +2) = b(x). However, in this case it 
turns out that the function b(x) actually has period /. 


(b) The function b(z) is sketched in Figure 4.17. 
D(x), 


U2. 


4 al 0 1 2 
Figure 4.17 An even periodic extension of the function b(:r) 


This even extension is the absolute value 6(z) = |a(:r)| of the odd extension 
a(z) of Figure 4.3. 
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(c) 


(d) 


The coefficients are 


2 /'? ma Pia mmx 
B,=7f dexeos("*) +7 [ de(t—a)os(™). 
Substituting y =1— 2 in the second integral gives 
Oe le mmx Ci pbs my 
Ba=7 F dexoos (™*) +7 f dy ycos (rn - 7), 


Using cos(7n — y) = (—1)" cosy, this becomes 


By = (1+ C0? [" devcos (4). 


This vanishes for odd values of n, so Bom—, = 0 for m = 1,2,3,.... Forn =0, 


we obtain 
4 ple 4p"? 
mat eeni[s], =3 
For even n = 2m with m= 1,2,3,..., we obtain 
1/2 i nah 
pie 4 deacbe (ae 2 aml sin(xm) + l[eos(7m) — 1] 
Uo l 7m? 
—iens=1) 
= sate? 


where we used the result of Exercise 4.8(a), and the relations sin(mm) = 0 and 
cos(7m) = (—1)”. This vanishes for even m. Thus By, = 0 and 


—2l 
Bam-2 = Om =I 


The coefficient Bo is 


B=>/ drr= 
U Io 


thus Bp = Bo. For n > 0, we obtain 


Per t/2 
Bon [ dx ¥(z) cos ( 22 
i Jy 1 


L/2 
-4/ ae zoos ( 2) 
We T 


_ mnisin(mn) + Ucos(an) — 1) 
ge 
This is the same expression (with n in place of m) as we obtained for Bo,,,, thus 
By = Bam. AS Bom—1 = 0 for m = 1,2.3,..., all terms in the two expansions 
agree. 
It suffices to check the given relation for 0 < x < /, due to the periodicity with 
period 2/ of both functions, and their symmetry. For 0 < x < 1/2, 
1 a(x) 1 l—4e 
vu © 4s 
and for //2 < a <1, we have 


a(2x) = a(2x — 21) = a(2l — 2x) = 1/2 — 21 + 2x, 


=z biz), 


thus 
tafe) _t t-alede 
{35 1S =l-r=(1(z), 
so the relation holds. Using the series for a(x) obtained in Exercise 4.8 gives 


iL< 2l 2n(2m — 1)x 
Mes Len ( T iE 


and we recover the coefficients By,,—2 of part (c). 
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(f) Equation (4.48) gives the general solution for a string with two free ends. 
Since u(z,0) = a(x) =0, we have A, =0 for n=0,1,2,.... Inserting the 
calculated values for B,, taking into account the additional factor znc/I in 
equation (4.50), gives 


P 2x(2m—1)r\ . (2x(2m—1)et 
u(a,t) = 5 - Sree =( T ) sin ( 7 ). 


Solution 4.21 
(a) The solution u(x,t) given in equation (4.40) is periodic in x with period L = 4l. 


(b) Because cosine is an even function, and u(x,t) of equation (4.40) involves only 
cosine functions of x, the function u(—x,t) = u(a,t) is even with respect to 
r=0, 


With respect to x =, for the position-dependent term in equation (4.40), 
replacing x by 2l—.r, we find 


vn (Be) eid we) 


7] os (n(an — I)i- 7] 


sam (= 
=-—cos cao ae + 


hence u(2l — x,t) = —u(x,t). So the function is odd with respect to 2 = 1. 


(c) The normal mode expansions of the initial data are 


aos Yo Ancon on (SH), 


W(x) = 5 Sen = 1)By cos A") ‘ 
n=l 


(d) We use the orthogonality relation (4.51) with / replaced by 2l, and m and n 
renamed to p and q, respectively: 


if da cos ( cos (S*) = Sq 


We need only the case when p and q are odd, so 


Ly pee m(2m — 1x a(2n —1)x 
if decos (TOM) cos (SOR UE) 


We can split the integral into two parts, so 


if ee (art) cos (RE) 
+} [ decos 5 (TOME DF) cog (2) = bs 


integrating from 0 to / and from / to 21. respectively. By substituting y = 21 — 2, 
the second half of the integral from / to 2/ can be rewritten as 


4 ae ee com (On Ue - 1) cos os (AS v=) 


=5 il, Fa diiebs on (20 = ~ ») oe (= = ye - o) 
[ayes (ee Qt “4) ae, (= = (= a») 


=; 2 al 


= if dy cos (ram -1)- Ht) cas (=t2n- 1) = no) 3 
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(e 


Now, using cos[x(2p — 1) — 2] = —cosz, we have z = x(2m—1)y/(2l) for 
p=m, and z = 7(2n —1)y/(2l) for p =n, so this becomes 


foe (52), 


which is the same as the integral from 0) to 1. Therefore 


[aes os (ZO) coy (HM) 
=} [ decos Tr) cos (STD) 


which is the orthogonality relation. 


Sinns 


Multiplying the Fourier series for a(a) of part (c) by (2/l) cos[7(2m — 1)x/(2I)}. 
and integrating, yields 


ey = Ve 
if dx a(x) cos (“*) 


; m(2n — 1)a n(2m — 1)xr 
ar SS Ay, cos (ee) cos (ea) 


n=) 


243 i ee nen UE cos oom (7Om= UE) 


n=i 


i Andmn = Ams 


n=t 


i] 


where we have assumed that we may change the order of integration and sum- 
mation, and used the orthogonality relation. We thus obtain the desired rela- 
tion for the coefficients, with n replaced by m. 


Analogously, from the Fourier series for b() obtained in part (c), we obtain 


Bap (2m — 1px 
if dx b() cos (a) 


—7e2 [te 3 (2n— 1) 00 cos (SOY) (| 


a1 2 2 
ten BeF f dros (2D) om (HOD 
= I 21 

_ me = a m(2m — 1)e 

=F Sem 1) Bnbmn = gz ——Brms 


which yields the desired relation for the coefficients, again with n replaced 
by m. 
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CHAPTER 5 


Waves in two and three 
dimensions 


5.1 Introduction 


So far, we have limited the discussion to one-dimensional wave motion. How- 
ever, we live in a three-dimensional world, and wave phenomena can be two- 
or three-dimensional as well. Our main example so far has been a stretched 
string, which is one-dimensional. Water waves (albeit not well described by 
a linear wave equation) are an example of two-dimensional wave motion, 
where u(r,t) corresponds to the height of the water at position r = xi + yj 
in the two-dimensional plane. Another example is the motion of a drum’‘s 
membrane, where the function u(r, t) describes the deformation of the mem- 
brane from its equilibrium position. A three-dimensional example is sound 
waves in air, where u(r,t) may correspond to the pressure of the air at 
position r = xi + yj + 2k in three-dimensional space. 


In this chapter, we consider waves in two and three dimensions. We limit 
the discussion to scalar waves, which means that the wave is desi 
(scalar) function u(r,t). Sound waves are of this type, where the pressure 
and density vary as functions of the position variable r and time t. 


ibed by a 


The main example considered in this chapter is that of transverse waves on 
a vibrating membrane. By separation of variables, the eigenmodes for two- 
dimensional waves on membranes of certain shapes are obtained. For rect- 
angular membranes, these involve trigonometric functions as in the case of a 
string; however, for circular membranes, we find a different set of functions. 
Iled Bessel functions. Some properties of these functions are discussed. 


We then consider isotropic waves in two and three dimensions. We discuss 
plane wave solutions, and demonstrate how Fourier transforms can be used 
to solve partial differential equations. 


5.2 Vibrating membranes 


You may think of a vibrating membrane as a two-dimensional analogue of 
a vibrating string. An example of a vibrating membrane is the head of a 
drum. If we consider small transverse vibrations of a uniform membrane, 
the wave equation can be derived in a similar way as for the stretched string. 


i and j denote the unit 
vectors in a Cartesian 
coordinate system, with 
coordinates a and y, 
respectively. 


k denotes the Cartesian 
unit vector orthogonal to i 
and j. 
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The role of the string tension is now played by an isotropic surface ten- 
sion T(r). The physical meaning of this quantity can be understood as 
being similar to the string tension in the one-dimensional case. If you imag- 
ine cutting the membrane along a straight line through the point r, the 
surface tension T(r) determines the force (per unit length) required to hold 
the two parts together. The term isotropic means that this force does not 
depend on the direction of the imagined cut. Furthermore, if the membrane 
is uniform, the surface tension does not depend on position, so T(r) = T is 
constant. 


We shall not go through the derivation of the wave equation again, The 
arguments are very similar to the discussion of the transverse vibrations of 
a stretched string, but technically more tedious due to the second dimension 
involved. The wave equation for small transverse vibrations of a uniform 
membrane turns out to be 
Two-dimensional isotropic wave equation 

uy (7, t) = c [ure (7, t) + Uyy(r,t)]. (5.1) 
where u(r,t) denotes the transverse displacement of the membrane at posi- 
tion r and time ¢. The wave speed is given by c? = T/p,, where py denotes 
the planar density (mass per unit area) of the membrane, and T (in units 
of Nm7') is the uniform isotropic surface tension. 
In general, the membrane may have any shape. We assume that it is finite 
and that its boundary forms a closed curve C in the two-dimensional plane, 
For a membrane that is fixed at its boundary, like the membrane of a drum, 
the boundary condition on the function u(r,#) is thus u(r,t) = 0 for all 
points r on the curve C and for all times. This is another example of a 
Dirichlet boundary condition, which determines the value of the function on We introduced Dirichlet 
the boundary, in this case a certain curve C. We shall consider mainly two boundary conditions in 
particular shapes of membranes: rectangular and circular. Subsection 2.1.1. 


5.2.1 Free transverse vibrations of a rectangular 
membrane 


We consider a rectangular membrane with dimensions L in the i direction 
and M in the j direction. So we want to solve the wave equation (5.1) in 
the domain 0 < 2 < L, 0 < y< M. The boundary conditions are 

u(yj,t) = u(Li+yj,t)=0 for0<y <M and any t, (62) 
u(ai,t) = u(xi+ Mj,t)=0 for 0 <x < L and any t. a 


We defer the introduction of initial conditions until later. 


Separation of variables 


The first step in the solution is the same as in the one-dimensional case. We 
separate the position and time dependence, and consider the product 
u(r.t) = f(r) g(t), (5.3) 
as we did in Chapter 2 for the one-dimensional wave equation. Inserting 
equation (5.3) in the wave equation (5.1) and rearranging the terms yields 
1 g(t) _ fesl) + Syl) 
2 g(t) f(r) . 
Again the variables have been separated, as the left-hand side depends only 


on time ¢, and the right-hand side depends only on the two-dimensional 
position variable r. Hence both sides must equal a constant C. 


(5) 


5.2 Vibrating membranes 


The equation for the time-dependent part becomes 
gi! (t) — PCg(t) = 0, (5.5) 


which is precisely the same as in the one-dimensional case of a vibrating 
string; compare equation (2.51). For the function f(r), we are left with a 
partial differential equation 


fra(t) + fyy(r) — Cf(r) = 0; (5.6) 


compare the analogous equation (2.50) of the one-dimensional case. The 
boundary conditions (5.2) result in boundary conditions 


Sui) = f(Li+ yj) = f(ei) = f(ai+ Mj) = 0. (5.7) 
for all values of « and y in the intervals 0 < x < L and0<y< M. 


Separation of variables yet again 


Now we play the same trick again: we separate the x and y dependence by 
considering a product 


f(r) = X(x) ¥(y) (5.8) 
and inserting this into equation (5.6). This gives, after dividing by X (x)¥ (y), 
XM"(e) , YW) _ 
X(x) — Y(y) 
This implies that X”/X and Y”/Y are both constant, hence 
X"(x) —C,X(x) =0, Y¥"(y) — Co¥(y) =0, (5.10) 


with Cy + C=C. From equations (5.7), the boundary conditions for X 
and Y are 


X(0)=X(L)=0, Y(0)=Y¥(M)=0. (5.11) 


(5.9) 


Solution of the position-dependent part 


Comparing equations (5.10) and (5.11) with their respective counterparts 
(2.50) and (2.54) in the one-dimensional case, it follows that both constants 


Cy and C2 must be negative for non-trivial solutions. Setting C; = —p? < 0 
and C2 = —q? < 0, equations (5.10) become 
X"(a) +p?X(xz)=0, Y"(y)+@Y(y) =0. (5.12) 


The solutions of these equations that satisfy the boundary conditions (5.11) 
are 


is Z nt fie 
Xn(z) = ay sin(praz), Pr= Tr n=1,2,3,..., (5.13) 
and 
. : mn F z 
Yin(y) = bm 8in(Gm¥), din = ar Mah et (5.14) 


compare equations (2.55). For the rectangular membrane, the position- 
dependent part of the eigenmodes thus consists of the product of two so- 
lutions of the vibrating string problem, one for the x and one for the y 
direction, so 


Frm) = Xn(t) Yn(y) 


==) sin ) + hn = 1, 25350... (5.15) 


= Gn sin ( 


Solution of the time-dependent part 


The equation for the time-dependent part is (5.5), which is the same as 
obtained in the one-dimensional system discussed in Chapter 2. 
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The separation constant C now takes the values 


Cam = —(P2 + G2) 


— (E+ Gey]. nm S239 (5.16) 
Denoting Chm = —k3 , = —w2 ,,/c?, the solution for g(t) is 
Gam(t) = Anm C08(Wnmt) + Brim sin(Wnmt), (5.17) 
with 
nny? mn \2 
wm = nme =e (*) + (SE), mm=1,2,3,.... (5.18) 


Normal modes of a rectangular membrane 
The normal modes haye the form Nuowmialnoadee ota 
Ungal?st) = Fnam() Gnyn(t) Seti auie ied bet) 


= sin (7) sin (F7) [Anon c05(Wn mnt) + Brym Sin(want)] 


= Dam sin >) sin ) €08(wn mt + Onan)> (5.19) 
with wpm as given in equations (5.18). The last line of equation (5.19) gives 
an alternative form for gy m.(t) which will be used below. However, in what 
follows we mainly concentrate on the position-dependent parts fyyn(T) of 
the normal modes uyj(7,t), and refer to these as the eigenmodes of the 
membrane. The time-dependent part is determined by the corresponding 
eigenvalues k2 ,,, = w?, ,,/c? given in equations (5.18). 


The term ‘eigenvalues’ is used in the same sense as in the one-dimensional 
case: —k? ,,, = C in equation (5.6) are the eigenvalues of the two-dimensional 

: y 2 ae : = ; 
differential operator fy + & with the appropriate boundary conditions. We 
usually forget about the negative sign and refer to k2 


3.m 88 the eigenvalues, and 
to Wy,m as the (angular) eigenfrequencies. 


We note that instead of the separated nodes in the one-dimensional case, 
we now find entire curves on which the normal modes vanish. Such curves 
are called nodal lines. The normal modes f,,.,(17) of equations (5.15), being 
products of two sine functions, vanish on the straight lines defined by r = 
wpi+ yj with ep = PL/n and y € [0, MJ, which are along the j direction, 
and on the lines defined by r = xi + yaj with yg = QM/m and x € (0, L]. 
along the i direction, where P = 0,1,2,....n and Q =0,1,2,...,m. The 
nodal lines in this case form a rectangular pattern themselves. 
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Figure 5.1 Snapshots of the lowest-frequency eigenmodes of a rectangular 
membrane of side lengths L = (1+ ¥5)l/2 and M =I: 


perspective views (top row), contour plots (middle row) and the corresponding 
nodal line patterns (bottom row) 


Compare equation (2.57). 


We saw in equations (2.52) 
and (2.53), and 

Exe 2.24, that the two 
expressions given for 
Ynom(t) are equivalent. 


The cases P = 0,n and 

Q = 0.m correspond to the 
boundaries of the 
rectangular membrane, 

and would not be 
considered as nodal lines. 


5.2 Vibrating membranes 


Figure 5.1 shows the lowest-frequency eigenmodes of a rectangular mem- 
brane for a ‘golden’ rectangle with side lengths satisfying L/M = (1+ /5)/2, 
the golden mean or golden section, which is a number that is of major impor- 
tance in art, architecture and music as well as mathematics. Here, we choose 
it as an irrational number, in order to consider a ‘general’ rectangle with- 
out particular symmetry properties. The eigenmodes are displayed in three 
different ways: (i) as snapshots of the maximum deformation in perspective 
view; (ii) as contour plots, with contour lines along constant deformation u, 
and shading indicating parts with positive u (bright) and negative u (dark); 
(iii) as patterns of nodal lines, with signs indicating positive and negative 
values of u. The sign of u changes if a nodal line is crossed, and the nodal 
line pattern gives a good indication of what the normal mode looks like. As 
the membrane moves with time, according to a sinusoidal function of the 
argument Wnt, all signs will change simultaneously, which happens when 
the time-dependent part gn.(t) of the normal mode motion vanishes. So 
the given signs apply to half the period of the motion; during the other half, 
all signs are reversed. The motion in time for a single normal mode is shown 
in Figure 5.2. 


Figure 5.2 One period of the motion for the normal mode 

ua,(7,t) = fo,1(1") g2,1(t) of the rectangular membrane of side lengths 

L = (1+ ¥5)l/2 and M =1. The shape of the membrane is depicted at t = jr/16, 
where 7 is the period of the eigenmode and j = 0.1,..., 15. 


What is the significance of the eigenvalue spectrum? The eigenvalues de- 
termine the eigenfrequencies wy, according to equations (5.18), so each 
eigenmode has its own eigenfrequency. These govern the time-dependence 
of the vibration of the membrane, and also correspond to the frequency of 
the sound waves generated by a drum, say. As discussed in Chapter 4, a 
driving force, such as hitting a drum with a stick, will generally excite not 
just one, but various eigenmodes. So the sound of a drum consists of not a 
single frequency, but a mixture of frequencies — they all have to be among 
the eigenfrequencies of the drum, which depend on its shape and material 
properties. 


For a general rectangle, the eigenvalues and hence frequencies for different 
normal modes are, in general, different from each other. This is the case 
for the current example, which is the reason why an irrational length ratio 
was chosen. If the ratio of the squared side lengths L?/M? happens to be 
a rational number, this statement is no longer true, and some eigenvalues 
occur (at least) twice, for different normal modes — they are said to be 
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An irrational number, such 
as V2, is a number that is 
not rational, i.e. not a ratio 
of two integers. 
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degenerate. Whereas there may always be a few ‘accidental’ degeneracies, a 
systematic occurrence of degeneracies among eigenvalues invariably points 
at, an underlying (though not always apparent) symmetry of the system. 


The square membrane 


Let us consider a square membrane as an example that shows ample degen- 
eracies. For a square membrane, we have L = M = 1, and equations (5.18) 
simplify to 
Teac cen mee 

= wn +m) ==, mm =1,2,3,--., (5.20) 
where N =n? +m?. So the eigenvalue depends only on the sum N of the 
squares of the integers n and m. Note that the smallest value of N is 
N =1+1=2, which is non-degenerate. The second-smallest eigenvalue 
corresponds to N = 1+4 = 5, which occurs twice, because Ko =k3,. Any 
eigenvalue k?_,,, with different n and m is degenerate, because 1S es 
But there are still more degeneracies in this case. As an example, consider 
the case N = 65. This can be written as a sum of squares in four ways, 
namely as 65 = 17 +8? = 8? +1? = 4? +7? =7?+4?, so there are four 
different normal mode patterns for the corresponding eigenvalue. The nodal 
line patterns of the lowest-frequency eigenmodes of the square membrane 
are shown in Figure 5.3. 


SSS +17 
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Figure 5.3 Nodal line patterns of the eight lowest-frequency eigenmodes of a 
square membrane of side lengths L = M =1 


Exercise 5.1 


Consider the values N = 3,8, 13, 36,50, 85 in equations (5.20). Decide whether or 
not they correspond to eigenvalues. If a value does correspond to an eigenvalue, 
determine the number of degenerate normal modes. [Hint: You have to find all ways 
to write N as a sum of two squares N = n? + m? with integers n,m = 1,2,3,....] 


What does it mean if an eigenvalue is degenerate? It means that we have 
several eigenmodes f,,,_(r) that satisfy equation (5.6) for the same eigen- 
value je Therefore they all have the same period and frequency. But 
then, an arbitrary linear combination of these functions also satisfies the 
same equation with the same eigenvalue, so there is a certain kind of arbi- 
trariness about the choice of eigenmodes. 


This is analogous to the eigenvalues and eigenvectors of matrices. If an eigen- 
value of a matrix is degenerate, there are several linearly independent eigen- 
vectors corresponding to this eigenvalue, and any linear combination of these 
is again an eigenvector for the same eigenvalue. 


We implicitly made the choice of the eigenmodes for the degenerate eigen- 


values when we imposed the separation (5.8). An example is considered in 
Exercise 5.2. 


Exercise 5.2 


For a square membrane with L = M =, consider the eigenvalue k?., = k3, = 
5n?/I? and the corresponding eigenmodes f;,2(r) and fo,:(1) of equations (5.15). 
(Assume a@},2 = a2, = 1 for this exercise.) 


(a) What are the nodal lines of fi2(r) and fo,:(r)? 


5.2 Vibrating membranes 


(b) Verify that the linear combination f(r) = Afi2(r) + Bfs,:(r) satisfies equa- 
tion (5.6) on page 187 with —C = u*/c? = 577/2, 

(c)_ Show that the nodal lines of f(1r) are determined by the equation A cos(zy/l) + 
Bcos(7r/1) = 0. [Hint: Use the trigonometric identity sin 2a = 2sin a cosa.| 

(d) Calculate the nodal lines for the case A= —B. [Hint: Use cos 23 — cos 2a = 
2sin(a — B)sin(a + 8).] 

(e) Calculate the nodal lines for the case A= B. [Hint; Use cos2+ cos 2a = 
2cos(a — 3) cos(a + 3).} 


A general motion of the membrane is a superposition of normal modes 
u(r, t) = ym @nm Un.m(T,t). Whereas the motion in a single normal mode 
wm(?,t) = fnm(T) 9nm(t) is periodic in time, with angular frequency wpm, 
i in general, no longer the case for linear combinations of different nor- 
mal modes. More precisely, a combination of two eigenmodes gives rise to a 
periodic motion in time if and only if the ratio of the two eigenfrequencies is 
a rational number. In that case, the two periods of the eigenmodes are com- 
mensurate, and the period of the combined motion is given by the smallest 
period that is an integer multiple of both ‘eigenperiods’. So not all motions 
that are periodic in time correspond to a single normal mode; such motions 
can also be superpositions of normal modes with commensurate frequencies. 


As an example, consider the eigenmodes f;,,(r) and fo,2(1") of a square of side 
=m, which have eigenvalues kj, = 1? + 1? = 2 and kh} = 2? +2? =8, re- 
spectively. This means kz, = 2h),1 and hence wo,2 = 2u;,1. So the frequency 
of the eigenmode f2,9(r) is precisely twice that of the eigenmode f,,(r). A 
general motion in these two eigenmodes is of the form 

u(r, t) = Afia(r) cos(wiat + O11) + Bfealr) cos(w2,2t + G2); (5.21) 
see equation (5.19). Because we = 2u;1. we have u(r.t +7) = u(r,t) for 
T=T11 = 2r/w1,1 = 272. Hence u(r,t) has period r. The motion of this 
superposition of two eigenmodes is shown in Figure 5.4. 
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Figure $4 One period of the motion of the square membrane in a superposition of 
the eigenmodes f,,;(r) and fo,2(r). The shape of the membrane is shown at times 
t = jr/16 with j = 1,2,....15. 
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The 2 x 1 rectangle 


As a second example of a particular rectangle, consider the case where 
L=2M =2l. In this ‘double-square’ case, the eigenvalues k?_,,, of equa- 
tions (5.18) are given by 
ie 7N 
aH me +4m?) =e 
where now N =n? +4m?. In this case, the lowest eigenvalue is again non- 
degenerate, and given by N = 17+4 x 1°=5. The smallest degenerate 
eigenvalue corresponds to N = 20 = 2? +4 x 2? =4? +4 x 1?. Eigenvalues 
Wis with even n satisfy k2 ,, = Sick 2: $0 they are at least double degener- 
ate for n # 2m. So again there are systematic degeneracies in the spectrum. 
The nodal line patterns of the lowest-frequency eigenmodes are shown in 
Figure 5.5. 


(5.22) 
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Figure 5.5 Nodal line patterns of the lowest-frequency eigenmodes of a rectangular 
membrane of side lengths L = 2M = 21 


Exercise 5.3 


Consider the eigenvalues k?,,,, of equation (5.22) for the 2/ x | rectangular mem- 


brane. 


(a) Show that the eigenfrequencies of all modes with m= 0 or n = 0 are commen- 
surate. 


(b) Show that the frequencies of the modes n = 2, m= 1 and n= 2, m= 2 are 
incommensurate. 


(c) What is the period of a motion in a superposition of the modes with n = 3, 
m=Oandn=0, m= 2? 


Exercise 5.4 
(a) Write down the eigenmodes fn, for the 2l x U rectangular membrane. 


(b) Find all eigenmodes which have a nodal line at x = /, dividing the 2 x / rect- 
angle into two squares. 


(c) Why can these modes also be interpreted as modes of an / x | square mem- 
brane? 


(d) Verify that this yields all modes of the / x | square membrane. 


Initial-value problem for the rectangular membrane 
We briefly discuss the initial-value problem for rectangular membranes. The 
initial data are 

u(r,0) =a(r), w(r,0) = d(r), (5.23) 


and we are interested in the solution u(r.t) that satisfies the boundary 
conditions (5.2) of an L x M rectangular membrane. 


5.2 Vibrating membranes 


We proceed as in the one-dimensional case. The first step is to write the 
general solution of the boundary-value problem as a linear combination of 


the normal modes (5.19). This gives 
General solution for the 


oo 20 

u(r,t) = = a aS (>) Ate (=) rectangular membrane 
n=l m=1 

X [Anym C0S(Wp mt) + Brim Sin(Wnmt)] . (5.24) 


with real constants Anm and Brn, and w? , = 7e?(n?/L? +m?/M?); com- 
pare equations (5.18). This may look complicated on first view. However, 
if you compare it to the one-dimensional case of a vibrating string, you will 
realise that it is very similar, except that now it involves a double series, one 
for the z-coordinate. and the other for the y-coordinate. So we can again 
solve the initial-value problem by Fourier series, as in the one-dimensional 
case, 


Inserting t = 0 into the general solution gives 
amy 
a(r) =u(r,0) = 5 3 Ap m sin sin 5 (5.25) 
aaa ie =) (Ar M ) 


which is a double Fourier series with coefficients Ay,_. The partial derivative 
at t= 0 gives 


v(r) Ss 0) 
= 75 3 Pani a+ ain L =) sin i in (=) (5.26) 


We can calculate the coefficients in a way that is completely analogous to 
that for the vibrating string, but we need to integrate twice. over x and y. 


For instance, consider equation (5.25). Take «x fixed for the moment, and 
consider this as a Fourier series in sin(7my/M), so 


a(r) = 3 An( (2) sin (“4 M v) (5.27) 


m=) 


x 
where Ajp(x) = » Anm sin (FP) ; 


n=1 


We know how to calculate the coefficients A,,(z): they are given by 


M 
Ane) = Z | dy a(r) sin ) = (5.28) 


Now, in equation (5.27) the coefficients A,,(x) are in turn expressed as a 
Fourier series in sin(7mnx/L), so we integrate once more to obtain 


ak . (Tnx 
Ana ef dx Am(x) sin (F) 


4 1 im . (7M) . ymmy 
aT; f dx [ dya(r) sin ) sin (=) : (5.29) 
In the same way, we obtain 
4 
es 
mn eV n2 M2 + mL 


ae ax [" dy b(r) sin ( a) sin i sin (7 M u) (5.30) 


With this, we have the complete solution of the initial-value problem for 
rectangular membranes. Once more, the solution is expressed as a sum over 
normal modes in equation (5.24), with coefficients A,, and By which are 
given by the Fourier series of the initial data a(r) and b(r). respectively. 


See Section 4.2 of 
Chapter 4. 
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Compare equation (4.6). 
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Exercise 5.5 


Consider a rectangular membrane with L = 3 and M =1. The initial conditions 
are a(r) = 4sin(27r) sin(27y) and b(r) = 0. 


(a) Verify that the initial data satisfy the boundary conditions. 


(b) Calculate the solution u(r, t) of the initial-value problem. 


5.2.2 A triangular membrane 


2m = Keyns any eigenvalue where 
n and m differ occurs at least twice. As we shall see below, the differences 
between the corresponding eigenmodes (5.15), with equal coefficients. are 
the eigenmodes of certain triangular membranes. They have the form 


Returning to the square membrane, as k2 


Eigenmodes for right-angled 
() (n) = farm(?) — f(t) isosceles triangular membrane 


= sin (M2) sin (2) — an (72) cin (2), 


These functions vanish on the diagonal y = x of the square, 


SS) (aw, a) = 0, (5.32) 


(5.31) 


so this diagonal is a nodal line. 


This means that the function IGM), for any pair of different positive in- 
tegers n and m, is also a solution for the boundary-value problem of a 
triangular membrane, where the triangle is an isosceles right-angled triangle 
with edge lengths J and V/2l — just half the square we started with. Which 
of the two halves of the square we choose is irrelevant; for definiteness, say 
ré€ {xit+yj:a,y € (0,0, x > y}. 


AMADA 
AAAAAA 


Figure 5.6 The lowest-frequency eigenmodes of the triangular membrane, shown 
as a contour plot (top row) and as a pattern of nodal lines (bottom row) 


‘The lowest-frequency eigenmodes are shown in Figure 5.6. Due to the linear 
combinations, the nodal lines need not be straight. For the square, we 
could also use these linear combinations of degenerate eigenmodes, so nodal 
lines need not be straight lines in that case either, but for these modes of 
the triangle we have no choice — there is no degeneracy left, so there is no 
‘simpler’ choice of eigenmodes available. 


5.2 Vibrating membranes 


The question arises whether all eigenmodes of this particular triangular 
membrane are obtained in this way? The answer is affirmative, which can 
be seen as follows. Given an arbitrary eigenmode f(r) of the triangular 
membrane, we can extend it to an eigenmode of the square membrane by 
setting f(r’) f(r), where r’ = yi + aj is the vector that corresponds to 
the mirror position of r = zi + yj in the other half of the square x, y € [0,/]. 
This extended function satisfies the wave equation and the boundary condi- 
tions for the square membrane, is continuous and differentiable everywhere, 
and in addition has a nodal line for « = y. The corresponding eigenvalue 
must therefore also be an eigenvalue for the square membrane, and the cor- 
responding normal mode must be a normal mode or a linear combination 
of normal modes for the square membrane that corresponds to the partic- 
ular eigenvalue. Therefore there can be no normal modes of the isosceles 
right-angled triangle besides those which we can obtain from all linear com- 
binations of normal modes of the square membrane with the same frequency 
which have a nodal line at 2 = y. They also need to be anti-symmetric under 
the exchange of x and y, which then limits us to the modes of equation (5.31). 


There is one non-trivial step hidden in this argument. We must ensure that 
the solution for the square made up by ‘gluing’ together the two parts for 
the triangles indeed satisfies the wave equation along the ‘gluing’ line. The 
function itself vanishes by assumption, but the derivatives need not behave 
appropriately. However, it works for the case at hand, as can be seen from 
symmetry arguments. The definition with the ‘mirror’ solution guarantees 
that derivatives from both sides of the ‘gluing’ line agree. This is why we 
chose f(r’) = —f(r) rather than f(r’) = f(r). 


5.2.3 Non-separable boundaries 


For a general triangle (or a membrane of general shape), the method of 
separation of variables fails. This is because the boundary condition on 
the function f(r), namely that f(7) = 0 on the triangle, does not translate 
into boundary conditions on the functions X (x) and Y(y) of equation (5.8), 
which each depend on only a single variable, x or y. In general, such bound- 
aries lead to non-separable boundary-value problems, which cannot be solved 
by the method of separation of variables. Only for a number of rather spe- 
cial shapes can the complete set of eigenmodes be written down as a closed 
expression. Besides the rectangles and the isosceles right-angled triangle 
discussed above, these include equilateral triangles, and circular and elliptic 
membranes. 


If the methods introduced here allow us to solve only these special cases, and 
cannot be applied in a more general setting, why do we bother to discuss 
them in so much detail? With today’s computing power. it is. in principle, 
possible to calculate normal mode patterns for rather complicated shapes, at 
least for low frequencies. Nevertheless, these computations are by no means 
easy to perform, and require sophisticated numerical methods. But as far as 
the low-frequency modes ~ often those of interest — are concerned, these are 
not so different if the shape of the membrane is deformed slightly. For such 
cases, the results obtained for our ‘nice’ separable membranes can at least 
give us a qualitative understanding of the motion. In essence, the general 
picture of how a membrane moves can be understood by investigating simple 
examples. 
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5.2.4 Circular membranes 


We now consider a circular membrane of radius |. In this case, we use 
polar coordinates r and @ instead of Cartesian coordinates x = rcos@ and 
y=rsin9. For simplicity, in what follows we write the solution explicitly 
as a function of the three variables r, @ and t, using the same letter u; so 
u(r,@,¢) = u(r, t) denotes the function expressed in polar coordinates. The 
homogeneous wave equation for the displacement u(r,@,t) then becomes 


2 
2 ulr0,t)~e - é |} s (r our, 0. 0)+ +3 5ar8.)] =0, (5.33) 
where we have used the Laplacian operator in polar coordinates which was 


introduced in Block 0, Section 2.4. For the circular membrane, the boundary 
condition is simple in polar coordinates: 


u(l,0,t) = 0, (5.34) 
for all angles 0 < 0 < 27 and any time t, This is the reason why polar coor- 
dinates are preferable here; in Cartesian coordinates the boundary condition 
is u(r,t) = 0 for r? = x? + y? =, which mixes the position coordinates x 
and y in an awkward way. 


Even though there is no actual boundary condition on the angle variable, 
we need to impose a condition in order to ensure that our solution makes 
sense. As @ is an angle, the function u(r,@,t) must return to its original 
value after a full rotation. In other words, we require 


u(r, + 27, t) = u(r, 0, t), (5.35) 


so the function must be periodic in the angle variable @. Note that this con- 
dition originates from our choice of coordinates rather ‘than being a physical 
boundary condition of the membrane. 


As a first step, we once more separate the time dependence by considering 
u(r, 0,t) = v(r, 0) g(t); (5.36) 


compare equation (5.3). The function g(t) is once more a solution of equa- 
tion (5.5). For normal mode solutions, the separation constant C must be 
negative, so we once more choose C = —k*? = —w?/c*, which gives 


g(t) = Acos(wt) + Bsin(wt) (5.37) 
for the time-dependent part. 


For the position-dependent part v(r,@), the equation becomes 


x 

= 2 (rz =ul(r, 0) +3 2 Fur 6) = Cv(r, 0) = —k* u(r, 0). (5.38) 
The periodicity and boundary conditions on v(r.@) are 

v(r,0 + 27) = v(r,0), v(l,0) =0, (5.39) 


for 0<r<land0<6@< 27. 


As a second step, we now separate the two variables r and 6, by considering 
the product 


u(r,0) = R(r) O(8), (5.40) 
and seins this into equation (5.38). This gives 
d gi, Le 
RA = (r3 580) + Hr? = — ay (0). (5.41) 


Now we use the same argument as before — the left-hand side of equa- 
tion (5.41) depends only on r, and the right-hand side depends only on 6. 


In equation (5.35), we 
extend the range of @ 
outside the interval 
0<0<2n, 

Alternatively, we could 
impose the conditions 

u(r, 0,t) = limp, u(r, 0, ¢) 
and ua(r,0,t) = 

limp_.oy ua(T, Ot). 


5.2 Vibrating membranes 


The two sides can be equal for arbitrary values of r and @ only if both are 
individually constant. If we call this constant —C), then we arrive at the 
two ordinary differential equations 

e"(8) — C,0(@) =0 (5.42) 


and. 
d(iad 
te (ZR) + (kr? + Ci) R(r) =0 (5.43) 


for O(@) and R(r), respectively. The periodicity and boundary conditions 
are 


0(0+ 2m) = (0), R(I) =0. (5.44) 


The angular equation 


We start with the angular equation (5.42). This is again our favourite 
second-order differential equation. In order to have non-trivial solutions, 
we once more require C; < 0, because the hyperbolic functions sinh and 
cosh that appear for positive C; do not satisfy the periodicity condition 
(0 + 27) = O(0). Setting —C, =n? with n > 0, the general solution is 


0,,(0) = A, cos(n0) + B, sin(n@) = D,, sin(n@ + ,,) (5.45) 
for n > 0, and @0(0) = Ap + Bo@ for n= 0. As before (compare equa- 


tion (5.19)), we use two alternative expressions for the solution. Periodicity 
requires 


0 = 0, (0+ 2) — On (0) 
= D,[sin(nd + 2nx + d,) —sin(nd + ¢,,)], (5.46) 


which is satisfied when n is an integer, because sin(a + 27) = sina for 
integer n. The case n = 0 yields a constant function Q9(@) = Ap. So the 
angular eigenmodes are 


©o(8) = Ao; 
©),(0) = Ay, cos(n0) + By, sin(nA) 
= D, sin(n8 + ,). n=1,2,3,.... (5.47) 


The solution (5.47) determines the angular variation of the eigenmodes for 
the circular membrane. For n = 0, the angular part is a constant. For 
higher values of n, the function @,(@) vanishes at 2n values @p, 4p + 7, where 
4 = —%, + px/n with p = 0,1, 2,...,n—1. The corresponding eigenmodes 
therefore have n nodal lines which divide the circular membrane into 2n 
identical sections; see Figure 5.7. The actual positions of the nodal lines, 
i.e. their angles with respect to the coordinate axes, depend on the choice of 
the coefficients A,, B,, or the angle @,,, respectively, in equations (5.47). By 
a proper choice, any position can be achieved. This makes sense, because no 
point on the circle is distinguished, and our choice of axes is arbitrary. So 
we should expect that with any eigenmode we also have its rotated versions. 


YOHGLBEF 


n=2 n=3 n=4 n=s n=6 


n 


Figure 5.7 Angular nodal line patterns of eigenmodes of a circular membrane. For 
n> 0, the nodal lines shown are those of ©,,(@) of equation (5.47) with A, = 0 
(or @, = 0 for n > 0). 
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In other words, the angular part already shows us that all eigenmodes, apart 
from the fundamental mode with n = 0, are degenerate, because solutions 
with the same value of n, and hence the same value of C;, will correspond to 
the same eigenvalue. For a degenerate eigenvalue, there are infinitely many 
such eigenmodes, because we are free to choose the two coefficients in equa- 
tions (5.47). How does one count the degree of degeneracy of an eigenvalue? 
This is done in exactly the same way as in the case of matrix eigenvalues. 
The degree of degeneracy is the maximum number of linearly independent 
solutions for a given eigenvalue. In other words, it is the minimum number 
of functions that we have to take into account such that any eigenmode for 
the given eigenvalue can be written as a linear combination of these ‘basis 
functions’. In this example, the degree of degeneracy can be read off from 
equations (5.47), which for each value of n involves two arbitrary constants. 
Any solution is a linear combination of two functions, so the eigenvalues 
with n > 0 are twice degenerate. 


The radial equation 


Let us now move on to the radial equation (5.43). We can rewrite it in the 
form 


r?R"(r) +7R'(r) + (kr? — n?)R(r) = 0. (5.48) 


Introducing z = kr as the new variable, and defining Z(z) = Z(kr) = R(r), 
we have 


hieveotk gti.) — + pir. 
BM2)=_ Rr), 22) = BR"), (5.49) 
so equation (5.48) becomes 


Bessel differential equation 
2? 2"(z) +22"(z) + (2? —n?) Z(z) =0. (5.50) 


This is known as the Bessel differential equation. As it is a second-order 
linear ordinary differential equation, it has two linearly independent solu- 
tions. A common choice is to use linearly independent functions J;,(z) and 
Y,,(2), known as Bessel functions of the first and second kind, respectively. 
Expressing the general solution of equation (5.50) as a linear combination 
of these, we obtain 


Zp (2) = ndn(2) + bnYn(2). (5.51) 


Therefore the general solution of the radial equation (5.48) can be written 
as 


Rn(1) = QnJn(kr) + baYn(kr). (5.52) 


Before we discuss the normal modes of the circular membrane, we briefly 
introduce some properties of Bessel functions. 


5.2.5 Bessel functions 


Bessel functions are named after Friedrich Wilhelm Bessel (1784-1846), who 
introduced them when studying planetary motion. Bessel functions are ex- 
amples of special functions that arise in mathematical physics as solutions of 
differential equations. While you will be reasonably familiar with trigono- 
metric and hyperbolic functions such as sine, cosine, hyperbolic sine and 
hyperbolic cosine, it is quite probable that you have not encountered Bessel 
functions previously. 


In principle, additional 
degeneracies may occur via 
the solution of the radial 
equation; this does not 
happen for the case of the 
circular membrane, 


Bessel functions are 
sometimes called cylinder 
functions or cylindrical 
harmonics. 


5.2 Vibrating membranes. 


In mathematical physics, Bessel functions occur naturally when one con- 
siders two-dimensional systems with rotational symmetry, such as our ex- 
ample of a vibrating circular membrane. For this reason, we embark on 
a slight detour at this stage, and spend a few pages on Bessel functions, 
quoting some properties that will be used later on, in most cases without 
proof. Traditionally, values of Bessel functions, and other special functions 
of mathematical physics which cannot be calculated by basic arithmetic op- 
erations, were collated in mathematical tables. Nevertheless, you should 
not think of these functions as being in any way more mysterious or unusual 
than the trigonometric and hyperbolic functions mentioned above; just as 
for the latter, Bessel functions can be defined as solutions of second-order 
ordinary differential equations. The reason that a standard calculator has 
buttons for trigonometric functions but not for Bessel functions (although 
more sophisticated computer packages do) is just that the former are more 
commonly used. 


Bessel functions of the first kind, J,(z), are solutions of the differential 
equation (5.50) which are finite at z= 0. For the case that n > 0 is an 
integer, they can also be expressed as 


1 [ft Bessel functions of the first kind 
Ig(z) = a dO 65" cos(nd), n=0,1,2,.... (5.53) 
0 
Despite the complex numbers appearing in this formula, the Bessel functions 
are real, as can be seen from the expression 


: * 
Ile) = =f dO cos|z sin @ — n6}, (5.54) 


which can be shown to be equivalent to equation (5.53). The Bessel functions 
are normalised such that 
2° 


dz Jpn(z)=1. (5.55) 
0 


For n = 0,1, 2, graphs of the Bessel functions J, are shown in Figure 5.8. 


r Jy 
0s 
0 
OSH eae aE 


= 
Figure 5.8 The Bessel functions Jo, J; and Jz 


In fact, for n = 0 we have Jo(0) = 1, and for n = 1,2,..., equation (5.53) 
yields 


4 
Jn (0) = ot [ d.cos(n8) 
mi” Jo 


0. (5.56) 


- 
=a [sin(né)]> = 


A set of linearly independent solutions which diverge for z = 0 are the Bessel 
functions of the second kind, Y,(), so the general solution of equation (5.50) 
for integer values of n has the form Z(2) = aJ,(z) + bY,(z), with b=0 if 
Z(0) is finite. 
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These Bessel functions are 
sometimes called Neumann 
functions. 
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Exercise 5.6 


Consider equation (5.53) for n = 0. 
(a) Write Jo as a sum of its real and imaginary parts. 


(b) Show that the imaginary part vanishes. [Hint: Split the integration at = 7/2, 
and substitute @ = x — @ in the integral from 7/2 to 7] 


(c) Show that the real part agrees with equation (5.54). [Hint: Split the integration 
at @= 7/2, and substitute @ = 7/2 — 0 and ¢ = 37/2 — 9, respectively.] 


Behaviour for small arguments 
To investigate the behaviour of solutions of the differential equation (5.50) 
for small 2, we consider a solution that satisfies 

A(z) = 2" +0(2"") (5.57) 


for a suitable integer m > 0. We can think of this as the first term in a Taylor 
series expansion of Z(z) about z= 0. Inserting this into the differential 
equation (5.50) gives 


2?m(m — 1)2"-? + zm2"—1 + (2? — n?)2™ = O(2™*1), (5.58) 
Keeping only terms of order 2 gives 
[m(m = 1) +m = n?]2” = [m? —n?]2™ =0, (5.59) 


so m? = n*, and it follows that J,(z) =C,2" + O(2"*") for a suitable con- 
stant C,. The other solution, m= —n, is dismissed because J,(0) is finite 
by definition. Without proof, we quote the result for the coefficient Cy, 
which is determined by the normalisation condition (5.55), giving 


IJn{z) = =a + O(2"*1) (5.60) 


for the small-argument behaviour of the Bessel functions J;,(z). 


Exercise 5.7 


In this exercise, we demonstrate that the leading term in the Taylor expansion 
of (5,53) agrees with our result (5.60), 


(a) Use cos0 = (e + e~")/2 to derive the relation 
2cos 8cos(n8) = cos|(n + 16] + cos|(n — 16). 
(b) Use this relation to express cos? @cos(n@) as a sum of cosines. 


(c) Hence find which values of m enter terms cos(m6) in the corresponding expres- 
sion for cos* #cos(n@). Show that cos” @cos(n®@) = 2-" +-+-, where the other 
terms involve functions cos(m®@) with m = 2.4,...,2n. 


(d) From equation (5.53), calculate the kth derivative Ji)(0) at z =0. Use the 
previous result to argue that Ji) (0) = 0 for k <n. 


(e) Calculate the first non-vanishing term in the Taylor expansion of J,,(z) about 
z= 0, and compare with equation (5.60). 


This argument can be extended to obtain a power series for J;,(z), which is 
done in an appendix at the end of this chapter. See page 220. 


5.2 Vibrating membranes 


Behaviour for large arguments 


In order to investigate the asymptotic behaviour of the Bessel functions for 
large z, consider the function B(z) defined by Z(z) = 272B(z). Using the 
product rule, the derivatives of Z(z) are 

2!(z) = 2-3 B!(z) — 32° 3B(2) (5.61) 
and 

2" (2) = 2-2 B" (2) — 2-2 BY(z) + $273 B(2). (5.62) 
o les these into equation (5.50), we obtain a differential equation for 

0 = 2°2"(z) + 2Z'(z) + (2? — n?)Z(z) 

= 23B"(z) — 23 B'(z) + 3272 B(z) + 23 BY(z) — 4273 B(2) 

Ge 22B(2) - n?z73B(2) 
2 [BY(z) + (42°? +1 —n?2-?) B(z)] 


=z) [2"e) & (: ae a) a()| : (5.63) 


422 
Hence B(z) satisfies the differential equation 


a 
ame)+ (14+ eat 


42? 
For sufficiently large values of z, in particular z > |n|, the second term in the 
coefficient of B(z) is small compared to the first, and the solutions resemble 
those of the differential equation 


B"(z) + B(z) =0, (5.65) 
which are of the form acosz + bsinz. So, for large arguments, the Bessel 
functions J,(z) and Y,(z) behave like 2~2{a, cosz +b, sinz]. Without 


proof, we quote the result that the coefficients are such that, for large argu- 
ments 2, the normalised Bessel functions are asymptotically given by 


) B(z) =0. (5.64) 


(5.66) 


A comparison between a Bessel function and its asymptotic form is shown 
in Figure 5.9 for the case n = 7; the figure also includes the corresponding 
small-z approximation of equation (5.60). 


small-z 
approximation 


05 Je) 


asymptotic large-z 
approximation 


Figure 5.9 The Bessel function J;7(2), its small-z approximation (5.60) and its 
asymptotic approximation (5.66) 


The symbol > means 
“much larger than’. 
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Zeros of the Bessel functions 


Each Bessel function J;,(z) has infinitely many zeros. In Figure 5.10, the 
locations of the first nine zeros 27, (where m = 1,2,.3,... enumerates the 
zeros) of the Bessel function J;(z) for z > 0 are indicated. Approximate 
numerical values for a few zeros 2, of the Bessel functions J,, with n = 
Odean 7, are given in Table 5.1. 


Figure 5.10 Locations of the zeros 27,,, of the Bessel function Jy 


Table 5.1 Approximate values of the smallest positive zeros 2), > 0 
of the Bessel functions J;,() 


m|n=0 n=1 n=2 n=3 n=4 n=5 n=6 n=7 


1} 2405 3.832 5.136 6.380 7.588 8.771 9.936 11.086 

2] 5.520 7.016 8417 9.761 11.065 12.339 13.589 14.821 

3| 8.654 10.173 11.620 15.700 17.004 18.288 

4] 11.792 13.324 14.796 18.980 20.321 21.642 
14.931 16.471 17.960 22.218 23.586 24.935 

6| 18.071 19.616 21.117 25.430 26.820 28.191 

7 | 21.212 22.760 24.270 28.627 30.034 31.423 

8 

) 

0 


24.352 25.904 27.421 31,812 33.233 34.637 
27.493 29.047 30.569 34.989 36.422 37.839 
30.635 32.190 33.717 38.160 39.603 41.031 


4 
5 


9 


1 


For large arguments 2, the Bessel functions J,,(z) are asymptotically given 
by equations (5.66). Thus the locations zp/7 of the zeros divided by 7 
become asymptotically integer-spaced, behaving like 


m(m—+) for even n, 
Zum { (m— 4) (5.67) 


a(m + p for odd n, 


for large values of m. Here m differs from m by an integer that depends on n. 
This is due to the fact that the relation (5.66) is approximately correct only 
for large arguments 2. So for small integers m in equations (5.67), we may 
not actually find a zero of the Bessel function J;,. This affects the counting 
of the zeros, resulting in an integer shift between m, which counts the zeros 
successively, and the integer m that enters in equations (5.67). An example 
of this shift is shown in Figure 5.11. 


5.2 Vibrating membranes 


© denotes the location of zeros (#+1/4)n 
of the asymptotic approximation 


Figure 5.11 The zeros of the Bessel function J;(z), and the asymptotic locations 
of zeros (m+ 1/4). In this example, the zeros 2, are asymptotically close to 
(m+3+1/4)r, so Hm =m +3 for n=7. 


Figure 5.12 shows the Bessel functions Jp, Jg and Jj2. For large arguments, 
the functions resemble the asymptotic form (5,66), and the zeros start to 
move closer together near the zeros of the trigonometric expressions of equa- 
tions (5.66). For small arguments, the Bessel functions with larger n have 
fewer zeros, which explains the different enumeration of zeros. 


0.5 


Figure 5.12 The Bessel functions Jo(z), Jg(z) and Ji2(z) 


Exercise 5.8 


From Table 5.1, compute how much the actual values of the zeros differ from the 
corresponding asymptotic values of equations (5.67) for n = 0 and n = 7, and m =5 
and m= 10. 


5.2.6 Normal mode solutions for circular 
membranes 


We now return to the radial equation (5.48). As n is an integer, and Y,(z) 
diverges as z — 0, only the Bessel functions J,,(z) yield proper solutions 
for the vibrating membrane. In other words, we require that the functions 
R,(1r) stay finite on our membrane, which implies b,, = 0 in equation (5.52). 


The solution thus reads 
Rn(r) = dndn( kr). (5.68) 
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Note that the prefac 
(—1)"/? in equations (5.66) 
is positive for n = 0 and 
n= 12, but negative for 
n=6. 
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The boundary condition for R of equations (5.44) becomes 
Ry(l) = 0 = Jn(Kl), (5.69) 


which determines the possible values of k in terms of the zeros of the Bessel 
function J;. This may be compared to the condition sin(kl) = 0 which 
determined the possible values of & for the string with fixed ends, and also 
for the rectangular membrane. Here, the condition J,(kl) =0 restricts k 
to a discrete set of values kym, Where Kym = Zn n/l in terms of the zeros 
of the Bessel function J,, enumerated by m = 1,2,3,.... In contrast to the 
previous case, where the boundary condition was of the form sin(kl) = 0, 
we cannot write down a simple closed expression for the zeros in this case. 


We now return to the solutions of the position-dependent part of the wave 
equation (5.38). According to equation (5.40), the eigenmodes are products 
of the angular parts ©,,(@) discussed previously, and the radial parts Ry m(r), 
so 


Unmalt,0) = Rngn (7) Qn(8) Eigenmodes of circular membranes 


= In(knmt)[An cos(n8) + By sin(n8)), (5.70) 


where n = 0,1,2,... and m= 1,2,3,..., and Kym = 2nm/l. As the Bessel 
functions J, have infinitely many zeros, for each angular mode @,,(@), 
n=0,1,2,..., we have infinitely many radial modes at our disposal. 


The eigenmodes have two types of nodal lines. The first arises when the 
angular part ©,,(@) vanishes, as discussed above. The second type stems 
from the radial part. These form concentric circles of radii 0 < r < 1, where 
ris a solution of J, (kyr) = 0. In other words, the mode vp, has precisely 
m —1 radial nodal lines, corresponding to the m—1 zeros of the Bessel 
function Jn(Knmr) for 0<r<Jl (the mth zero of that function being at 
r =I by definition of ky m). The nodal line patterns of the eigenmodes of 
lowest frequencies are shown in Figure 5.13. 


ODQOSSOS 
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Figure 5.13 Nodal line patterns of the lowest-frequency eigenmodes of a circular 
membrane. The patterns shown correspond to choosing either A, = 0 
(bottom row) or B,, = 0 (top row) in equation (5.70). 


The eigenvalues ee determine the frequencies of the corresponding eigen- 
modes via Wn.m = kn,mc, where c is the wave speed that enters the wave 
equation. If we want to sort the eigenmodes by their frequency, which even- 
tually is what makes up the sound from a drum, say, then we have to sort 
them according to their eigenvalues hate These depend on both n and m, 
as knm is the mth solution of the equation .J,,(kl) = 0. All but those involv- 
ing the fundamental angular mode are twice degenerate, as we pointed out 
above when considering the angular part, and no additional degeneracies 
arise because there are no coincidences between zeros of Bessel functions. 
In Figure 5.13, the nodal line patterns shown for the degenerate cases cor- 
respond to the choices A, = 0 and B, = 0 in equation (5.70). 


5.2 Vibrating membranes 


For large arguments z, the Bessel functions J,,(z) are asymptotically given 
by equations (5.66), and the zeros are located near the positions given in 
equations (5.67). Thus the values of kp: = Zn.m/l become asymptotically 
integer-spaced in /I, behaving like 


(5.71) 


for large values of m. As in equations (5.67), m differs from m by an integer 
that depends on n. 


In deriving the eigenmodes, we must be careful because we use polar coordi- 
nates. For n = 0, when the eigenmode has no angular dependency, it is sufficient 
that the radial part stays finite at the origin r = 0. However, for n > 1, when 
there is a non-trivial dependency on the angle variable @, we actually need more 
than this to ensure that the solution represents a continuous membrane in the 
vicinity of the origin r = 0. In this case, we need to demand that the radial 
function R,,(r) vanishes, so R,,(0) = 0 for n > 1. In fact, for the Bessel func- 
tions we have Jo(0) = 1 and J,,(0) = 0 for n > 1 (compare equation (5.56)), so 
this is automatically satisfied by our solutions (5.68). But it is worth keeping 
in mind that coordinate systems that contain singular points, in this case the 
origin r = 0 where the angle @ is not defined, may impose additional constraints 
on the solutions of the separated ordinary differential equations. 


Exercise 5.9 


Using the data of Table 5.1, determine the approximate values of the nine lowest 
eigenvalues ky, for a circular membrane of radius | = 10. 


Exercise 5.10 


(a) Write down the general form for the eigenmodes of a circular membrane of 
radius 1. 


(b) Now choose the angular function © such that one angular nodal line (provided 
there is one) lies in the i direction, and give the corresponding eigenmode. 


The eigenmodes for the wave equation for a circular membrane are given by 
equation (5.70), where J, is the nth Bessel function. v;,.,(r,@) represents an 
eigenmode with n angular nodes (yielding straight nodal lines at constant 
angle @) and m—1 radial nodes (corresponding to circular nodal lines at 
constant radius r), not counting the circular boundary as a node. The 
positions of the lowest radial nodes can be extracted from Table 5.1. 


5.2.7 Can one ‘hear’ the shape of a drum? 


A celebrated problem related to vibrating membranes was posed by the 
mathematician Mark Kac in 1966: he asked whether one can ‘hear’ the shape 
of a drum. The motion of a drum is a combination of its normal modes, so 
the sound contains a spectrum of frequencies which are the eigenfrequencies 
of the drum. So, more precisely, the mathematical question is whether the 
list of eigenvalues, the eigenfrequencies of a membrane, determines its shape. 
Conversely, if that is not the case, then there should be differently shaped 
membranes which have the same spectrum of eigenvalues. Can one find a 
counter-example, that is, two different shapes that have precisely the same 
spectrum? 
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The answer to this question is that there are indeed different shapes that give 

rise to the same set of eigenfrequencies, so you cannot determine the shape 

of a membrane from the list of its eigenfrequencies. This was shown only in 

the early 1990s by C. Gordon, D. Webb and S. Wolpert, who explicitly con- See, for instance, T. A. 
structed isospectral drums, meaning drums which have the same spectrum. Driscoll, “Eigenmodes of 
A simple example of two isospectral drums is shown in Figure 5.14. isospectral drums’, STAM 


Rev. 39 (1997) pp. 1-17. 


Figure 5.14 Two isospectral polygonal drums 


Even though it is possible to prove mathematically that these two mem- 
branes have precisely the same spectrum, there are no techniques available 
to actually calculate the eigenvalues or corresponding eigenmodes analyti- 
cally. This may sound astounding to you if you are not familiar with math- 
ematical proofs. However, it may be much easier to decide whether two 
quantities are equal or different than it is to actually calculate them — and 
this is the case for the problem at hand, at least for the particular examples 
which were constructed precisely for that purpose. 


It is beyond the scope of this course to go into more detail. This discussion 
of isospectral drums was included to provide you with a vague idea about 
the extent and limitations of current knowledge on this subject. Whereas 
most of the methods and results discussed so far date back several centuries, 
there still exist many problems and open questions in this classical field of 
mathematical physics. 


5.3 Isotropic waves in two and three 
dimensions 


In the previous section, we considered vibrating membranes, deriving the 
normal mode solutions for rectangular, circular and some triangular mem- 
branes. As for the vibrating string with fixed ends, boundary conditions play 
an important role, in that they restrict the parameter k, the wave number, 
to a set of discrete values, which label the eigenmodes. Now we want to 
take a step back and look at solutions of the wave equation in two and three 
dimensions in the infinite domain, in a spirit similar to that in the discussion 
of infinite strings at the end of Chapter 2. In particular, this means that no 
boundary conditions need to be considered. 


We consider wave motion in two and three dimensions, where the position 
coordinate x in the wave equation is replaced by a vector r in the Euclidean 
space R? or R*. For simplicity, we restrict ourselves to the case where the 
wave is described by a (scalar) real function u(r,t). This is now a function 
of position in space, given by the two- or three-dimensional vector r, and 
time t. So at each point in space and at any given time, the wave is described 
by the value of the function u at that position and time. 


5.3 Isotropic waves in two and three dimensions 


The natural generalisation of the one- and two-dimensional isotropic wave 
equations (1.1) and (5.1) to three dimensions, expressed in Cartesian coor- 
dinates, has the form 


uu (r,t) = C [Une(r,t) + Uyy(7,t) + uze(r, 4), (5.72) 


with r = zi+yj+2k. This wave equation is appropriate for isotropic sys- 
tems, which have the property that they do not behave differently in different 
directions of space. The isotropic wave equation is often written as 


Three-dimensional isotropic wave equation 
un(r.t) =e Vu(r,t), (5.73) 
where V is the gradient operator, and V? = V - V is called the Laplacian 
operator. 
In three-dimensional Cartesian coordinates r = xi+ yj + zk, the gradient 
operator is V = iz +i= + kZ. and the Laplacian operator is given by 
a ee 8 
Saag tas t ay: 
Ox? © Oy? © az? 
Sometimes, it may be preferable to use different coordinate systems, such 
as cylindrical polar or spherical coordinates. In this case, equation (5.73) 


can still be used, but the Laplacian operator has to be rewritten in terms of 
these coordinates and, in general, will look different from equation (5.74). 


wv? 


(5.74) 


5.3.1 Generalisation of d’Alembert’s solution 


You might wonder whether we can generalise d’Alembert’s solution of the 
one-dimensional wave equation to obtain a general solution for the two- 
and three-dimensional cases. Indeed, this can be done for isotropic wave 
equations such as (5.1) and (5.72) in two and three dimensions, respectively, 
as we shall see below. 


In the one-dimensional case, we started from two arbitrary real functions, f 
and g, and the general solution had the form u(x,t) = F(a — ct) + G(a + et), 
which we could interpret as a sum of two pulses, one moving to the right and 
one moving to the left, both with velocity c. Now, the role of the position 
variable x is played by the vector r in Euclidean space R? or R*, but the 
time variable is just a single real variable as before. In order to see how we 
can generalise d’Alembert’s solution, it might be instructive to replace the 
arguments xc + ct by a multiple k(x + ct) = kx + wt, which is a combination 
of variables that has appeared many times before. Now. in two or three 
dimensions, a natural generalisation is k +r + wt = k(k-r/k + ct), which is 
also a scalar variable. Note that k = k,i+ k,j + k-k here is the wave vector, 
not the Cartesian unit vector k, and that k = |k|. In the following exercise, 
we ask you to verify that indeed f(k+ r+ wt), with k-k =k? =w?/c?, isa 
solution of the wave equation, for an arbitrary, at least twice differentiable 
function f. 


Exercise 5.11 


Verify that f(k-r +wt), for an arbitrary. at least twice differentiable function f, 
satisfies the three-dimensional wave equation (5.73) for k-k = k? = u?/c?. 
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See Block 0, Section 2.3, 


The symbol J is also 
commonly used for the 
Laplacian operator. 


See Block 0), Section 2.4. 


It is customary to denote 
the wave vector by the 
letter k, and we follow this 
convention here. 
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How can we interpret this solution? In the one-dimensional case, we had 
two arbitrary functions in the general solution, and the arguments x + ct 
involved only the constant c, which appears in the wave equation. Now we 
have a vector k and a number w, and the latter can be expressed as w = ke. 
So for any vector k, and an arbitrary function f, we now have a solution of 
the wave equation of the form 


u(r,t) = f(k+r—wt), (5.75) 


and any linear combinations of these are solutions as well. It is not necessary 
to consider k +r + wt separately here, because the vector k can be chosen in 
any direction. For example, in the one-dimensional case, choosing k/k =i 
gives k-r —wt = k(a — ct), and k/k = —i gives k-« r —wt = k(—x —ct) = 
—k(x + ct), so both terms F(a — ct) and G(x + ct) in d’Alembert’s solu- 
tion (2.14) can be expressed in this form. 


How can a solution of the type (5.75), with a fixed vector k, be interpreted? 
We first observe that it depends on the position r only via the scalar product 
k-r. Thus u(r,t), at a given instant of time t, is constant for all positions r 
with k-r = kR, where R is an arbitrary constant and k = |k|. The equation 
k-r = KR defines a line in two dimensions and a plane in three dimensions, 
perpendicular to k& and passing through the point rz = kKR/k. To see this, 
note that if s is orthogonal to k, so that k-s =0, then k-(rp+s) = 
k-rp=kR; see Figure 5.15. 


Figure 5.15 The vectors r with constant scalar product k-r = /R define a line in 
two-dimensional space 


So u(r,t) is constant along lines or planes perpendicular to k. For this 
reason, such solutions are called plane waves; see Figure 5.16. 


Figure 5.16 Sketch of a plane wave solution u(r.t) with a wave vector k 


5.3 Isotropic waves in two and three dimensions 


Exercise 5.12 


Consider the solution f(k -r —wt) of the wave equation for the wave vector k = ki, 
with a given value of k > 0, and w= ke. 


(a) Show that this function depends only on x and t, where r = ri + yj + 2k, and, 
moreover, depends only on the combination x — ct. 


(b) Argue that this solution represents a wave moving along the i direction. 


The plane wave is constant on the lines or planes with k-r=kR. We 
now consider how these planes move with time t. For k-r = kR, the term 
f(k+r —wt) becomes f{k(R —ct)]. Essentially, this is the same as in the 
one-dimensional case, except that the argument now involves R — ct in place 
of « — ct. It means that the wave pattern on a plane (or a line in the two- 
dimensional case) moves in the direction of the vector k with a constant 
velocity c. So the vector k, the wave vector, determines the direction of mo- 
tion, and the plane wave solutions are constant on lines or planes orthogonal 
to the direction of motion, 


Particular plane wave solutions of the form u(r,t) = eT“ are called 
harmonic plane waves, As mentioned at the end of Chapter 2, we can expand 
a general solution in terms of harmonic plane waves, and this expansion leads 
to Fourier transforms. Looking at this from a different point of view, we can 
use Fourier transforms to solve differential equations. We now discuss how 
this applies to the wave equation, starting with the one-dimensional case. 


5.3.2 The Fourier transform of the wave equation 


So far, we have exploited Fourier series to derive solutions of the wave equa- 
tion for finite strings. However, we can also make use of the Fourier trans- 
form to solve the wave equation, in particular for the case where no bound- 
ary conditions need be taken into account. Before we use this method to 
solve the two- and three-dimensional wave equation, we illustrate it for the 
one-dimensional case of an infinite string. 


Essentially, this is analogous to the use of Fourier series for finite strings or 
membranes. As was pointed out at the end of Chapter 2, Fourier transforms 
arise naturally as expansions in terms of harmonic solutions e** of the 
wave equation, with the Fourier transformed functions playing the role of the 
coefficients. In the approach that we discuss now, we first derive an equation 
for these coefficients, then solve it for the coefficients, and transform back 
to obtain the corresponding solution of the wave equation. 


Starting again from the homogeneous wave equation 
up (x,t) = ue (x, t), (5.76) 


and considering the Fourier transform with respect to the position coordi- 
nate x, 


ae af dru(z,t)e, (6.7) 


we derive the equation 
Fourier-transformed wave equation 


iiu(k,t) = —c2k? i(k, t). (5.78) 


See equation (3.25). 
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Here, we have used the Fourier transform of derivatives discussed in Sec- 
tion 3.6, which gives ik u(k,t) for the Fourier transform of u,(a,t), and thus 
(ik)?a(k, t) = —k?ai(k,t) for the Fourier transform of u,.(x, aH 


Effectively, we have now reduced the problem of solving a partial differential 
equation (5.76) to that of solving an ordinary differential equation (5.78). 
Equation (5.78) contains only derivatives with respect to time ¢; the variable 
k enters only algebraically, as a factor k?. Thus k can be treated as a 
parameter, and we can solve equation (5.78) for any given value of the 
parameter k. The general solution is 


U(k,t) = A(k)e“" + A*(k)e™™", w= ke, (5.79) 
with (in general) complex coefficients A(k) determined by the initial condi- 
tions. Because the inverse transform is 
2° 
Heme = r __ aka kth, (6.80) See equation (3.24). 


we actually need to know the appropriate solution a(k,t), and hence the 
coefficients A(k), for all real values of k, in order to be able to transform 
back to the position variable x. 


Exercise 5.13 


Consider the wave equation (5.76). Instead of taking the Fourier transform with 
respect to the position variable x, consider now the Fourier transform with respect 


to time Although this function 
1 ne differs from that defined in 
ti(a,w) = =| dtu(x,t)e", equation (5.77), it is 
VIR Joe customary to use the same 
and calculate the corresponding differential equation for ii(a,w). symbol a here. The 
arguments indicate in 
Exercise 5.14 which variable(s) we 
transform. 


Consider now the two-dimensional Fourier transform with respect to both position 
and time, as discussed in Section 3.10. Defining 


hye ape 
Ui(k,w) = =f ae [ dt u(x,t) e+, 
Be 


what is the condition on the variables k and w obtained from the wave equa- 
tion (5.76)? 


Exercise 5.15 


Consider the one-dimensional wave equation with initial conditions u(x,0) = a(a) 
and w(x,0) = 0. 


(a) What are the corresponding initial conditions for the Fourier transform @i(k, t)? 
(b) Use the initial conditions to determine the coefficient A(‘) in equation (5.79). 


(c) Perform the integral in the inverse Fourier transformation (5.80), and deduce 
the solution of the initial-value problem. Do you recognise this solution? 


Note that by assuming that the Fourier transforms of the function u(x,t) with 
respect to the position or time coordinates exist, we implicitly impose con- 
ditions on the solution u(x,t); essentially, the function has to decay to zero 
sufficiently rapidly in the relevant variable to make the Fourier integrals con- 
verge. There are solutions of the wave equation (5.76) for which the Fourier 
integrals do not exist. The simplest example is a constant solution u(x,t) = C 


5.3 Isotropic waves in two and three dimensions 


where C is non-zero, which clearly satisfies the wave equation (5.76) because 
all derivatives vanish. Nevertheless, it is possible to make sense of the Fourier 
integral for this case, in terms of so-called generalised functions. This is not of 
concern here or within the scope of this course, but it is worth keeping in mind 
that by using integral transforms to solve differential equations, one may have 
imposed additional conditions on the solutions. 


The Fourier transform method can be applied to multi-dimensional wave 
motion, using the multi-dimensional Fourier transform discussed in Sec- 
tion 3.10. We apply the d-dimensional Fourier transform from equations 
(3.59) and (3.58), 


i(k, t) = [arene (5.81) 
R 


se 
‘i bs 


u(r,t) = L dkii(k,t)e*", (5.82) 


(Crs —e 
for d = 2 or d= 3, where dr and dk denote the d-dimensional volume ele- 
ments, and the subscript R@ on the integration sign indicates that we inte- 
grate over the entire d-dimensional space. The isotropic wave equation (5.73) 
becomes 


Tin (k, t) = —7k? ti(k, t), (5.83) 


because the Fourier transform of V?u(r, t) is —(k+k) a(k,t). This is shown 
in Example 5.1 below. 


Apart from the fact that the function i(k, t) now depends on the vector k, we 
obtain the same equation as for the Fourier transform of the one-dimensional 
wave equation (compare equation (5.78)), where k? is now the squared length 
of the vector k. The general solution of (5.83) is 


i(k, t) = A(k)e! + B(k)e™*, (5.84) 


where A(k) and B(k) are complex. The general real solution, expressed in 
terms of complex exponential functions, has the form 


i(k, t) = A(keet + A*(kee~™*, (5.85) 


where A*(k) is the complex conjugate of A(k). As usual, we use w = ke, 
where k = |k|. 


The coefficients A(k) in the solution (5.85) are determined by the initial 
conditions. In general, they depend on the magnitude and direction of k, 
However, if the initial conditions are independent of direction, then A(k) 
depends only on k = |k|, and we obtain the same expression as in the one- 
dimensional case; compare equation (5.79). The only difference is that the 
real number k of the one-dimensional solutions is now interpreted as the 
length of the two- or three-dimensional vector k. 


As an aside, note that this simplification is actually a consequence of the 
isotropy of the wave equation (5.73). The isotropy means that the problem 
possesses rotational.symmetry. If the initial conditions do not introduce a di- 
rection dependence, then there is no preferred direction of space, and nothing 
changes if the system is rotated. The presence of such symmetries often allows 
us to reduce the problem to a lower-dimensional one. It is important to un- 
derstand the symmetries of a system, because they may indicate how to solve 
the corresponding equations. In practice, this is usually done by changing to 
a coordinate system that is adapted to the symmetry of the problem, which in 
this case would be spherical coordinates. 


Here k? = 


kek. 
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Example 5.1 


Fourier transforms of derivatives were considered in Section 3.6. The one- 
dimensional Fourier transform of a derivative f’(x) is ikf(k). 


(a) Use equation (5.81) with d = 3 to show that the Fourier transform of 
uz(1.t) is ik,ti(k,t). 


(b) Further, show that the Fourier transform of Vu(r,t) is ik i(k, t). 
(c) Deduce that the Fourier transform of V7u(r,t) is —(k+ k) i(k, t). 
Solution 
(a) We use Cartesian coordinates 
r=zvi+yjt+zk and k=k;,i+k,j+kk, (5.86) 


and write u(a,y,2,t) = u(r,t) for the function u expressed in terms of 
these coordinates. 


The three-dimensional Fourier transform of u,(a,y, 2, t) is 


— ah 


1 a ae ike p~ikyy p~ike 
= aan | dx ay f dzuz(x,y, z,t) e*™ ed eat 
-c0 J-s0 I-20 


eS os 
“oe dx | dytin (x,y, ke,t) eM ey 


1 | le ix 
=— Cetin (2, hy, kethe 
Te | dr ieleshy best) 

= ikpti(ky, ky, kz, t) 

= ik,u(k, t), (5.87) 
where the notation is such that @(2, y, kz, ¢) denotes the one-dimensional It is unfortunate but 
Fourier transform of the function u(x,y,2,t) with respect to z, and common to use % to denote 
similarly w(a, ky,k:,t) denotes the two-dimensional Fourier transform — the Fourier transform of u, 


with respect to y and z. In the last step, we used the one-dimensional icvesneruiyn ch pia 


. PEER," s: argument that is 
Fourier transform of the derivative with respect to x. Ee ee 


it only in these 
(b) We have intermediate steps where it 
Vu(r.t) = ur(r.t)it+ uy(r,t)j + uz(r.t) k. (5.88) is clear which variables 


: és have been transformed. 
Using the previous result for the three-dimensional Fourier transform 


of ux(r,t) and the analogous relations for the partial derivatives with 
respect to y and z, we obtain 


am if dr [Wun t)] eM" = (ahah + thy§ + ick) Tk, 
R 
=ikalk,2). (5.89) 


(c) By applying the result of part (a) twice, the three-dimensional Fourier 
transform of the second partial derivative u,.(r,t) is 


(iky)?ti(k, t) = —k2ai(k, t). (5.90) 
Hence the Fourier transform of V7u(r,t) is 
—hzti(k, t) — kjti(h, t) — k2ii(ke, t) = —(k2 + k2 + K2) i(k, t) 
=—(k+k)a(k,t), (5.91) 


as required. 
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5.3.3 Isotropic waves in two dimensions 


We first consider the two-dimensional case, which we encountered when we 
discussed circular membranes. We start with an exercise where you are 
asked to express the solution of the wave equation as a Fourier integral. 


Exercise 5.16 
Consider the two-dimensional wave equation (5.1), where r = xi + yj. 


(a) Consider the initial conditions u(r,0) = a(r) and u(r,0) = b(r). What are 
the corresponding initial conditions for i(k, ¢)? 


(b) Compute the coefficients of the complex exponential functions in the solu- 
tion (5.85) from the initial conditions. 


(c) Express the corresponding solution u(r, t) as the inverse Fourier transform of 
i(k, t), without attempting to evaluate the integral. 


The Fourier transform of a rotationally symmetric function is itself rotation- 
ally symmetric. In the following example, we express the Fourier integral 
in terms of the Bessel function Jo by performing the angular integration in 
polar coordinates. 

Example 5.2 


Consider a function f(r), with r € R?, that depends only on the distance 
r = |r| from the origin. We write f(r) to emphasise that f can be considered 
as a function of the single variable r. 


(a) Use r = zi+yj and k = kyi+ k,j to write T(k) as a double integral 
over the position variables. 


(b) Transform the double integral to polar coordinates r,@ and k, 1, where 
xr=rcos¢, y=rsind, kp=kcosy, ky, =ksinw, (5.92) 


and perform the angular integration. [Hint: Use the trigonometric iden- 
tity cos(a — 3) = cos acos 3+ sinasin 3, and express f as an integral 
over the Bessel function Jo.] 


Solution 


(a) In Cartesian coordinates, the Fourier transform is 
is oo 20 
ier He dx p dy f(r) chee thw) (5.93) 
2m Joce 0° 


with r= 2? +. 


(b) In polar coordinates, we have 


— ! oC 2a ee 
f(e)=— ar [ dor f(r) e~ikrcos¥ cos d+sin vsin d] 
2n Jo 0 
0 ria 
se ae [ dor f(r) er cost¥—9) 
2n Jo Jo 
1 s@ or : 
=5,/ a a dor f(r) er ositto—) (5.94) 
0 0 


where we have used the given trigonometric identity and cos(7 — a) = 
— COs a. 


See Block 0, 
Subsection 2.2.9, 
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Now, substituting @ = 7+ ¢ — wv gives 


i(k) xf dr or flr) emcee 
0 ® 


~ On = 


= [ae [aarsnemrons 
27 Jo 0 
ee 
== [ dr , dOr f(r) ebro? (5.95) 


where we have used the periodicity, and in the last step the symme- 

try about @ = 7, of the cosine function. This now gives, using equa- 
tion (5.53), 

Fourier transform of a two-dimensional 

rotationally symmetric function 


od 

f(k) = Hi dr f(r) Jo(kr), (5.96) 
0 

which now depends only on k = |k| as the angle y) has disappeared. 


Equation (5.96), which is sometimes referred to as the Fourier-Bessel trans- 
form, expresses the two-dimensional Fourier transform i of a rotationally 
symmetric function f (which means that f depends only on r, not on the 
angle ) as an integral involving the Bessel function Jo(kr), You are asked 
to apply this in Exercise 5.17 to express the solution of the two-dimensional 
wave equation as a Fourier-Bessel integral. An example is discussed in Ex- 
ercise 5.18. 


Exercise 5.17 


Consider the same situation as in Exercise 5.16, but with initial conditions u(r, 0) = 
a(r) =a(r) and m(r,0) = b(r) = b(r) which depend only on the modulus r = |r|. 


(a) Why does this imply a(k,t) = a(k,t), so 7 depends only on the modulus k as 
well? 


(b) Use the same argument as in Example 5.2 to express the inverse Fourier trans- 
form of i(k, t), which is our solution u(r, t), as an integral over Jo. [Hint: Asin 
Example 5.2, introduce polar coordinates to perform the angular integration. | 


Exercise 5.18 


(a) Calculate F(k). the Fourier-Bessel transform (5.96) of the function f(r) =1/r. ‘This example has been 


. = ; ° ee nie chosen because the 
(b) Consider the two-dimensional wave equation with initial conditions u(r,0) = transform can easily be 


a(r) =1/r and w(r,0) = b(r) =0. Calculate ii(k,t) from Exercises 5.16 evaluated. Due to the 
and 5.17, and express the corresponding solution u(r,t) as an integral over divergence at r = 0, this 
the Bessel function Jo. solution cannot be applied 
to physical situations such 
as vibrating membranes. 


In Exercise 5.18, the function u(r,t) is given as an integral which can be 
evaluated to give 


u(r.t) = for r > ct. (5.97) 


At time t. the solution diverges at a radius r = ct. 
Exercise 5.17 shows that for rotationally symmetric initial conditions 
u(r,0) =a(r), u(r.0) = b(r), (5.98) 


the solution of the two-dimensional isotropic wave equation (5.1) is 
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Solution of two-dimensional isotropic wave equation 
with rotationally symmetric initial conditions 


fe f * dk k[A(k)e** + A*(k)e**] Jo(ker), (6.99) 
0 
with 
A(k) = sak) + aac Hlh). (5.100) 


In general, as for the Fourier transform, the integral in equation (5.99) can- 
not be evaluated directly. However, such forms can be useful for numerical 
or further analytical analysis of the solutions. 


5.3.4 Isotropic waves in three dimensions 


In general, the situation in three dimensions resembles that in two di- 
mensions; it is difficult to perform the inverse Fourier transformation of 
u(k,t) due to the presence of w = ke = ceVk-k in the integrand (see Exer- 
cise 5.16(c)). 


We consider the case where the initial data, encapsulated in two functions, 
aand b, depend only on the modulus r = |r|, as in equation (5.98). Because 
the wave equation is isotropic, the solution has to stay spherically symmet- 
ric for all ¢. In the two-dimensional situation, the spherically symmetric 
case could be reduced to integrals involving the Bessel function Jo(kr); see 
Example 5.2 and Exercise 5.17. What about the three-dimensional case? 
Maybe surprisingly, this turns out to give a simpler result, which we now 
derive. 


In the situation at hand, the same argument as in the two-dimensional case 
shows that the Fourier transform @ of the solution depends only on k = |k| 
and is given by 


Ti(k, t) = A(k) el + A*(k) e~™*, (5.101) 
with w = ke and 
lee 1 = 
Ak) = 5a(h) + 5 Ok): (5.102) 


compare Exercises 5.16 and 5.17, and equations (5.85) and (5.100). Note 
that @(h) and i(k) are now the three-dimensional Fourier transforms of the 
functions a(r) and b(r); we write k and r because A, a, b and a, b depend 
only on k = |k| and r = |r|, respectively. For the inverse transformation, we 
need to evaluate the integral 


u(r, t) = ase dkiti(k.t) &*. (5.103) 


The only dependence on the vector k arises in the term exp(ik+r). As in 
the two-dimensional case, it is possible to use suitable coordinates, in this 
case spherical polar coordinates, to perform two integrations, and be left 
with a single integral over the modulus k. However, this is technically more 
complicated in the three-dimensional case, and rather than going through 
the calculation, we take it for granted that the result depends only on r = |r}. 
In that case, we can simplify the task by choosing r along a particular 
direction, say the k direction, so r = rk, and evaluate the integral for this 
case. With k = k,i + kyj + k-k, we obtain 
1 


i 1 Pe. 
n= ae Uk. t) ei” = are [tein (6.104) 
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Here, A*(k) denotes the 
complex conjugate of A(k). 


Note the difference 
between k denoting the 
wave vector and the 
Cartesian unit vector k. 
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Spherical coordinates for k are k and two angles, and 9. Due to our choice Spherical coordinates for k 
of r, we need to consider only kz = kcos@. The volume element in the are the radius k, the 
three-dimensional k space is then 6V = k?sin@5k 6660 (see Figure 5.17), 22imuthal angle @ (the 


% ae le bet? the a-axis 
and integration is over k > 0,0 <6 <7 and0<6< 27. aa re RHE Ge aveclaeh, 


and the polar angle @ (the 
angle between the x-axis 
and k). 


ky 


Figure 5.17 A volume element 6V = k? sin 6 dk 6¢ 50 in three-dimensional spherical 
coordinates for k 
This yields 
1 oS 2x 7 % sa ° 
= e :? sin Oil ke. t) etkr eos 
u(r,t) = aam f ax f ao f d0 k* sin 0 ti(k, t) e' » (5.105) 


The integration over @ just gives a factor of 27, because the integrand does 
not depend on @. Substituting w = cos@ gives 


oS md 
u(r, t) = =a a f (—dw) k? ti(k,t) el” 


a 1 
= z f dk vi dw k? i(k, t) e#”™, (5.106) 
7 JO -1 


because dw/d? = —sin@, w =1 for 6=0, and w=-—1 for 0=7. The 
integration over w gives 


aren [| er _ 2ein(ir) 
1 ikr |_, ikr oe 
Recalling the definition of the sine function, sine(«) = (sinx)/x for 40, See Chapter 3, page 111. 
the final result is thus 


u(r,t) = ee dk i(k, t) k? sine(Ker), (5.108) 


which gives the solution of the initial-value problem as an integral over the 
Fourier transform a(k,t) given by equation (5.101), with coefficients given 
in equation (5.102). For this three-dimensional case, it is not the Bessel 
function Jo(kr), but rather the sine function sine(kr) = sin(kr)/(kr) that 
enters the integral. 


(5.107) 


Thus the solution of the three-dimensional isotropic wave equation (5.73) 
with spherically symmetric initial conditions u(r,0) = a(r) and u,(r,0) = 


b(r) is 
(r) Solution of three-dimensional isotropic wave equation 
> with spherically symmetric initial conditions 
u(r,t) = [ dk k? [A(k)e** + A*(k)e**] sine(kr), (5.109) 
0 
with 
A(k) = tate) + iH) (5.110) 
oes Sire ‘ 


5.3 Isotropic waves in two and three dimensions 


Exercise 5.19 shows that the three-dimensional Fourier transform of a spher- 
ically symmetric function f(r) is given by 


Fourier transform of a three-dimensional 
= spherically symmetric function 
f(k) = ee drr® f(r) sine(kr). (5.111) 
0 
In Exercise 5.20, we calculate the Fourier transform of a Gaussian function, 


then consider the solution of the three-dimensional wave equation with a 
Gaussian initial form. 


Exercise 5.19 


Consider a function f(r), where r € R®, which depends only on the modulus r = |r|, 
so we may write it as f(r). By symmetry arguments, we may assume that the 
Fourier transform f(k) = f(k) depends only on the modulus k = |k|. 


Express f as a one-dimensional integral over r, by rewriting the Fourier transform 
in spherical coordinates r,,@, and performing the angular integrations. [Hint: This 
is what we did in equations (5.103)-(5.108) for the inverse transformation.] 


Exercise 5.20 


Calculate the three-dimensional Fourier transform G(k) of the Gaussian a(r) = 
exp(—r?/2). [Hint: Use sin(kr) = —Im[exp(—ikr)] in the result of Exercise 5.19, 
express r exp(—r?/2) in terms of the derivative of exp(—r?/2), and use the proper- 
ties of the Fourier transform.| 


Exercise 5.21 

Consider the three-dimensional wave equation with initial data given by a(r) = 

exp(—r?/2) and b(r) = 0. 

(a) Calculate i(k, t) from equations (5.101) and (5.102). 

(b) Use equation (5.108) to write the solution u(r,t) as an integral over k. Use the 
addition formula 2sin a cos 3 = sin(a — 3) + sin(a + 9) to write the integral as 


the sum of two sine Fourier integrals, then evaluate these as in Exercise 5.20. 
{Hint: Remember that w = ke depends on k.] 


As Exercise 5,20 shows, the three-dimensional Fourier transform of the Gaus- 
sian exp(—r?/2) is, amazingly, just the same function as its one-dimensional 
Fourier transform. Note that this is not true in general, because we used 
the identity —rf(r) = f’(r) which is true only for the Gaussian. 
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5.4 Summary and Outcomes 


In this chapter, we considered the motion of waves in two and three dimen- 
sions, where the independent position variable that enters the wave equation 
becomes a vector in two or three dimensions. This situation was, once more, 
addressed by means of Fourier methods. 


Normal modes and Fourier series also apply in two and three dimensions, 
for special choices of boundary conditions, as shown in the example of rec 
angular and circular membranes. The latter example shows that not only 
sinusoidal functions play a role; in this case we encountered Bessel func- 
tions. For a generally shaped membrane, the boundary conditions are not 
separable. Higher-dimensional problems where separation of variables fails 
often cannot be solved in closed form. In such situations, one is limited 
to approximate solutions, for instance by the variational methods discussed 
later in this course, or to numerical solutions by computer. 


In the separable case, with each eigenmode of the system, we obtain a char- 
acteristic number, the eigenvalue or eigenfrequency. This determines the 
time-dependence of the solution. If the system possesses a symmetry, such 
as a circular membrane which does not change if we rotate around its centre, 
this symmetry leads to systematic degeneracies in the spectrum of eigenval- 
ues. In the degenerate case, there exists more than a single eigenmode cor- 
responding to a fixed eigenfrequency, thus any linear combination of these 
modes is also an eigenmode. 


At the end of this chapter, it was demonstrated how Fourier transforms 
can be used to solve partial differential equations. Fourier transforms turn 
differential equations into algebraic expressions for the Fourier-transformed 
functions. Solving these and transforming back yields integral expressions 
for the solutions of the differential equation. 

After working through this chapter, you should: 

know how to generalise the wave equation to more than one dimension; 
be able to write down wave equations in two and three dimensions; 
know what isotropic and spherical symmetry mean; 

be able to write down plane wave solutions of the wave equation; 
understand the role of the wave vector of a plane wave; 


know how to use Fourier transforms of derivatives to solve some linear 

partial differential equations; 

understand how to address the initial-value problem by means of Fourier 
transforms; 

e be able to calculate normal modes for rectangular and circular mem- 
branes; 

e understand the notion of degeneracy of an eigenvalue: 

e understand the meaning of nodal line patterns, and be able to draw 
nodal line patterns of normal modes in simple cases; 

« understand how separation of variables is used, and appreciate that for 
most boundaries this method does not work; 
know some basic facts about Bessel functions; 
be able to apply Bessel functions in calculations of two-dimensional 
Fourier transforms of rotationally symmetric functions; 

¢ beable to apply three-dimensional Fourier transforms of spherically sym- 
metric functions: 

e know how to solve the isotropic wave equation in two and three dimen- 

sions by Fourier transform for rotationally and spherically symmetric 

initial conditions. 
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5.5 Further Exercises 


Exercise 5.22 

Consider a rectangular membrane with edge lengths L = 4 and M = 1. 

(a) What are the eigenvalues kz. ,,, and eigenfrequencies wy. of this membrane? 
(b) Write down the eigenmodes f,,,,,(r) for this membrane. 

(c) Sketch the nodal lines for the 5 eigenmodes of lowest frequency. 


(d) Consider the 12 lowest eigenfrequencies. Are there any degeneracies? 


(e) Find the systematic degeneracies in this case. In other words, determine values 
n'(n,m) and m'(n,m) such that k2,,,, = k2.,,, for all n and m. 


(f) Write down an equation determining the nodal lines for the differences of de- 
generate eigenmodes. Do they have a nodal line of the form 2 = 4y. which is 
the diagonal in the rectangle? In other words, can you derive eigenmodes of 
the triangular membrane obtained by cutting the rectangle along the diagonal, 
in the same way as we did for the isosceles right-angled triangle discussed in 
Subsection 5.2.2? 


Exercise 5.23 


In this exercise, we ask you to derive the normal modes of a semi-circular membrane, 
using the same approach as for the triangular membrane; compare Subsection 5.2.2. 


(a) Give a complete set of eigenmodes for the circular membrane of radius |, In 
particular, you need two functions, which are not multiples of each other, for 
degenerate eigenvalues. 


(b) Determine all eigenmodes of a circular membrane of radius | which have a 
nodal line in the i direction, thus for @ = 0 (and thus also for 0 = 7). 


(c) Argue that these give all eigenmodes of the semi-circular membrane of radius |. 


(d) Are there any degeneracies in the spectrum for the semi-circular membrane? 
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5.6 Appendix: Power series for Bessel 
functions 


Tn Subsection 5.2.5, it was shown that the leading term of the Bessel function See page 200, 
J,,(x) for small argument x is of order x". Here, we use the same argument 
to calculate a power series for J,,(a) of the form 


= ee = Ya tte (5.112) 


s=0 


with eo 4 0. Inserting this series into the differential equation (5.50) yields 
an infinite sum of terms, which must vanish. This means that each coefficient 
of a power x”** in the sum must vanish individually. 


Substituting (5.112) into (5.50), the coefficient of x” is 

n(n — 1)eo + ney — n?e9 = 0, (5.113) 
because this result was used to fix the leading power in Subsection 5.2.5. The 
coefficient co 4 0 is arbitrary; it can be fixed by the additional normalisation 
condition (5.55). The coefficient of 2"*! is 

(n+ 1)ney + (n+ Le — nPey = (2n + Ley = (5.114) 
which (assuming n 4 -}) implies ec; = 0. 
Let us consider the coefficient of 2"** for s > 1. It is 

(n+s)(n+s8—L)es+ (n+ 8)es + Cs-2 — n? ey 

= [(n + 8)? — n? Jc, + cx-2 = 0, (5.115) 

which yields a recurrence relation for the coefficients c,: 
eae. ee 
(n+ 8)? —n2 s(2n +s)" 
With c; = 0, it follows that all coefficients with odd index s vanish, so 
¢or+1 = 0 for all integers t. For the even coefficients, we obtain 


(5.116) 


CG =- 


1 
= Rey oll (- ae) 


jal 
2 Ein 
= ot in+o)! Sa) 
because Tha j=tland 
t 
t)! 
[Im +i = (r+ in42)--- (nt =2* ke (5.118) 
j=l ° 
Hence we obtain 
_ (fal ata 
Ina = Laan ra -s Taso? (5.119) 
as the power series for Bessel functions of the first kind. Although we are interested 


P Scsied 2 only in the case where n is 
Using the normalisation constant cy = 1/(2"n!) from equation (5.60), the 4 non-negative integer, the 


power series for the Bessel functions becomes argument works for any 
n # —4, provided that we 
a : give a proper 
oe (See (-1) z\nt2t interpretation to the 
Jala) = ray meine 5, A(n+o! (5) - (5-120) factorials’ n! and (n +#)! 
0 in the expression. 


Power series for Bessel functions of the first kind 
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Solutions to Exercises in Chapter 5 


Solution 5.1 


From the list, N = 3 and N = 36 do not correspond to eigenvalues, as they cannot 
be written as the sum of two squares. The degeneracies for the other cases are as 
follows. 

N=8=2 +2? is not degenerate, 

N =13 = 2° + 3* = 3? + 2? occurs twice, 

N=50=1°+7? =5?+5°=7? +1? occurs three times, 

N=85=2 +9? =6° +7? =7° + 6? =9? +2? occurs four times. 


Solution 5.2 


(a) The function f,,2(7) vanishes within the square for y = 1/2. So this solution has 
one nodal line that crosses the square in the middle, parallel to the i direction. 


The function f2,(1) vanishes within the square for 2 = 1/2. In this case, there 
is one nodal line that crosses the square in the middle, but now parallel to the 
j direction. 


= 


The partial derivatives of f).o(r) are 


P halt) =- (3) sin (=) sin (=) =- (Fy fialr), 


Pahale) =- (27) sin (=) sin (=) = -4 (7) fialr), 


80 f;,2(1) satisfies equation (5.6) with —C = w?/c? = 57/P. 


For f2,;(r). we obtain the same equations but with the factors 77/1? and 472/I? 
interchanged. 


‘Thus both fi,2(r) and fo,1(r) satisfy equation (5.6) with the same value of w?, 
and so does any linear combination. 


(c) We have (using the suggested identity) 
f(r) = Asin F) sin (7) + Bsin (**) as (*) 
= 2Asin (2) sin (22) cos (%) + 28sin (2) cos (%2) sin (™) 


= 2sin (™) sin (4) [Acos (74) + B eos (=*)]. 


Within the square, for 0 < 2 </ and 0 < y <1, this vanishes only if the last 
factor vanishes, which yields the desired equation. 


(d) For A = —B, the equation for the nodal lines becomes 
SS See WYN — <95in (* arti — 
0 = cos ( ; ) cos ( : ) 2sin (F(@ + v)) sin (Fle Wy). 
Within the square, |x + y| <2U and |x —y| <, so this is satisfied only for 
a+y=0and c—y=0. As both x and y are positive, there is only one nodal 
line, given by x = y. This is one of the diagonals of the square. 


(e) For A= B, the equation for the nodal lines becomes 
_ YRS (TY) ul ea 
0 = cos ( T ) + cos ( T ) = 2008 (F(x + y)) c0s (F(a »): 
The cosine function vanishes for odd multiples of /2. Here, the only possibility 
is x+y =I, because |r — y| </ inside the square. So again there is a single 
nodal line, given by y =! —.x. This is the other diagonal of the square. 
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Solution 5.3 

(a) For m=0 or n =0, the eigenfrequencies wp. are 
me re 
AM Hom = Kome = s-m; 
the ratio of any two of these is rational. 


no = knoe = 


(b) We have N =n? + 4m? =8 for n=2, m=1, and N =n? + 4m? = 20 for 
n=2, m=2, So the ratio of the eigenfrequencies is 


wa _ (20 _ 10 _1 
war VS rae 


which is irrational, 


(c) We have 


Fae TS a Ome 
BO Ta Be na 
so we obtain 7 = 373.9 = 47,2 = 4l/c for the period of a superposition of these 
two modes, 
Solution 5.4 


(a) The eigenmodes are 
oum(r) = sin (F2) sin FF y) =sin F 2) sin (= v). 
(b) For a =/, we have 
Jan(%). 


This vanishes if 7/2 is an integer multiple of 7, i.e. if n is even. All modes 
Sonm(r), with n,m = 1,2.3,..., thus have the required nodal line. 


— 


Fam(li + yj) = sin 


(c) On the nodal line, the mode is zero. Therefore these modes satisfy the wave 
equation and the boundary conditions for a square membrane with 0 < x,y < l. 


. (mn \ . ¢am 
=sin (Fz) sin (+ ) , 
These are all normal modes of the / x | square membrane, 
= M =L in equations (5,15). 


(d) The modes are 
«(wan 3 (7m 
fonm(7) = sin (3) sin (or ) 


for n,m = 1, 2,3,. 
corresponding to 


Solution 5.5 


(a) The function a(r) = u(r.0) must satisfy the boundary condition that u van- 
ishes on the boundary of the rectangle. Clearly, a(r) = 0 for « =0 or y = 0. 
For « = L =3 we have a(r) = 4sin(6z) sin(2my) = 0, and for y= M = 1 we 
have a(r) = 4sin(2mr)sin(2x) = 0. As b(r) = 0, the initial data satisfy the 
boundary conditions. 


(b) The solution u(r.) is given in terms of normal modes by 
ae 
. (mm r 5 
u(r,t) = = LaF) sin(mmy) [An.m CO8(Wn.mt) + Bum Si(wnnt)] 5 


with Wam = 7eVn? + 9m2/3. The coefficients are given in equations (5.29) 

and (5.30), We have B,.. = 0 for all values of n and m, because b(r) = 0. 

We can calculate A,,,,, from equation (5.29) (using the orthogonality relation See equation (2.62) in 
for the sine functions). However, we can also read the coefficients directly Chapter 2. 

from the expansion (5.25), because the function a(r) happens to be just a 

single term of this expansion. This gives Ag.x = 4, and Aj, = 0 for all other 

values of n and m. The motion is thus in a single normal mode with frequency 

w6.2 = 7036 + 36/3 = 27cV/2, and the solution is 


u(r, t) = 4sin(2mr) sin(27y) cos(27eV2t). 
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Solution 5.6 


(a) Using e =cosx + isin, we obtain 
7 5 oy 
Jo(z) = pa adi cos(zcosd) + = f dOsin(zcos8). 
T Jy TJo 
(b) The imaginary part is 
1 7 1 m/2 1 7 
cf d@sin(z cos 0) = =f dosin( seas) + = [ dO sin(zcos@). 
m Jo 7 Jo ™ Sa/2 


Substituting @ = 1 —@ in the second integral and using cos(7 — ¢) = —cos@ 
gives 


7m ‘0 
=f dO sin(z cos) = -if dé sin{z cos(x — 6)| 
T Sn/2 


T Jxj2 


m/2 
= =f désin(—z cos @) 


T 


a 


= ee do sin(z cos @), 


which apart from the negative sign equals the integral from 0 to 7/2, so the 
imaginary part vanishes. 


(c) The real part is 


Jo(z) = i | dO cos(2 cos 0) 


1 sri? 1/7 
= =f dO cos(z cos 0) + +f d@ cos(z cos @). 
mJo T Sx/2 


Substituting @ = 1/2 —0 and ¢ = 37/2 — 0, respectively, yields 


Jo(z) = -1 ” dscos| soos 5 - *)] = © [ dcos| zeos( -6)| 


1 m/2 1 7 
= if do cos(z sind) + =[ do cos(—z sin @) 
™ Jo T dnj2 


it 
= =f dd cos(z sin @), 
mT Jo 
because cosine is an even function. This agrees with equation (5.54) for n = 0. 


Solution 5.7 


(a) We obtain 
(c! + e-i8)(ein? 4 @-ind) 
2 
ellH1)8 4 giln1)0 4 p-i(n—1)0 4 pi(n+1)0 
2 
e410 4 p-i(n+1)0 — giln=1)0 4 p—i(n—1)8 


= 2 


2cos@cos(né) = 


= cos|(n + 1)6] + cos[(n — 1)6]. 

(b) Using the above relation repeatedly gives 
cos* 8 cos(n) = cos @ [cos # cos(n8)] 
—eme cos|(n + 1)4] walle — 1)6] 
_ cos|(n + 2)6] + 2cos|nb] + cos|(n — 2)6] 
m a 
(c) Writing cos‘ #cos(n@) as a sum of cosine terms involves terms cos(m@) with 
m=n—k,n—k+2,....n+k—2,n+k. For k =n. we have m=0,2,4,..., 


2n —2,2n, and the terms corresponding to m = 0 and m = 2n occur with 
prefactor 2~”. 
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(d) The derivative is 
i 
I (2) = =f 0 (i.cos0)* e#*°°*° cos(nd), 
so at 7 Owe have 


5 
= ie do cos* 8 cos(nB). 
0 


JY (0) = 


nm 


We can write the product cos* @cos(n@) as a sum of cosines cos(mé) with 
m=n—kn-k+2,....n+k—2,n+k, which are non-zero for k <n. These 
integrate to sin(m@), and since sin 0 = sin(mm) = 0, the definite integral van- 
ishes; compare equation (5.56), which corresponds to the case k = 0. 


(e) The Taylor expansion of J,,(z) about z = 0 is 
oe ak 
In(2) = S2 IN (0) 
k=0 


Since J\*)(0) = 0 for k <n, the first non-vanishing term is at k =n, with 
JN” (0) =2-". Hence 


2” 
In (2) = oth O(2"*"), 
in agreement with equation (5.60). 


Solution 5.8 


For n = 0, we have m =m; compare Figure 5.8. The asymptotic values are 
1977/4 ~ 14.923 for m = m = 5, and 397/4 ~ 30.631 for m =m = 10. The dif- 
ferences between these and the values quoted in Table 5.1 are 0.008 and 0.004, 
which correspond to deviations of less than 0.1%. 


For n= 7, we have m=m-+3. The asymptotic values are 337/4 ~ 25.918 for 
m=m+3=8, and 5372/4 ~ 41.626 for m =m +3 = 13. Here, the differences are 
0.983 and 0.595, corresponding to deviations of about 4% and 1.5%, respectively. 
Solution 5.9 


For 1 = 10, the eigenvalues are given by kninm = Znyn/10, From Table 5.1, the 
lowest eigenvalues are ko,; ~ 0.2405, ky), ~ 0.3832, ko.) ~ 0.5136, ko,2 ~ 0.5520, 
ky, ~ 0.6380, ky,2 ~ 0.7016, ky. ~ 0.7588, k2,2 ~ 0.8417 and ko,3 ~ 0.8654, 
Solution 5.10 
(a) The general form is 

Unym(10) = In(Kn.mt)[An cos(n8) + By, sin(n8)), 


with arbitrary coefficients A,, and B,,. Here, m labels the zeros of the equation 
In(Knyml) = 0. 


(b) For n = 0, there is no nodal line. The eigenmodes have the form 
v0,m(7-8) = Jo(komr)s 


where we set the coefficient Ap = 1. For n > 0, there is at least one nodal line. 
By choosing A,, = 0, we can make sure that there is a nodal line for 6 = 0, 
which is in the i direction. The corresponding eigenmodes are 


Unim(1, 8) = Jn(Kn,mr) sin(nd), 
where we have set B,, = 1. 
Solution 5.11 
With k = kpi+ kyj+k.k and r = xi+ yj + zk, we have 
Sf(k-r tut) = f(kew + kyy +k.z tut), 
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The derivatives are 


2 #  @ 
zd . =|-— — — . 
V? f(k-r tut) (a+ gat ga) se rtut) 
HK f"(kertut) + s"(k-rtut)+h2f"(k-rtut) Here, f denotes the 
= (h2 +k? + 2) Pee second derivative of the 
= (K+ h2 +82) f'"(k-r tut) aaa 
=K f"(ker tut) 


and 

oF 

jas(k-r tut) = (tw)? "(ke rtut) =u" f"(k-rtut). 
Thus the wave equation is fulfilled if k - k = k? = w*/c?, as given. 


Solution 5.12 
(a) We have 
f(k-r — wt) = f(ki-r — ket) = f[k(x —ct)), 
so f depends only on x — ct. 


(b) Consider the function at position x at time t = 0, which is f(kx). At time 
t > 0, we find the same value at position x’, given by k(x’ — ct) = kx, so 
aw’ =a +ct. So the wave pattern described by f has moved a distance ct along 
the i direction. 


Solution 5.13 


Using again the Fourier transform of the derivative, the wave equation becomes 
2 


ter(a,w) = 


Solution 5.14 


If we Fourier transform the wave equation with respect to time and position, both 
derivatives disappear, and we are left with 


2 
—kii(k,w) = -5 i(k,w). 
Hence 
(w? — kc?) ti(k,w) = 0, 


which implies the relation w = k?c? for non-vanishing solutions @(k.w). However, 
we do not obtain an equation for i(k,w). 


Solution 5.15 


(a) The initial conditions are 


i(k,0) = af dex u(z,0) ei = af dea(x)e~** = a(k) 


and 


. Lf “ 1 f= 7 
tie(h,0) = ae | ateule,o)e caf se [acne tte =. 
(b) From equation (5.79), we find 


ti(k, 0) = A(k) + A*(k) = 2Re[A(k)] 
and 

tie(k, 0) = iw A(k) — A*(k)] = —2w Im[A(k)]. 
Thus Im|A(k)] =0 and A(k) is real, hence 

A(k) = $a(k). 
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(c) The Fourier transform of the solution is 
i(k, t) = $a(k)(e"* + e-™"). 
Using w = ke, the inverse transformation becomes 


~ 
u(x,t) = = [ dk Fa(k)(e*ee + Meet), 
a0 


We can evaluate this using the translation property of the Fourier transform 
discussed in Section 3.4, which gives 


u(x,t) = 4 [a(x + ct) + a(x —ct)). 


This corresponds to d’Alembert’s solution for the initial conditions: compare 
equation (2.25). 


Solution 5.16 
(a) The initial conditions for ii(k,t) are 
x pe ~iker _ = 
i(k, 0) = 5 a dra(r)e~"*" = a(k) 
and 
~ ey ~iker _ | 
i(k, 0) = 5 s dr b(r) e“®" = B(k). 


(b) Inserting the initial conditions into the general solution, and solving for the 
coefficients A(k), we obtain 


he 1 = 
A(k) = 3 a(k) + Bie o(k). 
(c) The inverse Fourier transform gives 
pres i ther 
u(r) = 5 ip dk, t) 


nt i(ker+ket) . i(ker—ket) 
= x [ak (Abe +At(k)e Ni 


Solution 5.17 


(a) This follows from Exercise 5.16 and Example 5.2. The initial conditions for 
u(k,t) are given in Exercise 5.16 by the Fourier transforms a(k) and b(k), 
which according to Example 5.2 depend only on k = {k|. The general solution 
for ui(k,t) given in Exercise 5.16 involves functions exp(+iket). which depend 
only on k, and coefficients A(k), which in turn are expressed in terms of @ 
and b, so also depend only on k. Hence ii(k,t) depends only on k. 


(b) We have, with i(k, t) = ti(k,t), 
pep a ier 
u(r,t) = = ‘ dkii(k,t)e*". 
In terms of polar coordinates. defined as in Example 5.2. we have 
k-r = kr{cosycos @ + sin wsin 6] = krcos(y — 0), 
thus 


1 7s” Qe < e ‘ 
u(rvt)= 5 f ax [ dw kii(k, t) etn eos(—2), 


Substituting @ =u —¢, and using once more the periodicity and symmetry of 
the cosine function, this becomes 


Be 
wr. == f a [ dO kii{k,t) ethos? 
0 


= t dk kti(k.t) Jo(kr), 
0 
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where Jo is again the Bessel function; compare Example 5.2. With i(k, t) from 
Exercise 5.16, this becomes 
co 
u(r,t) =f dk k (A(k) e*** + A*(k) e~***] Jo(kr), 
0 
with A(k) = a(k)/2 + b(k)/(2ike). 
Solution 5.18 
(a) For f(r) =r7!, equation (5.96) becomes 
> sa i 2 1 1 
f(k) = drr— Jo(kr) = dr Jo(kr)== | dzJo(z)=7. 
lo 7 fy k Jo k 


where we have substituted z= kr and used the normalisation (5.55) of the 
Bessel function Jo. 


(b) From part (a), for a(r) = 1/r we have a(k) = 1/k. From Exercises 5.16 
and 5.17, we obtain A(k) = a(k)/2 = 1/(2k), hence 


Fk. t) = J feiket + e-ikery — cos(ket) 
u(k,t) = sele +e7et] = — 
The solution is 
00 7 2 
ult) = [ake ED sythr) = f teeos(het) Jo(kr). 
0 0 
Solution 5.19 


The Fourier transform in spherical coordinates is 


Ss 1 ae 
f(k) = tr d dr f(r) e~™ 


= f eee ip "10 [ * ior? sind f(r)e*T 
© (2n)?2 Jo 0 0 * 


Again, we assume as instructed that we already know that the result depends only 
on k = |k|, so we may choose k to be in the k direction. In spherical coordinates, 
we then have k-+r = krcos@. This gives 


=) 7” ‘20 
7®)= aan [ ar [ wf dor? sind f(r) e~*re"®, 


Now the integration over @ just gives a factor 27. Substituting w = cos gives 
Fk) = sf af dw? f(r) ere 
= “4 ha drr f(r) sin(kr). 


Solution 5.20 


From the result of Exercise 5.19, the three-dimensional Fourier transform of a(r) is 


atk) = “ff drre-"/2sin(kr) 


1 = Se 
=i drre~" !* sin(kr), 


using the fact that rsin(kr) exp(—r?/2) is an even function of r. This is a Fourier 
sine transform (compare Subsection 2.6.5), which we can write in terms of the 
imaginary part of the Fourier transform: 


1 ae 
ha [ anne Peco te) 
i 


a) =~ Pak 


227 


228 


The function —r exp(—r?/2) is just the derivative of exp(—r?/2), so the integral is 
the Fourier transform of the derivative of a Gaussian, thus 


00 
a4 Fog 
aa! drrest ite = ike, 
oc 


because the Fourier transform of the derivative f(r) is ikf(k), and the one- 
dimensional Fourier transform of the Gaussian exp(—r?/2) is just exp(—k?/2). 
Thus 


a(k) == =K/2 


im (ike?) =e 
Solution 5.21 


(a) Using the result of the previous exercise for the Fourier transform a@(k), equa- 
tion (5.102) gives 


A(k) = 3@(k) = 
which again depends only on k = |k|. So the solution is, from equation (5.101), 


2 
1_-k?/2 


i(k, t) = he“ #’/? (elt + e-imt) — e-¥/? cos(ut), 
with w= ke, 


(b) Inserting the result of part (a) into equation (5.108) gives, with w = ke, 


u(r,t) = ef dk ke~™ /? cos(ket) sin(kr) 


I 
V2rr 


since the integrand is an even function of k. Using the addition formula gives 


i’ dkke-"/? cos(kct) sin(kr), 


u(r,t) = 


wi f dk ke-"/? (sin{k(r — ct)] + sin{k(r + ct)]}) 


a a i Ge dk ke7*/2 eik(r~ =) 
+ I dkke-™/2 se) 
WE im ie e e 


We can evaluate these terms as in Exercise 5.20; the only difference is that 
now r + ct occurs in place of —k, while k takes the place of r. The result is 


on oad 2 2 
awe at a (- (r = ) pe =e ' (-£ =a ) ; 


Solution 5.22 


(a) The eigenvalues are 


Raa? (Bt iz) = 7(Rem)-5 


and the eigenfrequencies are given by Wr.m = Knn¢, 80 


S Vn? + 16m?, 


4 
with n,m =1,2,.... 


(n? + 16m?), 
Yn = 
(b) The corresponding eigenmodes are 


Fam(r) = sin (=) sin FF) =sin 
with n,m = 1,2,.... 


) sin(amy), 
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It appears that u(r,t) has 
a singularity at r = 0; 
however, this is not the 
case. In fact, x 
u(0,t) = (1 —c2#2)e-PP/2, 
as can be seen by 
considering the limit as 
r—0. 
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(c)_ The five lowest frequencies are 
wi = enV 17/4, 
= ervV20/4 = erv5/2, 


21 = 

w3,1 = enV25/4 = cbx/4, 
W41 = cnV32/4 =crv2. 
ws = crV41/4. 


For all of these we have m = 1, so there are no nodal lines parallel to the 
i direction, and f,,; has n — 1 nodal lines parallel to the j direction. 


FEE) GEEEE 
fy Say 


fa fy fy 
Figure 5.18 Nodal line patterns for the eigenmodes f,,., with n = 1,2,3,4.5 


(d) The next seven lowest frequencies are 
w6,1 = enV52/4 = cxV13/2, 
7, = wh, = enV65/4, 
2,2 = exV68/4 = env17/2, 
43,2 = enV73/. 4, 
Ws = Wao = erv80/4 =crv5. 
So there are two degeneracies. 
(e) Systematic degeneracies occur for 
nr? + 16m? = n? + (4m)? = (n’)? + (4m')?, 
We can choose n’ = 4m and m' = n/4 for the case that n is a multiple of 4. However, these are not all 
Thus Ki. mn = Kimn/ar Which is a non-trivial degeneracy ifn and 4m differ. Asn — degeneracies, as the 
in this formula must be a multiple of 4, we can equivalently write K3, m = Kinn example w7,1 = 1,2 shows. 


for integer n #m. The first example is thus k?.. = AZ), which is in the list 
above, 


(f) The differences of degenerate eigenmodes are 

Shan?) = fanm() = famn(r) = sin(ane) sin(amy) — sin(xmx) sin(xny). 
The nodal lines are given by the condition f\5)(r) = 0, so 

sin(7na) sin(7my) = sin(7mx) sin(wny). 
This again holds for x = y; however, this is not the diagonal of the rectangle. 
For a = 4y, this equation gives 

sin(dany) sin(wmy) = sin(4amy) sin(xny), 
or 

sin(wny) — sin(wmy) * 

If n =m, this is satisfied, but this case is not interesting because fi, (r) = 0. 
For different n and m, it is not possible to satisfy this equation for all 0 < y < 1, 
because the left-hand side depends only on n, whereas the right-hand side 
involves only m. In order to be true for all values of y, both sides would need 
to be constant (for fixed y) if n or m changes, which is not the case. So we do 


not have nodal lines on the diagonal for the difference of normal modes, and 
thus cannot derive normal modes for the triangle in this way. 
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Solution 5.23 
(a) As shown in Exercise 5.10, we obtain a set of eigenmodes 
vo,m(t,9) = Jo(komr), 
for n = 0, and 
{1 (7,8) =Jn(Knimr)sin(nd), v2), (r,0) = Jn (n,m) cos(n8), 
for n > 0. 


vy 


Here, m again labels the solutions kp. of the equation Jy (kn) = 0. 


(b) The modes vo,(r,@) have no nodal lines at all, and these modes are non- 
degenerate. For n> 0, the modes vjim(r,9) all have nodal lines for 4 = 0, 
whereas vl), (r.0) = Jn(kn,mt) does not vanish for all r. So the complete set 


of eigenmodes with a nodal line for @ = 0 is given by the modes vs), (r, 4). 


(c) The argument is the same as for the triangular membrane. Given an arbitrary See page 195. 
eigenmode v(r, 4) for the semi-circular membrane, say @ € [0,7]. we can extend 
it to an eigenmode for the full circle by setting v(r,@) = —v(r, 27 — 0). This 
then is an eigenmode for the circular membrane with the same eigenvalue. so 
it must be a linear combination of the eigenmodes of the circular membrane, 
with a nodal line for @ = 0. This shows that we obtain all eigenmodes this way. 


(a 


For each n, we used one of the two degenerate modes of the circular membrane, 
so there is no degeneracy left in the spectrum. However, we do not have simple 
closed expressions for the zeros of the Bessel functions J,, and it could in 
principle happen that, for a given radius 1, there is an ‘accidental’ degeneracy 
because two zeros happen to coincide, i.e. ky.m = Kn’. But there are no 
systematic degeneracies in the spectrum. 


CHAPTER 6 
Wave propagation 


6.1 Introduction 


In the preceding chapters, we emphasised the importance of normal modes 
for solutions of the wave equation on finite domains, such as the stretched 
string with fixed ends. The normal mode solutions correspond to stand- 
ing waves, in the sense that the wave pattern as a whole does not move. 
However, in Chapter 2, we discussed how d’Alembert’s solution can be in- 
terpreted as a travelling wave solution, in terms of a wave pulse moving 
along an infinite string, and how a standing wave solution can be obtained 
by repeated reflections of a travelling pulse at the boundaries of the finite 
system. This final chapter on waves considers some properties of wave mo- 
tion, using the picture of travelling wave solutions. These properties are 
related to familiar phenomena of wave motion. 


You may have noticed that the pitch of the sound of a train whistle or a car 
horn changes as it passes you. This phenomenon is called the Doppler effect 
and is discussed in Section 6.2. It is caused by the movement of the wave 
source ~ in the example the train or the car — relative to the observer. 


We then return to the reflection of waves, which was discussed in Chapter 2 
in connection with d’Alembert’s solution. Here, we consider what happens 
if a wave encounters an interface, meaning a boundary between two different 
materials. For one-dimensional wave motion, an example might be the join- 
ing of two strings. Examples in higher dimensions are the partial reflection 
of light waves at a water surface and at a glass plate. 


In Chapter 2, we found that a wave is reflected at a boundary, and you might 
expect that this also happens at interfaces. However, besides reflection there 
may also be transmission, which means that all or part of the wave passes 
through the interface, continuing to propagate in the other medium. After 
considering the one-dimensional case in some detail, we turn to the reflection 
and transmission of two-dimensional waves at a one-dimensional interface. 
Apart from a partial reflection at the surface, it transpires that the interface 
alters the direction of motion of a travelling wave pulse, a phenomenon 
known as refraction. This ‘bending’ of waves is the reason why a stick that 
is partially submerged in water appears to be bent, and is used, for instan 
in lenses to focus light. 


The linear wave equation derived in Chapter 1 involves a single parameter ec, 
the wave speed. In systems that are described by this equation, all waves 
move with the same speed, irrespective of their frequency. This is true, for 
example, for electromagnetic waves, such as light, in a vacuum. However, 
for light travelling in other media, such as a crystal, this may not be true. 


This topic was covered in 
Section 2.5, which is not 
assessed. 
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If the wave speed depends on the frequency of a wave, one speaks of disper- 
sion, and such materials are called dispersive media. They can be charac- 
terised by the dependency of the angular frequency w on the wave number k, 
called the dispersion relation, which replaces the equality w = ke that holds 
for non-dispersive waves. Dispersive wave motion is discussed in the op- 
tional Section 6.4. In particular, we consider a discrete system of coupled 
oscillators, which is a crude model of the motion of atoms in a solid. 


6.2 The Doppler effect 


You have probably experienced the effect where the sound of a moving object 
appears to change as it passes you, for instance that of a police car siren or 
a train whistle. This phenomenon is due to the wave nature of the sound 
and the relative movement between you, the observer, and the object that 
creates the wave. Let us discuss this for the example of water waves, which 
makes the effect easier to visualise. 


Assume that you are standing next to a canal, watching waves moving along 
the canal with a certain speed c, which we assume to be constant and in the 
i direction. The wavelength, which is the distance between two wave crests, 
is denoted by 4. If the wave crests move towards you, the wave crests pass 
by at regular time intervals 


A 
= Rt 
rao (6.1) 
The corresponding frequency is v= 1/7 = ¢/A. 


What happens if you now start walking along the canal? Clearly, the speed 
of the waves does not change, but now you are also moving, either in the 
direction of the wave motion or opposite to it. Let us suppose that you are 
walking against the wave motion, so your velocity is —vi, with speed v < c. 
This situation is shown in Figure 6.1(a). 


Kee —— 


_— — 
i vi 
(b) 


(a) 


Figure 6.1 Two walkers moving along a canal, (a) moving opposite to, and 
(b) walking in the direction of, the wave motion 


Obviously, the wave crests now arrive at your position at shorter time in- 
tervals. The time 7, between seeing two crests can be calculated as follows. 
The distance vr, that you have walked during the time interval 7,., and the 
distance cr, that the wave has travelled, must add up to the wavelength \, 
80 


eT, + Ty = (c+ v)Ty =A, (6.2) 
which gives 


een 
eer To 


(6.3) 
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Compare equation (2.3). 


This is easy to visualise, 
but may not be so easily 
observable unless the wind 
blows directly along the 
canal. 


6.2 The Doppler effect 


This means that you now experience a wave of frequency 


1 e+v v 
(se A =(1+2)n (6.4) 
which is higher than the frequency of the wave you saw when you did not 
move. 


Let us now consider what happens in the situation of Figure 6.1(b). Now, 
you walk in the direction of wave motion rather than opposite to it. It now 
takes longer between two wave crests arriving, because the wave crests have 
to travel not just one wavelength to reach you, but also the distance that 
you have walked ahead. 


Let 7_ denote the time between seeing two crests. Now, the wave travels 
a distance c7_ which is larger than A. It is larger by the distance v7_ you 
have walked during the time interval t_. So we now obtain the equation 


cr_ —vur_ =(c—v)r_ =A, (6.5) 
which gives 
Xr 
a ar (6.6) 


which makes sense only for v # c. (For v = c, the period r_ becomes infinite, 
as you walk at the same speed as the moving wave ~ so from your perspective 
you see a stationary wave.) So the frequency 


aot eeae (1 - oi ue (677) 


is now lower than the frequency when you did not move. The shift in the 
frequency is determined by the ratio of the observer's speed v and the wave 
speed c. As v approaches c, the frequency goes to zero ~ it takes longer 
and longer for the wave to catch up with you, and if you walk at exactly 
the same speed, no wave crest will pass you at all. The case where the 
source is moving can be analysed analogously; you are asked to derive the 
corresponding result in Exercise 6.1. 


In conclusion, the observed frequency of a wave depends on the relative 
motion between you, the observer, and the wave source. If you move in the 
direction of the wave motion, you experience a lower frequency than at rest: 
if you move opposite to that direction, the frequency appears to be higher. 
This phenomenon is known as the Doppler effect, named after the Austrian 
physicist Christian Andreas Doppler (1803-1853). The relative motion can, 
as in our example above, be the result of the observer's motion with respect 
to the wave. But equally well it could originate from a moving wave source, 
while you are standing still. When you hear a car honking its horn, it 
appears that the pitch of the sound changes while it passes you, whereas 
people in the car will not hear any difference. As the car approaches you, 
the frequency is higher than that you would hear as a passenger of the car. 
When it moves away from you, it is lower, giving the impression that the 
pitch of the sound has changed. 


The Doppler effect has various important scientific and technical applica- 
tions. It makes it possible to measure the relative speed of some moving 
object if one can detect a frequency difference in some kind of wave that is 
emitted by the object. For instance. by observing the frequency shift of light 
emitted by distant stars or galaxies (which can be done for light originating 
from particular atomic transitions for which the frequency is known), one 
can determine the relative speed between that distant object and the Earth. 
These observations provide evidence for an expansion of our universe. 
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Doppler radar measures the shift in the frequency of radiation reflected by 
moving objects. It is widely used for weather prediction, as the intensity of 
the reflected radiation contains information about rainfall, and the frequency 
shift allows us to measure wind speed in the atmosphere. 


Exercise 6.1 


Consider the situation where you are standing still while a wave-emitting object 
moves towards you with speed v < ¢, where c is the wave speed. This situation can 
be analysed as follows. Imagine that the source emits some characteristic signals 
(corresponding to the wave crests, say) at regular time intervals r, which travel 
with the wave speed ec. 


(a) Suppose that the source emits a signal at time t = 0 when it is at a (sufficiently 
large) distance xo away from you. At what time to does the signal reach you? 


(b) What is the distance 2, of the source when it emits the next signal? 
(c) When does this second signal arrive? 


(d) What time 7, has elapsed between the arrival of the two signals? What is the 
frequency v, for you, compared to the frequency v = 1/7 of the source at rest’? 


Consider the case of a moving wave source as discussed in Exercise 6.1. If the 
speed of the source relative to the observer exceeds the wave speed, other 
interesting phenomena may occur. An aeroplane travelling at supersonic 
speed emits sound waves only into a part of space — it cannot emit them into 
the direction it is moving, because it moves faster than the sound waves. On 
the ground, you hear the sound well after the aeroplane has already passed 
overhead, starting with a ‘sonic boom’ which stems from a density shock 
wave that is created at the boundary of the region in which the aeroplane 
transmits waves. 


For the same reason, because gun bullets usually travel faster than sound, 
you are safe from a bullet once you have heard the report of the gun shot, 
whereas you will not hear a bullet before it hits you. So whenever you 
see an action movie hero jumping aside after hearing a gun being fired and 
managing to evade the bullet, you should take it for what it is — pure fiction. 


6.3 Reflection and transmission 


In Chapter 2, we considered the reflection of a wave pulse at a boundary 
when deriving d’Alembert’s solution for the finite string by repeated re- 
flections at the ends of the string. Similarly, we can study reflection at 
other types of boundaries, such as the sprung or damped ends introduced 
in Chapter 4. 


More interesting is what happens when a travelling wave pulse encounters an 
interface between two regions. As an example, you may think of light that 
is partially reflected at a glass window or the surface of water. Then what 
usually happens is that some of the light is reflected at the interface, and 
some is transmitted through the interface — there are light waves travelling 
in the glass and in the water. 
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This was done in the 
non-assessed Section 2.5. 


6.3 Reflection and transmission 


The motion in air, water or glass is described by the wave equation. However, 
the speed of light in glass or water differs from that in air. Therefore we 
need to solve the wave equation separately in different regions, then combine 
the solutions, ensuring that they match properly along an interface. 


An important application of reflection and transmission of waves is in ge- 
ological surveys. For instance, to locate possible oil deposits underground. 
one needs detailed information about the various layers of different materi- 
als in the ground. This can be obtained by studying the partial reflection 
of seismic waves, set off by either small explosions or a vibrating device as 
depicted in Figure 6.2, at geological fault lines. The reflected waves are 
detected by an array of geophones (i.e. sound detectors), and from the time 
delays and intensities of the reflections, one can extract information about 
the type and depth of geological layers. 


geophones 


cee 0 


A. 


Figure 6.2 Schematic repres 
waves at interfaces between different layers 


entation of a seismic survey using reflection of seismic 


We start by analysing the one-dimensional situation, using the same ap- 
proach as for the reflection at a boundary studied previously. We then briefly 
discuss how we can analyse reflection and transmission in terms of plane 
harmonic waves, and apply this approach to the case of a one-dimensional 
interface encountered by two-dimensional waves. We show how the laws of 
reflection and refraction, which describe the reflected and transmitted wave, 
are obtained. We note that these laws were known ~ long before the wave 
description of light was introduced — within the framework of ray optics, 
which views light as line geometry (see Block III). The law of reflection is 
much older still; it goes back to Euclid (around 300 Bc). 


6.3.1 Reflection and transmission at interfaces 


Reflection occurs not only at boundaries, but also at interfaces between 
different materials. As an example, think of two different strings, joined to- 
gether to form a single, non-uniform string. We now address the question of 
what happens when a transverse wave pulse travelling on one string reaches 
the point where the two are joined — will it continue to move across, or be 
reflected, or both? 
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The law of refraction is 
also known as Snell's law, 
named after Willebrord 
van Roijen Snell 
(1580-1626). 
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We consider two semi-infinite taut strings which are joined at r = 0. The 
tension T' is constant throughout the composite string. The individual 
strings have different wave speeds, say c; for the semi-infinite string occupy- 
ing the region x < 0, and cg for the second string, over x > 0. The different 
wave speeds can be realised by different linear densities of the strings. so 
you may think of a thinner string to one side of « = 0 and a thicker string to 
the other. A sketch of the partial reflection and transmission of an incident 
wave pulse is shown in Figure 6.3. 


incident pulse a ; interface 


transmitted pulse 


reflected pulse 


pe 
Figure 6.3 Sketch of the reflection and transmission of a wave pulse at an interface 


Using d’Alembert’s solution, we can write the two parts of the solution 


ay J Unteit), 20; 7 
utes) = {ue r>0, (8:8) 


in the form 
u(x,t) = Fy(a—et)+Gy(a+eit), «<0, (6.9) 
up(a,t) = Fo(a — cot) + Go(x+eat), «>0. (6.10) 
Here, F\, Gi, F2 and G2 are at least twice differentiable functions. We 


require that the functions uj, and ug match properly at the interface at 
a = 0, where there are two boundary conditions. 


The first boundary condition is that the function u(x,t) is continuous at 
a =0, because the displacement of the string at the interface must not 
jump. This means 


u(0.t) = lim up(2,t) = lim ur(z.2). (6.11) 


where z — O_ means that « = 0 is approached from x < 0, and x — 04. 
means approach from « > 0. Inserting the expressions of equations (6.9) 
and (6.10) yields 


F,(-e1t) + Gi(ert) = Fo(—egt) + Go(crt). (6.12) 


The second boundary condition is that the slope of the string changes con- 
tinuously across the interface. This is required because a discontinuity in the 
slope corresponds to a discontinuity of the transverse force component along 
the string, which would mean that the string moves with an infinite velocity 
near x = (0. Therefore we require that the derivative u,(x,t) is continuous 
at r=0: 


uz(0,t) = lim uz(2,t)= lim uz(z,t). (6.13) 
z—0_ r—04 
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Compare Exercise 1.18, 
which shows this for a 
composite spring. 


Compare equation (1.18). 


6.3 Reflection and transmission 


This boundary condition gives 
F{(-eit) + Gi (ert) = Fy(—e2t) + G5 (cot), (6.14) 
where F’(z) denotes the derivative of F at argument z. 


Here, we are interested in what happens to an incident wave pulse when 
it encounters the interface, as depicted in Figure 6.3. Let us start from 
a situation at t = 0 where we have a right-moving pulse on the left part, 
«x <0, and the right part of the string, x > 0, is undisturbed. Upon en- 
countering the interface, part of the pulse may be reflected, and part may 
be transmitted. We assume that there is no left-moving pulse for x > 0, so 
G2 =0. The right-moving incident pulse corresponds to a term Fj(x — cit) 
in the solution u(x,t). We require that F\(z) =0 for z > 0, because the 
pulse starts entirely on the left part of the string. The other two terms in 
the solution u(x,t) are Gi(2 + ¢)t), which corresponds to the left-moving 
reflected pulse, and F(x — gt), which describes the transmitted pulse. At 
t= 0, our assumptions mean that G)(z) = 0 for z < 0 (no reflected pulse 
at t= 0) and F)(z) =0 for z > 0 (no transmitted pulse at t= 0). Thus we 
have 


Fi(z) = Fa(z) =0 for z>0, 
Gi(z) =0 for z <0, (6.15) 
Go(z) =0 for all z 
The boundary conditions become 
Fi(—ext) + Gi (ert) = Fa(—eat). (6.16) 
F{(—cit) + Gi (ert) = Fy(—ert). (6.17) 


Integrating equation (6.17) with respect to ¢ gives 
1 1 es 
——F,(-e1t) + —Gi(e1t) = ——Fo(—eat) + C, (6.18) 
cy eC 2 


where C is a constant. At ¢ = 0, all terms vanish according to our con- 
ditions (6.15) on the functions Fj, F, and G), thus C = 0. Multiplying 
equation (6.18) by —c), we then have 


F,(-eit) — Gy(ert) = gy Fal-ent- (6.19) 


From equations (6.16) and (6.19), we can now express the reflected wave Gy 
and the transmitted wave F2 in terms of the incident wave Fj: 


Gi(2) = -2 5 A-2) = (2), (6.20) 
where a = —(c; — ¢2)/(c, + ¢2), and 
Fy(z) = a“ F (22) =6h (2:) , (6.21) 


where 3 = 1+ a. The full solution is thus 
F(x — cyt) +a F\(—r-—eyt), «<0, 
u(x,t) = 


22 
BF(2r—at), r>o0. 16-24) 


Let us consider two special cases. 


If cj = cg = c, then we effectively have no interface. From equation (6.20), 
we see that the reflected wave G; vanishes in this case, and equation (6.21) 
reduces to F(z) = F\(z), so the pulse passes through the hypothetical ‘in- 
terface’ without being affected at all. 


If co = 0, then we effectively have the situation of a reflecting fixed end. In 
this case, there is no transmitted wave, as F2 vanishes, and G(x + ct) = 
—F\(—«x — cit) is the inverted reflected wave that we met in Chapter 2. 
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In the general situation, both reflected and transmitted waves will be present. 


To quantify how much of the incident wave is reflected and how much is 
transmitted, we introduce the reflectivity R and the transmissivity T of 
the interface. For this, one considers how much energy the reflected and 
transmitted parts of the wave carry in comparison to that of the incident 
pulse: the reflectivity and transmissivity are defined as the fractions of the 
incident wave energy that are reflected and transmitted at the interface, 
respectively. In this course, we do not discuss the expression for the wave 
energy, which in our example corresponds to the sum of the kinetic and 
elastic energy of the moving string, but it may appear rather natural that 
the energy is proportional to the square of the amplitude of the wave, and 
that the wave speed enters because it matters how fast the wave is moving. 


If turns out that the reflectivity R is 
R=, (6,23) 
and the transmissivity T is 
pate (6.24) 
C2 


Note that while R is just the squared ratio of the coefficients of the incoming 
and reflected waves, T is given by the squared ratio of the coefficients of the 
incoming and transmitted waves multiplied by the ratio of the two wave 
speeds cy and ¢2. This is consistent with the conservation of energy because 
R+T =1, as you are asked to verify in Exercise 6.2. 


Exercise 6.2 


Using equations (6.20) and (6.21), and the definitions (6.23) and (6.24) of R and T, 
show that R+T7 = 1. 


Exercise 6.3 


Consider the ratio a = —(c) — ¢3)/(c) +c2) that relates the amplitude of the re- 
flected pulse to that of the incident pulse, 

(a) Rewrite a in terms of the ratio 7 = c2/e,- 

(b) Show that a is monotonically increasing with y > 0, by computing da/d-. 
(c) What is the range of values that a can assume? 

( 


d) What follows for the reflectivity R? 


6.3.2 Reflection and transmission in two 
dimensions 


We now move on to consider reflection and transmission at an interface in 
two dimensions. By analogy with our string, you may think of the motion 
of an infinite membrane consisting of two semi-infinite parts that have been 
sewn together along a straight line. A second example is surface waves on 
shallow water, where an interface can be realised by a sudden change in 
water depth. Most familiar will be the reflection and transmission of light, 
for instance at a surface of water or at a glass window. 
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Figure 6.4 Reflection and transmission at an interface in two dimensions 


As a simplification, we restrict ourselves to the case where the interface is 
straight. Let the interface be along the y-axis in the (x, y)-plane. It divides 
the plane into two regions, a region with x < 0, where we have the incident 
and reflected waves, and a region with « > 0, where we find the transmitted 
wave; see Figure 6.4. Wave motion on both sides is supposed to be described 
by the linear wave equation, with different wave speeds ¢) for 2 < 0 and c2 for 
a > 0, In principle, we can proceed as in the one-dimensional case, starting 
from general d’Alembert-type solutions for both regions, and matching these 
at the interface. However, it turns out to be more convenient to exploit the 
superposition principle and consider the reflection and transmission of plane 
harmonic waves only, This is sufficient, because we can express any solution 
of the wave equation as a linear combination of such solutions, as discussed 
in Chapter 2. 


We consider an incident plane wave of wave vector k = kyi+ kyj and angular 
frequency w = ke;, with k = |k| = Vez +k? and k, > 0, so the wave vector 
has a positive component along the i direction. A plane wave moving in 
the direction of k is described by the real part of the complex function 
Aexp[i(k +r —wt)]. Because of the interface, we expect that there will be a 
reflected wave L and a transmitted wave m; we assume that these will again 
be plane harmonic waves (and not superpositions of those). Therefore we 
are looking for a solution u(r,t), with r = xi + yj. of the two-dimensional 
wave equation which in the region « < 0 consists of two terms, i.e. 


u(r,t) = Ayer-keit) 4. By eilt-r-leat) (6.25) 
corresponding to the incident and reflected waves, with angular frequencies 
ke, and Ic;, respectively. In the region x > 0, the solution u(r,t) consists 
of the transmitted wave only, so it has the form 

u(r,t) = Agelmr—ment) | (6.26) 


So the full solution u(r,t) contains three (in general complex) coefficients 
A), By. Ag, and three wave vectors k, l, m, of respective lengths 


k=|kl = ko +82, 
l=|!=2+k, 
m = |m| = m2 +m. 


At the interface, i.e. at « = 0. we demand that the solution u(r, t) is continu- 
ous and that its partial derivative u,(r.t) is continuous. The first condition 
means 


«<0, 


z>0. 


(6.27) 


lim u(vi+yj.t) = lim u(xi+ yj,t), (6.28) 
20 x0. 
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This was discussed in 
Chapter 5. 


This assumption will be 
justified by finding a 
solution. One can show 
that the solution is unique. 
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which yields 

Ajetlkyy-kert) + Byelltwy-lert) =" Agellmyy-meat) (6.29) 
Then continuity of the partial derivative u, at « = 0 gives 

thy Ayel(huy-Kest) + 51, Byeillvy-leat) — im, Agelmuy—meat) (6.30) 
The two relations (6.29) and (6.30) must hold for all values of y and t. 


First, we consider the case y = t = 0. Equation (6.29) gives Aj + By = Ao, 
and from (6.30) we find 


kA + lyBy = mzAo = m;(A + Bi), (6.31) 
hence 
pe eee ea (6.32) 
ly — Mz ly — Mz 


Equations (6.32) express the coefficients B, and Ag of the reflected and 
transmitted waves in terms of the coefficient A; of the incident wave and 
the i components of the wave vectors. To derive relations between the wave 
vectors, we use the results of the following exercise. 


Exercise 6.4 
(a) Assume that the equation 
Ae™* + Be” =0 


holds for all x, with some constants A # 0, B #0, a and b, Show that a = b. 
{Hint: Divide by e", and take the derivative with respect to z.] 


(b) Assume that the equation 
Ac™* + Be™ +0 =0 


holds for all 2, with some constants A #0, B #0, C, a and 6. Show that 
a=b, [Hint; Take the derivative with respect to x.] 


(c) Assume that the equation 
Ae! +. Bel™ 4. Cele =0 


holds for all x, with some constants A 4 0, B #0. C #0, a, b and c. Show 
that a = b =e. [Hint: Divide by e"*, and use the previous result to show that 
a=b. Repeat this argument with division by e or e'”*.] 


For ¢ = 0, the continuity relation (6,29) becomes 


Ajethuy + Brel = Agei™, (6.33) 
which, by Exercise 6.4, implies 

ky = ly = my. (6.34) 
For y = 0, equation (6.29) becomes 

Aye thet + ByenHert Age iment (6.35) 
which, by Exercise 6.4, implies 

kel=2m. (6.36) 

ray 


Equations (6.36) and (6.34) give ? = 12 +17 = k? =k? + kj and ky =1,, so 
2 = k2 and thus |, =+k,. For the reflected wave we have I, < 0, so 
ly = —he (6.37) 


is the appropriate solution. 
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In this exercise, we 
concentrate on showing 
that the coefficients in the 
exponents are the same. 
In fact, this implies 
relations for the other 
coefficients; in part (a) it 
follows that A = —B. 
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We also have m? = m2 +m = n?k* = n7k2 + n?ki, where n = ¢;/c, de- 
notes the ratio of the two wave speeds. With m, = ky, this gives 
m2 = n?k2 + (n? — 1k; = n*k2 + (n? — 1)(k? — k2) 
= k2 + (n? —1)k*. (6.38) 
Provided that this expression is positive, we have 
mz = V/k2 + (n? = 1k, (6.39) 


with n = c;/c2. Here, we choose the positive square root, because for the 
transmitted wave we need m, > 0. 


wave speed c, wave speed cy 


x<0 x=0 x>0 
Figure 6.5 Reflection and transmission at an interface 


Geometrically, these results mean the following. If ¢, denotes the angle of 
the incident wave vector k with respect to the i direction (see Figure 6.5), 
then the angle 4 between the reflected wave vector 1 and the —i direction 


i Law of reflection 


4 = d1- (6.40) 


This is the law of reflection, which states that the angle of incidence equals 
the angle of reflection. 


Exercise 6.5 
Show that the law of reflection (6.40) follows from equations (6.34)-(6.37). 


The transmitted wave does not, in general, move in the same direction as 
the incident wave. This phenomenon is known as refraction. Denoting 
the angle between the refracted wave vector m and the i direction, the 
angle of refraction, by @, equation (6.34) implies ksin@, = msin dy. Using 
equation (6.36), this is oe sino, = cy 1 sin 6, which yields the relation 


Snell’s law of refraction 
ny sind, = ngsin dy (6.41) 


between the incident and refracted waves, where n; and m2 are characteristic 
properties called the refractive indices of the materials occupying the half- 
spaces 2 < 0 and x > 0, respectively, which are defined as nj = c/cj, i = 1,2, 
where c is a reference speed (such as the speed of light in a vacuum for light 
waves). The ratio of the two refractive indices satisfies 

ng m CQ 

ae or (6.42) 


which follows from equation (6.36). 
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Remember that k denotes 
the wave vector, not the 
Cartesian unit vector k, 
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The refractive index of a medium is defined by the ratio of the wave speed 
in a reference system to the wave speed in the medium. In the case of light 
waves, the refractive index is the ratio of the speed of light in a vacuum to the 
speed of light in the medium. By definition, the refractive index of a vacuum 
is then Nyacuum = 1. The refractive index of air, naiy = 1.0003, differs only 
very slightly from that of a vacuum. For comparison, the refractive index of 
water is Nwater = 1.33, for glass we find refractive indices Nglass in the range 
1.5-1.6, and diamond has a refractive index Naiamond = 2-42. The higher the 
ratio n in equation (6.42), i.e. the ratio of the two refractive indices at an 
interface, the more the angles @, and @, differ. The refraction of light at 
curved surfaces is used in lenses and optical instruments that contain lenses, 
such as cameras or telescopes. 


To visualise how the interface leads to refraction, consider the following 
analogy that goes back to Newton. Imagine troops of soldiers marching in 
file - you may think of the lines as representing the wave crests of a plane 
wave all moving in the same direction. The soldiers walk on dry ground at a 
steady pace, say with velocity v1, but then encounter a swamp where they 
are forced to slow down to velocity vg. As the first soldiers enter the swamp 
and slow down, others in the same line may still walk on dry ground; the 
soldiers fighting the mud fall behind. This results not only in a lower walking 
speed, but also in a change in the direction of the lines, which appear to 
bend at the boundary between the two regions, and hence in the direction 
of the motion; see Figure 6.6. 


interface 


Figure 6.6 Different walking velocities of soldiers marching in file on dry ground 
and swamp result in a bending of their lines 


We now return our attention to the coefficients. Because of linearity, only 
the ratios B;/A; and Ag/Aj are important; they determine the reflectivity 


me Reflectivity 
ees : 
ala) Se 
and the transmissivity : Transmissivity 
7 a1 2082 (Aa (6.44) 
c2 cosd, \ Ay . 


of the interface at this particular incident angle; compare equations (6.23) 
and (6.24), respectively. In contrast to the one-dimensional situation, the 
energy transmission through the interface depends not only on the ratio of 
the wave speeds ¢;/c2, but also on the angles of the incident and refracted 
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See Figure 5.16. 
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waves, via a factor cos @)/cos@,. You are asked to show in Exercise 6.6 that 
these definitions are consistent with R +7 = 1 (i.e. conservation of energy). 
Inserting the results for the wave vectors in equations (6.32) yields rather 
lengthy expressions. You are not supposed to memorise these, but you 
should know how they can be obtained. Expressing the ratios B,/A, and 
Ay/A\ in terms of the incident wave vector k gives 


By ky— VR + (PDP 1-1 + (@?- DPR 
Al ky + hE + (n?—T)k® 1+ V/1+ (n? — 1)k?/k2 


(6.45) 


and 

Ag _ 2ke = 2 

Al ke + J+ (2 -DR 141+ (2 - DR 
Alternatively, we can express the ratios in terms of the incident angle @), 
using cos @, = k,/k. This gives 


(6.46) 


By _ cosd, — cos d, +(n2—1) _ cos, — Vn? —sin® 
A, cosd, + \/cos? d; + (n? = 1) cos @, + Vn? — sin? d, 


(6.47) 


Ce fe Oa 
Ai cosd, + /cos?o, + (n?—1)  cosd, + Vn? — sin? 


Exercise 6.6 


(a) Show that equation (6.44) can be written as 


ne { Ag 
T=—(—). 

= (#) 
{Hint: Express the cosines in terms of the vector components, and use equa- 
tion (6.36), 


(b) Hence deduce that the reflectivity R and the transmissivity T defined in equa~ 
tions (6.43) and (6.44) satisfy R+T = 1. [Hint: Insert the expressions of 
equations (6.32) for the ratios B,/A, and A9/Aj, and use the relations be- 
tween the wave vectors k, | and m derived in the text.] 


Exercise 6.7 


(a) A light wave is refracted at an interface from air (assume n; = 1) to glass 
(nq = 1.5) with an incident angle @, = 30°. Calculate numerical values for the 
angle of refraction 9, the reflectivity R, and the transmissivity J, and check 
that the result is consistent with R +7 = 1. 


(b) A light wave is refracted at an interface from glass (n) = 1.5) to air (mz = 1) 
with an incident angle 4, = 30°. Calculate numerical values for the angle of 
refraction », the reflectivity R, and the transmissivity T, and check that the 
result is consistent with R +7 = 1. 


Exercise 6.8 


Consider the case where the incident wave is normal to the interface, which means 
o,=0. 

(a) Why is it sufficient to consider the i direction in this case? 

(b) Show that equations (6.47) and (6.48), obtained for the two-dimensional case, 


are consistent with equations (6.20) and (6.21), which describe reflection and 
transmission in the one-dimensional case. 
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6.3.3 Total reflection 


We now address the question of what happens if the argument of the square 
root in equation (6.39) becomes negative, which is the case for (k,/k)? < 
1—n?. In terms of the angle of incidence ¢,, we have (k,/k)? = cos? 6, = 
1—sin? 4), so the condition becomes 


sing, >n= : (6.49) 


If this holds with ny > ng, then equation (6.41) for the refracted angle ¢ 
becomes sin = sin@,/n > 1, for which there is no real solution. So for 
an incident angle @, such that inequality (6.49) is satisfied, there is no real 
vector m. Hence there is no refracted wave, which means that there is no 
transmission at all. This is the case of total reflection; for n < 1, the angle 


ror With Angle of total reflection 

SiN dy, = (6.50) 
is called the angle of total reflection. For angles of incidence @, such that 
dior < 1 < 90°, there will be total reflection. Clearly, if n > 1, there is no 
solution to equation (6.50) for @,,, so any incident angle , < 90° will lead 
to a refracted wave. For n < 1, the smaller n, the smaller the angle of total 
reflection. 


Total reflection occurs only for ny > ng, which for light means that it can 
take place at an interface only if the light is incident from an optically denser 
medium (higher refractive index). So while total reflection can occur at an 
interface from glass to air, it cannot happen at an interface from air to glass. 


Total reflection is used, for instance, in binoculars where glass prisms rather 
than mirrors reflect the light. Another important application is where op- 
tical fibres act as wave-guides for the transmission of light. By repeated 
internal reflection inside an optical fibre, light can effectively be bent in the 
direction of the fibre. 


Exercise 6.9 

What is the minimum incident angle for total reflection at each of the following 
interfaces? 

(a) From diamond (7) = 2.42) to air (assume nz = 1) 

(b) From glass (n; = 1.5) to air (assume ng = 1) 

(c) From water (n; = 1.33) to air (assume nz = 1) 

(d) From glass (nm; = 1.5) to water (ng = 1.33) 


For sind, > n, we still need to make sense of the complex wave vector m 
and the imaginary angle ¢j which we obtain formally from equations (6.39) 
and (6.41), respectively. For the wave vector m = m,i+ myj of the refracted 
wave we obtain, from equation. (6.39), 


Ma = fk? + (n? — 1)k? 
= ky/cos*o, +n? —1 
= ky/—sin? 6, +n? 
= tiky/sin? ¢, — n?, (6.51) 


and from equation (6.34) we have my = ky = ksind,. The solution (6.26) 
in the region x > 0, also known as the evanescent wave, becomes 


u(r, t) = Age*** Sin? ,—n?-+ik(sind, yet) (6.52) 


where we have used me = ke, from equation (6.36). 
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The positive sign in the exponent leads to a solution that increases expo- 
nentially with a and hence corresponds to a case with infinite transmitted 
energy; it does not apply to our situation of an incident wave of finite energy, 
and thus is discarded. 


Inserting the coefficient A2 from equation (6.48), we obtain 
2A, cos e~** Vin? =n? 
cos) + in/sin2 oy —n? 


This solution decays exponentially with x, and in practice will be very hard 
to see because the distance over which it decays is of the same order as the 
wavelength, so after a few wavelengths no wave motion will be detectable. 
So, even though there is some motion in the region x > 0, very close to the 
interface, no propagating wave enters this region, which is why the term 
total reflection is justified. What happens is that the energy corresponding 
to the motion in the region x > 0 is eventually carried back in the reflected 
wave, as within our set-up energy is conserved and there is no dissipation of 
energy. 


u(r,t) = eik(sin d, y-ext)_ (6.53) 


From equations (6.25) and (6.47), the reflected wave is 
Byellter-kest) — 4, 0801 = ivsin® dy =n? i(rkeit) 
cos, + iy/sin? @, — n? 


with |l] =l=k. The ratio B,/A, of equation (6.47) is now complex, and 
its modulus is given by 


(6.54) 


2 
By |" _ |cos@, — i/sin2 oy —n? (6.55) 
Ay cos @, + iv/sin? —n? : 


because B,/A; has the form z/z*. Because the modulus of the ratio is unity, 
the ratio has the form exp(ix)), with a real argument v that depends on 4, 
and n. The reflected plane wave is thus of the form 


Ajellhr-keit+v) | (6.56) 


so it is just a phase-shifted plane wave, with the same amplitude as the 
incident plane wave. 


So for sind, < n, we have a real ratio B,/A, with |B,/A,| < 1, which means 
that only part of the incident wave is reflected. For sing, > n, we have a 
complex ratio with |B)/A,| = 1, which corresponds to a phase-shifted total 
reflection of the incident plane wave. In the complex case, the reflectiv- 
ity (6.43) and transmissivity (6.44) are each defined by the square of the 
modulus of the coefficient ratio, hence R = |B,/A;|? = 1 and T = 0, consis- 
tent with R+T =1. 


6.4 Dispersion (optional) 


Refraction of waves explains, for instance, why a stick that is partially sub- 
merged in water appears to be bent. However, there is another effect that 
can be observed when light passes through water or glass — it can be split 
into colours, as in a prism, or in raindrops which then may lead to a beau- 
tiful rainbow. The colours that are obtained in this way are called spectral 
colours. The different colours correspond to different frequencies, and hence 
different wavelengths, of the light. The angle of refraction of light at an in- 
terface with water or glass is dependent on the wavelength of the light, and 
so on its colour. It is this property that explains the splitting of light into 
its spectral colours. This means that for light waves in glass, the refractive 
index (and hence the wave speed) depends on the frequency of the wave. 


See Block 0, 
Subsection 1.2.6. 
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More generally. a medium which can transmit waves, and where the wave 
velocity depends on the frequency of the wave, is called a dispersive medium: 
the corresponding phenomenon is known as dispersion. In the wave equation, 
the constant parameter c turned out to be the wave velocity; in this case 
all wave motion described by the wave equation moves with the very same 
speed c. In reality, however, this is often not true — the behaviour of light 
waves is just one example. The wave equation with constant wave velocity 
¢ applies for light waves moving in a vacuum, and accurately describes light 
waves moving in air. However, in a dense medium like water or glass, the 
interaction of the light with the atoms of the medium influences the wave 
motion, and this leads not only to a reduced light velocity, but also to a 
frequency-dependence of the velocity of light, and of the refractive index of 
the medium. So it is the presence of the medium rather than the underlying 
fundamental physics of light waves that is responsible for dispersion. 


6.4.1 Dispersion relation 


In deriving the wave equation, we made a number of simplifying approxi- 
mations, which is why we ended up with a rather simple partial differential 
equation. Depending on what effects are included, one obtains various wave 
equations, often involving higher derivatives, which apply to particular phys- 
ical problems such as, for instance, water waves or stiff strings. Provided 
that the resulting equation is linear and has constant coefficients, it has 
plane wave solutions of the form Aexp|i(ka + wt)], because taking deriva- 
tives reproduces the exponential function up to multiplicative factors. One 
is left with an equation involving k, w, c (where now w # kc) and any other 
constant coefficients that enter in the modified wave equation. This equation 
is called the dispersion relation. 


As an example, consider the equation 

u(x,t) — Cc Upo (x,t) + 2 u(x,t) = 0, (6.57) 
which describes a string that is anchored to its equilibrium position by an 
elastic force that is proportional to its displacement ~ similar to the sprung 
end considered in Chapter 4, but now a force per unit length acts along the 
whole string. You might think of a string on a rubber sheet as an example. 
Inserting u(x,t) = Aexp[i(ka + wt)] in equation (6.57) gives 


(—w? + c7k? + 4?) Ael(trtut) — 9, (6.58) 


which shows that u(x,t) = A exp{i(ka + wt)] is a solution provided that w? = 
k* + «?, which yields the dispersion relation 


w(k) = Vcrk? + 62, (6.59) 
where we choose the positive square root because we have -bwt in the expo- 
nent of the plane wave solution, and we prefer to work with positive angular 


frequencies. For « = 0, we recover the usual wave equation, and the corre- 
sponding dispersion relation w* = c?k?. so w depends linearly on k. 


Note that the dispersion relation (6.59), for real k, implies w® > «2. Real 
values of k correspond to travelling wave solutions, which means that such 
solutions exist only for angular frequencies w > «. (The case w = K corre- 
sponds to k = 0.) For 0 < w < x, equation (6.59) can be satisfied only if k 
is imaginary, which leads to solutions which decay exponentially; compare 
the discussion about total reflection in Subsection 6.3.3. This means that 
waves of angular frequencies 0 < w < « cannot be transmitted by the string. 
So the elastically anchored string obeying equation (6.57) acts like a filter: 
waves of sufficiently high frequencies are allowed to pass, while those with 
low frequencies are not. 
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We restrict consideration 
to the one-dimensional 
case for simplicity. 


This equation is derived in 
Block HI. It also arises in 
quantum mechanics, where 
it is known as the 
Klein-Gordon equation, 
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6.4.2 Phase and group velocity 


From the form of the solution A exp[i(ka + wt)], we find that the velocity 
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of a wave is still given by the ratio w/k. This velocity, which is called the See the discussion of plane 


phase velocity Uphase(k), now depends on k. In our string example, using 
equation (6.59) gives 


(6.60) 


thee == 
phase = 7 


This implies that if we consider a wave pulse comprised of a linear com- 
bination of many frequencies, the form of the pulse will change during the 
motion, because the components of different frequencies move at different 
speeds. Hence it becomes meaningless to define the speed of the wave pulse. 


In many applications, we are interested in the velocity of a signal super- 
imposed on a wave, such as a radio or television programme transmitted 
by electromagnetic waves. This speed can be quite different from the wave 
speed, as will become clear in what follows. A commonly used method to 
transmit a signal is by modulating a carrier wave, and we base our discus- 
sion on this example. Modulation means that the signal is imposed on a 
wave by changing its amplitude slowly in comparison to the frequency of 
the carrier wave ~ which is known as amplitude modulation — or by changing 
its frequency ~ which is called frequency modulation. On a radio set, you 
find these abbreviated as ‘AM’ and ‘FM’, respectively. 


As asimple example, consider the linear combination of two sinusoidal waves 
u(x,t) = sin(kya — wt) + sin(kaa — wet), (6.61) 


where w;,k, and we,k2 both satisfy the dispersion relation (6.59). Equa- 


tion (6.61) can be written as 


h=he wis 
2 


ons 


u(x,t) = 2cos ( 


(6.62) 


which we may interpret as a harmonic carrier wave moving with velocity 
(w, +w2)/(k, + k2) whose amplitude is modulated by a harmonic wave which 
has velocity (w; — w2)/(ki — k2). An example is shown in Figure 6.7: this 
shows beats such as may be observed in coupled pendulums, with which you 
might be familiar from a previous course. The carrier wave has the higher 
angular frequency w; + w». 


Figure 6.7 A linear combination of two sinusoidal waves. The rapidly oscillating 
thick line is the graph of sin(117x) + sin(10z), and the two thin lines are the 
graphs of +2cos(ra/2), describing the amplitude modulation: compare 
equations (6.61) and (6.62), with ky = 117, kz = 107 and t = 0. 


waves in Chapter 5. 
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We consider the case where k; and ky are close to each other. If k, and 
kg approach k, so that w) = w(hky) and w2 = w(k) approach w(k), then 
the carrier wave moves at the phase velocity vphase = w(k)/k, while the 
modulation moves with the group velocity 
wp Whi) — (ka) _ dw 
a SS 63 

Yea) CO bs dk ae 6a) 
In many applications, it is this velocity that can be regarded as an effective 
signal velocity. It determines the speed of slowly varying modulations of a 
harmonic wave. In our example, equation (6.59) gives 

dw c 
Ugroup(k) = Ge = =——— (6.64) 
1+ ip 

for the group velocity. 
6.4.3 A discrete system of coupled oscillators 
An interesting example for a wave motion with dispersion can be found in 


a discrete system consisting of a chain (or lattice) of masses coupled by 
springs; see Figure 6.8. 


~ 
U u 31 | ea 

<_ > > 

ul uh tai tal 


Figure 6.8 A chain of coupled oscillators 


The system consists of equal masses m, which at equilibrium are uniformly 
spaced with lattice spacing 1, so they are located at positions x, = nl, 
n=...,—3,—2,—1,0,1,2, along the i direction. Each pair of neigh- 
bouring masses is coupled by a spring. The springs are considered to be 
identical massless model springs, so they have no mass, natural length 1, 
and elastic modulus ’. Systems of this type can be used as simple models 
for the investigation of elastic waves in crystals. 


We denote the displacement of the nth mass in the i direction, from an 
equilibrium arrangement with position x, = nl, by u(t). Considering the 
nth mass, the two attached springs provide linear forces according to Hooke’s 
law. The forces on the nth mass are Fy = —iK (un — Un—1)/l from the spring 
connecting it to the (n — 1)th mass, and F2 = iK(uns; —un)/l from the 
spring connecting it to the (n+ 1)th mass. By Newton’s second law, the 
equation of motion for the nth mass is 


Pin, K nis : 
mae i= (uns — Un) i+ F-(tin ~ Una)(—i). (6.65) 
Resolving in the i direction, this becomes 
&u, K 
ma =F (tnt — 2etn + Un—1)- (6.66) 


Now, because we are dealing with a system that is discrete in space, we 
do not obtain a partial differential equation. However, you may recognise 
that the bracketed term on the right-hand side of equation (6.66), in the 
limit that the lattice spacing 1 tends to zero. approaches /? times a second 
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See Subsection 1.2.2. 


See equation (1.8). 


64 Dispersion 


derivative of a function u(x) with respect to x = nl. More precisely, define 
a function u(x) such that u(nl) = u,. Then we have 


lim u(nl +1) — 2u(nl) + u(nl — 1) 
140,n—00 e 
u(nl4))—u(nl) _ u(nl)—u(nt—)) 
Bi Seo, ES 
10, n—00 l 
=: oti: uz(nl +1) — u,(nl) 
1-0, n—00 L 
= lim ug,(nl), (6.67) 
1-0, n—-00 


provided that the limit exists. In this case, equation (6.66) can be written 
as 


Unt = CUze, (6.68) 


i.e. we recover the wave equation with wave speed c= lim)» \/K1/m, pro- 
vided that this limit exists. This means that in order to arrive at the wave 
equation with a finite wave speed. the masses m should go to zero as | van- 
ishes, in such a way that the linear density p = m/l remains constant. In 
this sense, you can think of the bracketed term in equation (6.66) as a dis- 
crete analogue of the second-order derivative, and equation (6.66) is thus a 
discrete version of the wave equation. 


The analogue of harmonic wave motion in this discrete system is 
Un = Acl(ktn—wt) — Aei(knl—wt). (6.69) 
Inserting this into equation (6.66) yields 


=m ttn = T (Uni — 2tn + Un—1) 
—K (int ~ikl 2 
= (c -2+e ) Un: (6.70) 
Using e + e~* = 2cos« and dividing by un gives 
ae 
aids oa(e) apa ant, (6.71) 
l l 2 
hence 
4K . kl .. wl 
w= mat sin > = Wmax sin >» (6.72) 


where Wimax = Ves is the maximum possible value of w. This dispersion 
relation w(k) is shown in Figure 6.9. 


Expanding the sine function for small arguments, we have 


_ [Ki (Ki)? 
w= Hie (i-Ge...). (6.73) 


So, for small kl, we find a phase velocity Uphase = \/K1/m, which decreases 
with increasing k. Because |sin eal <1, the possible angular frequencies are 
0 <w < Wimax = /4K/mil; higher frequencies cannot be transmitted by this 
system. So we have the opposite effect from that observed for the elastically 
anchored string, in that there is a maximum frequency that the system can 
transmit. Note that the smaller the lattice spacing /, the larger this cut- 
off frequency becomes. In the limit as | becomes zero, which is when we 
recover a continuous system, all frequencies can again be transmitted. This 
is in accordance with our observation that equation (6.66) becomes the wave 
equation in this limit. 


See Block 0, 
Subsection 1.2.3. 
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Let us compare the phase and group velocities for this example. The phase 


velocity 
‘ = Kl sin(kl/2) 
“phase = = Vim kl/2 (6-74) 
and the group velocity 
dus et Ake 
Yeroup = aE = VG OS > (6.75) 


agree in the limit as k — 0, because lim,—o(sinz/a) = 1. For k > 0, the 
group velocity is smaller than the phase velocity, and vanishes for k = 
m/l, which corresponds to the maximum angular frequency w = Wax = 


—— 


padll2 


0 wi k 


Figure 6.9 Dispersion relation w(i) (multiplied by the constant /) and 
corresponding phase and group velocities for waves in a one-dimensional lattice of 
coupled oscillators. The thin straight line shows the linear approximation of 
equation (6.73), 


Essentially, what happens is the following. For small k, the wavelength 
A = 2r/k is large compared with the lattice spacing, so the wave motion 
is not much affected by the discrete nature of the system, and the wave 
is propagated as in a continuous string. The maximum angular frequency 
Wma = nl occurs when k = 7/I, i.e. when the wavelength is \ = 21. 
So the shortest wavelength that can be transmitted by the system is such 
that the lattice spacing corresponds to half the wavelength, which makes 
sense because it is hard to see how a discrete system with lattice spacing | 
could possibly sustain a periodic wave motion of a shorter wavelength. The 
shortest wavelength corresponds, for example, to a motion where all the 
masses oscillate with equal amplitude, but neighbouring masses oscillate 
with opposite phases; see Exercise 6.10. 


Exercise 6.10 


(a) Show that up, = Ae(*'-“9 becomes up, = (—1)"Ae~* for k = x/l, which 
describes a motion where neighbouring masses oscillate with equal amplitudes 
and opposite phases. 


(b) Hence show that this is a solution of equation (6.66) for w= +wynax. 
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Compare equation (6.69). 


6.5 Summary and Outcomes 


6.5 Summary and Outcomes 


In this chapter, we considered some phenomena associated with wave prop- 
agation. The first concerned the Doppler effect, which can be explained as 
a consequence of a wave motion perceived by an observer who moves with 
respect to the source of the wave. Then we considered the reflection and 
transmission of waves at interfaces. One of the main results is Snell’s law, 
which describes the refraction of waves at an interface. After that, we briefly 
discussed the phenomenon of dispersion, which occurs in many situations 
found in nature. 


After working through this chapter, you should: 

understand the origin of the Doppler effect; 

know how to calculate the Doppler shift in frequency; 

be able to calculate reflection and transmission of pulses at interfaces: 
know why waves are refracted at interfaces: 

understand Snell’s law of refraction; 


(optional) know what dispersive wave motion means. 


There are various wave phenomena that we could also discuss at this stage: 
however, we stop here to move on to the next block, which introduces another 
important partial differential equation of mathematical physics, the diffusion 
equation. 


6.6 Further Exercises 


The three final exercises are difficult and rather long; you may find them rather 
challenging. They have been broken into parts to guide you through the argument. 
The first two exercises consider reflection and transmission at a double interface, 
the second showing the interesting phenomenon that total reflection is overcome if 
there is another interface close by. so the evanescent wave can ‘tunnel’ through the 
small gap between the interfaces. 


The term ‘tunnelling’ originates from quantum mechanics, where the analogous 
effect is very important, for instance to explain radioactive decay of atoms. In 
optics, this effect is called frustrated total internal reflection. Experiments con- 
cerning this effect received a lot of attention because the light seemingly passes 
the gap at superluminal speed; see, for instance, G. Nimtz, ‘On superluminal 
tunneling’, Progress in Quantum Electronics 27 (2003) pp. 417-50, for details. 


The final exercise discusses a discrete system of masses and springs as in Sub- 
section 6.4.3, but now for the case where two different masses occupy alternating 
positions along the chain. 


Exercise 6.11 


Consider reflection and transmission on a string consisting of three parts, so there 
are two interfaces. The string has the same properties for x < 0 and for x > 1, 
where the wave speed is c. In the region 0 < a < 1, the wave speed is smaller, given 
by c/n where n denotes the refractive index. 
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Consider a solution of the wave equation of the form 


Ayel*i(=-et) 4 By emt (etet), x<0, 
u(a,t) = 4 Ageta(2-et/n) + Bye-tkalztet/n) Qca <1, 
Agei*s(—et) l<z. 


which can be interpreted as the reflection and transmission of an incident wave 
moving in the positive x direction. The coefficients A;, By, Ax, Bz and Ag can, in 
general, be complex. The meaning of the five amplitudes is shown schematically in 


Figure 6.10. 
A As 
erie — 
B 
ek 


x=0 x=1 


Figure 6.10 Schematic representation of the two-interface arrangement and the 
amplitudes that occur in the solution 


(a) Show that the continuity conditions (6.11) at the interfaces imply ky = ke/n = 
kg and A; + By = Ap + Bo, e'* Ag = e'™* Ay + e~*™* Bo, where we write k = 
ky = kg = ko/n for simplicity. (Hint: Use Exercise 6.4.] 


(b) Show that continuity of derivatives with respect to x at the interfaces (see equa- 
tion (6.13)) implies Ay — By = n(A2 — Bo) and e“* Ag = n(e* Ap — e~*"* Ba), 


(c) Show that this implies By = e?*"* Ao(n — 1)/(n +1). 


(d) We now have four independent equations for the five unknowns Ay, Ag, Ag, 
By, and Bz. Show that we can express these coefficients in terms of A, as 


2(n+1) 


4Aa= Gypip— (= perme 
oe 2(n — Le2n* 
Ba= Ge (n= rene 
_ _(n?-1)(e™* - 1) 
A= (aan Denes 
A(n—1)k 
Ay dine’ 


= (n+ 1)? —(n— 1)%eink “ath 


(e) Calculate the reflectivity R = |B,/A,|? and the transmissivity T = |A3/A;|*, 
and check that R+T = 1. 


(f) For which values of k does the reflected wave amplitude B,, and hence the 
reflectivity, vanish? Do you understand what happens in this case? What are 
the wavelengths of the incident wave and the wave in the region 0 < x < 1, 
and what are the values of Ay, Bz and Ag in this situation? Can you interpret 
the results? 


Exercise 6.12 This exercise is optional. 


With the method described in this chapter, you can analyse what happens when a 
wave passes through a region of material which lowers its wave speed, such as light 
being refracted by a glass plate. In this exercise, we look at the opposite situation, 
where the wave speed c in the plate is higher than outside. You may think of light 
waves travelling in two glass blocks, of refractive index ngjass, which are brought 
close together such that there is a small gap of width a, filled with air of refractive 
index 1, as shown in Figure 6.11. 
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glass 


xs x=0 x=a xa 
Figure 6.11 Refraction at a gap 


We are mainly interested in what happens in the situation where the incident 
angle of the light wave is larger than the angle of total reflection, to answer the 
question about whether or not any light is transmitted. From our discussion above, 
particularly equation (6.53), you might expect that some light will penetrate the 
air gap, with an amplitude that decreases exponentially with the width a of the 
gap, and that the presence of the second interface might mean that some, albeit 
small, part of the wave motion is transmitted. 


We consider a solution of the wave equation in the form 


Ajel(hrr-o1) 4 Bieler) <0, 
u(r, t) = ¢ Aget(har—“at) 4 Bopillar—wat) Q<r<a, 
Aget(har—wst) a<x,. 
with kp = kprit kp.yis b 
we = koe = le and wy = 


Ipcitlpyj, p = 1,2,3, and wy = kye/Myinss = Lc/Mgtanas 
3 /Mginss- 


(a) What is the condition on the incident angle @, for total reflection? 


(b) Write down the continuity relations for u and its partial derivative with respect 
to a at the interfaces «+ = 0 and « = a. 


(c) As in Exercise 6.11, use Exercise 6.4 and the continuity relations to express 
the quantities w,, Kp. l>. p= 1.2.3, in terms of the incident wave data k = 
ky = |ky| and 6 = d, as 

ky = ky =k (ai+tsingj), 
Ll, = k(-ai+sindj), 

ko = k(Si+singj), 

ly = k(—Si+sind)), 


where a = cos @ and 3 = Vitizeen — sin? o. 


a! 
, and 


(d) Use the results of part (c) to simplify the equations for the case y = t 
derive an expression for the coefficient Ay in terms of Ay. 


(Hint: Use a = cos@ and 3 = Nyjass — Sin” @ as abbreviations. Proceed by 
first using the two equations involving Ay. expressing Az and B2 in terms of 
Az only. Then use the two equations involving A; and B, to express Aj in 
terms of Ay and Bg, which then allows you to obtain an expression for Ag 
involving only A,.} 


(e) In the case of total reflection, 6 = ib is imaginary, where we have written 
b = Vsin? 6 — n2,.. Calculate the transmissivity T = |A3/A,|? of the air gap. 


glass: 


(f) Show that the result of part (e) implies that for large gap width a, T decays 
exponentially with a. 


(g) Show that in the limit as the gap width a tends to 0, we recover T = 1. 
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Exercise 6.13 


In this exercise, we consider the dispersion relation for a chain like the one shown 
in Figure 6.8, but now consisting of two different particles, of masses m; = $ and 
m2 = 7p, arranged in an alternating fashion, which are coupled by equal springs 
of natural length | = 5 and elastic modulus K = 400. Again, we denote by uy 
the deviation of the position of the nth mass from an equilibrium situation where 
the masses are at positions x, = nl with n =...,—2,—1,0,1,2,.... We choose n 
such that even values n = 2j correspond to masses m,, and odd values n = 27 +1 
correspond to masses m2, where j € Z. 


(a) Using Newton’s second law, determine the equation of motion for particle 
n = 2j of mass m,, and for particle n = 2j + 1 of mass mg. 


(b) Insert the trial solution given by 
tay = Aexp[i(2jkl—wt)] and ugj41 = Bexp|i((2j + 1)kl — wt)] 
into these equations. From this, derive two equations for A, B, k and w. 


(c) Eliminate A and B by solving one of the equations for A and inserting the 
result into the other. 


(d) Derive a quadratic equation for w*. 
(e) Calculate the two positive solutions w of this equation. 


[For each k, there are two such solutions: we speak of two branches of the 
dispersion relation. Traditionally, from the modelling of crystal vibrations, 
these branches are called the acoustical branch (lower frequency branch) and 
the optical branch (higher frequency branch).} 


(f) Calculate the values of w for k = 0 and kl = 7/2, and draw a rough sketch of 
the dispersion relations for 0 < k < 7/(2l), 


(g) Consider the ratio of coefficients A/B. What is the sign of this ratio for each 
branch? Caleulate the values of A/B for k = 0. How does the motion compare 
to that of the uniform system considered in Subsection 6.4.3? 
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Solutions to Exercises in Chapter 6 


Solution 6.1 


(a) The signal is emitted at distance xo with a wave speed c. The signal thus 
travels a distance ro at speed e+ v, and arrives at time to = xo/c. 


(b) The source emits the next signal at time t = 7, i.e. after a time interval 7. 
During that time interval, it has moved a distance vr towards you. Thus it 
emits the next signal at a distance 2, = xo — vt from you. 


(c) The signal emitted at time t = 7 travels the distance xr; at speed c. It arrives 
at time 
@ Lo-vr_ x v v 
th art Bare BEML (1-2) r= t+ (1- )r. 
ce © € rd c 
(d) The time between the arrivals of the signals is 


ey 
7% =t—to=(—*)x. 


The frequency vy for you is thus 


Solution 6.2 
We obtain 
R+T=07 +56 
C2 


2 2 
Pa “i as 

ies Sf (eee 
ate co \e, +e2 

_ (cr—e@)? t4erer _ (er +)? 


(cy + ¢2)? (c, +e: 


=1, 


Solution 6.3 
(a) We have a = —(c, — ¢2)/(c) +¢2) = -(1—4)/(1+7). 


(b) The derivative is 
06 te Ne et 
dy (1+)? “1+y7 (147)? ~ 


hence @ increases monotonically with >. 
(c) Because the wave speeds c; and c2 cannot be negative. we must have 7 = 


¢g/¢, > 0. Thus a > —1, the value for 7 = 0, and a < 1, where a approaches 1 
in the limit as 7 — oo. 


(d) It follows that 0 < R < 1, with R =0 if ¢) = 2, and R = 1 if one of the wave 
speeds is zero or infinite. 


Solution 6.4 


(a) Dividing by e* gives Ae" + B =0. Taking the derivative with respect 
to x yields 


i(a — b) Aeto—4)* — 0, 


which implies a — b = 0, i.e. a = b (since A # 0). 
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(b) Differentiating with respect to x gives 
iaAe"** + ibBe™ = 0. 


It follows from the previous result that again a = b, unless a or b is zero. 


However, if a = 0, necessarily b = 0 as well, and vice versa, so we still have 
a=b. 


(c) Dividing by e' gives 
Acto-o)2 + Bellet 4G = 0, 
From the previous result, we find a — ¢ = b—e, hence a = b. 
Dividing by e”* instead gives 
Acie) 4 Ceile-Y* 4 B= 0, 


which implies a — b = ¢ — b, hence a =e. 


It follows that a =b=c. 


Solution 6.5 
From Figure 6.5, the angles @, and ¢j satisfy cosé, = k,/k and cos@, = —I,/I. 
Equations (6.36) and (6.37) yield cos ¢, = ky/k = cos@,. Similarly, using equa- 
tion (6.34) one can show that sind, = l,/l = k,/k = sino, so the angles agree. 
Solution 6.6 
(a) We have cos @, = k,/k and cos ¢, = m,/m, so equation (6.44) gives 

7a Lh 0802 (4 2 ey mak (A2\? __ me al 

~ €2 608b, \Ay) ~~ ey kam \A,) ~ ke VA) * 


because k/m = c2/e, by equation (6.36). 


(b) Inserting in equations (6.43) and (6.44) the coefficients from equations (6.32), 
and using equation (6.37) and part (a), gives 


R= ke-mz\? _( ke—ms \" _ fke—mz\" 
“\b=mg)  \=Ke—mc/  \hetime 


and 
7 ais (le=ke "= ( Bie Ne 
ke \lig—mz) hy \ke— me 


Miz ake 4k,m, 


~ Ke (Ketm (ee +m)?” 


(ke mz)? | Akemi 
RET ae ee eee 
a (ke + mz)? — (ky + my)® 
k2 — 2kzm, +m? + dkamy 
(ke + mz)? 
= (he + ms? _y 
© (Ke+ms)? * 
as required. 
Solution 6.7 
(a) Snell's law (6.41) with ny = 1 and nz = 1.5 gives 
sind, = “sing, = 3sin30° = 5. sin30° = 1/2 
2 
Thus 9 = aresin(}), which is approximately 19.47°. 
Equations (6.47) and (6.48) with n = n2/n, = 3 give 


B, V3-2V2 Ag 2Vv3 
= x = = 0.7596. 30° = 3/2 
A, V3+2v2 A, V3+2V2 e v3) 


—0.2404, 


Solutions to Exercises in Chapter 6 


So, with cos = y/1—sin? oy = \/1 — } = 2v2/3, and c,/e2 =n, we obtain 


a 3 4v2 (4) 
R=(—) ~0.0578, T=-x——=(—)] ~0.9422, 
(F 2*3V3\A 


in agreement with R +7 = 1. 
(b) Snell's law (6.41) with n = 1.5 and nz = 1 gives 
ing, = sing, = 3 sin 30° = 3 
sind Fee es 3 sin 30° = 7. 
Thus @» = aresin($), which is approximately 48.59°. 
Equations (6.47) and (6.48) with n = no/n = 3 give 


B, _ 3V3-v7 Ar__ 6v3 
~ 0.3252, > 1.3252. 
Ri  aaadr Ow ~3V3+V7 


So, with cosy = 1/1 —sin? d» = : — 4 =v7/A4, we obtain 


By y at (4) 
R=(|=) ~0.1058, T= 5 = 0.8942, 
@ “a 
in agreement with R +7 = 1. 
Solution 6.8 


(a) As k, =0, equation (6.34) implies ky = 1, =m, = 0. Hence all wave vectors 
are in the i direction, so it suffices to consider this direction. 
(b) With @, = 0, equations (6.47) and (6.48) become 
By _l-n_1-a/e, _@-% 
A, itn I+q/q ata 


Az _ 2 2 2a 


a Ln l+a/e @tc 
These are the coefficients a and 3 of equations (6.20) and (6.21), respectively. 


Solution 6.9 


The incident angle ¢, must exceed @,.,, 80 @, must be larger than aresin(n) = 
arcsin(n2/n1). 


(a) @; > arcsin(1/2.42), which gives @, 2 24.4°. 
(b) @, > aresin(1/1.5), which gives @, 2 41.8°. 

(c) @, > arcsin(1/1.33), which gives @, 2 48.8°. 
(d) @, > aresin(1.33/1.5), which gives @, 2 62.5°. 
Solution 6.10 


(a) For k = 7/l, we obtain 
tin = Aci(knt—wt) _ Aei(rn—wt) _ Aginne-int — (_1)" 4e-Het, 
(b) Inserting this expression into equation (6.66) yields 
m(—1)"A(—iw)2e-t = Seep —2(—1)" — (-1)"Aem** 
= AE ayaa. 
Dividing both sides by up gives 
2 4K 
=u? =——-, 
$0 tp is a solution of equation (6.66) if 


4K 


which means w = +\/4K/ml = twinax- 
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Solution 6.11 
(a) At « =0, continuity of u requires 
(Ay + Bien!" = (Ay + By)ethaet/n 


to hold for all t, so kg = nky by Exercise 6.4, and A; + B, = Ag + By by setting 
t=0. 


At a =1, we find 
(e!*? Ap + e7i82 By) e~ihact/m — etka 4,e-ikact, 


which implies, by Exercise 6.4, kg = ko/n, thus ky = kg = k and ke = nk. For 
t =0, the equation reduces to e'* Az + e~'"* By = e@* Ag. 


(b) Continuity of the derivatives at 2 = 0 and x = 1, evaluated at t = 0. yields 
iky(A, — By) = ika( Az — Ba) and ika(e"* Ag — e~* By) = ikge**s Ay, The re- 
quired relations follow by inserting ky = kz2/n = kg. 


(c) Equating the two expressions for e“* Ag gives 
ey + e-"* By = nei Ay — e~™™* Bo), 
Solving for By gives the desired result. 


(d) Inserting the expression for B2 into the two equations that involve A, and By 


gives 
— n=1 dink 
Ay+ By = (14 2=te Ao. 
= (,_ 221 ink 
1-B, = (: ae i® nAg. 


Taking the sum and solving for A» yields the desired expression for Az. The 
result for By then follows from that. Next, B, is obtained by taking the 
difference of the two equations above, solving for B,, and expressing Ag in 
terms of A,. Finally, for Ag we use one of the equations that relates Ay to Aa 
and Ba, and express the latter two variables in terms of Ay. 
(e) The reflectivity is 
= |B? 
= las 
(n? — 1)(c2i"* — 1) 
(n+ 1)? — (n — 1ytez™k 
= (n? — 1)2(c2™* — 1)(e~2ink _ 1) 
© [(n +1)? = (n= 12624] $1)? — (n — 1)? Fk] 
a (n? — 1)?(1 — cos(2nk)) 
nt + 6n? +1 — (n? = 1)? cos(2nk) 
_ _(n? — 1)? sin?(nk) 
© 4n2 + (n? = 1)? sin?(nk)" 
where the last step follows by using the trigonometric identity cos 2x = cos? a — 
sin? x = 1—2sin? x in the numerator and in the denominator. 


R 


2 


For complex z, we use the 
result |z|? = 2 2*. 


The transmissivity is 
As|? 
Ay 


Anel(n—Dk iz 


1Gn2el"—1ke-i(n—1)k 
[(n + 1)? — (n = 1)?e?"*][(n + 1)? — (n — 1)2e-2imk] 
= dn? 
© 4n2-+ (ni? = 1) sin (nk)” 
which satisfies R +T =1. 


Solutions to Exercises in Chapter 6 


(f) Of course, the reflected amplitude B, vanishes for n = 1 when there is no 
interface, but we are not interested in this case. For n 4 1, B; vanishes for 
those wave numbers k that satisfy e7*"* = 1. for k = jx/n with integer j. 
The wavelengths in the regions are \; = ; /k = 2n/j and Ag = 2n/k2 = 
2n/(nk) = \y/n = 2/j. So the length of the interval 0 < x < 1 is a half-integer 
multiple of the wavelength Az. The reflectionless transmission is a resonance 
phenomenon; it happens whenever the wave ‘fits’ perfectly in the interval 
0 <2 <1, which means when we have a standing wave solution at the par- 
ticular value of the wave number k, For the coefficients. we find B, = 0, 
Ag = (n+ 1)/(2n), Bz = (n — 1)/(2n) and Ag = ef("—D* = ef("—D/n_ which 
is a pure phase factor, ie. |A3| = 1. So there is no reflection, and complete 
transmission apart from a change in the phase of the wave motion, which 
depends on n and on j. 


Solution 6.12 
(a) From equation (6.49), with nj = Mgiass and ng = 1, we find the condition 
sing > 1/ngiass for total reflection. 
(b) The four continuity relations are 
Ayel(vu-eit) 4 Byelllwu-wrt) 
= Agel(kavy—wat) + Boelllavy-wat) | 


ikyeAye!Mwy-19) + ih, Byeltivy-mit) 
= tk, Che yurwat) 4 a (le, yy—wat) 
tk2 Age + ile, Bae ’ 
(ka, eatke yy—wat) i(le e+e yy—wat) 
Aye’ + Boe’ 
= Aget(hsxaths yu-wat) 


te, Age'(ka29+ha.vy-“2") 4 ily, Boel (ta<0+layu-wat) 
= ig, Agel h22 tha yy—ea), 


(c) Using Exercise 6.4, we can immediately deduce w, = w2 = ws and ky.y = hy = 
koy = lay = kay. Equality of the angular frequencies also implies ky = 1, = 
ky = ngiassk2 = Nginssl2 for the lengths of the vectors ky and lp. Hence k, = ky 
so unless Ay = 0, we have transmission with the same wave vector as the 
incident wave. The missing components of the wave vectors are determined by 
the conditions kp, > 0 and lp,. < 0, which yield 1, = —ky,. and ly,. = —ky,»- 
Finally, using kf = Aj, + kjy amd A? /m3igce = k3 = AZ, +h3y = M9 + hey. 
we can calculate 


1-2, 


Tbe . 
— = + cos? o, kP 


Using k = 1, 6 =), a = cos@ and 9 = \/ngi., — sin’ 6, this gives the desired 


expressions. 


= 


Inserting the results of part (c) into the continuity relations for y = t = 0 gives 
A; + By = Ao + Bo, 
a(A; — By) = 5(Ag — Ba), 
Age! = Agel + Boe tka, 
aAgelahs = B(Age!®** — Boe thay, 
The last two equations, upon eliminating Ag. give 
a(Aze'** + Bye) = 3(Age’** — Boe"), 
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Chapter 6 


Adding the same two equations after multiplication by 3 gives 
(8+ a) Age'™** = 29Are***9, 
thus 
— 28 _s(e-a)ke 
As = Ge ‘Ad. 
Combining the first two equations that involve A, and B,, we find 


eA 
2a; = (8+a)A2 — (8-0) Be = (6+0 : Gao aust) a 


which we can solve to give 


A= Beatie a ae A 

This finally gives 
Be toka 

A= apie (pa 
With 3 = ib and @y = @,, the transmissivity is 

ee dibae~'ok* e —dibaciok® 

(ib+ a) — (ib — a)Pe== * (ib + ate — (—ib — a)te—Pha 
8b?a? 


~ (a? +b)? cosh(2bka) — 6 + Oa? — a" 


(f) For large a, we have 2 cosh(2bka) = exp(2bka) + exp(—2bka) ~ exp(2bka), and 
the exponential term dominates, to give 
40? oko 
T= Reape 
This shows that there is transmission of light through the system even for 
incident angles which are larger than the angle of total reflection, and that the 
transmissivity decays exponentially with the gap width a. 
(g) For a =0, we obtain 
2 
ee re 
(a? + 6?)? — b§ + 6670? — at 
Solution 6.13 
(a) The equation of motion follows in complete analogy to the case of a uniform 
chain. There is no difference between the forces acting on the two different 
masses, because the force depends only on the extension of the springs, which 
we assumed to be identical. Thus the equations of motion, resolved in the 
i direction, are 
Pu K 
Sr = Fy (asta — Beng + tay —1) = 10000 (ay +1 — ay + 25-1), 
Pw; K 
= Tg 2+? ~ Bay + tas) = 20000 (tay 42 — 2uay.n1 + Ua,); 
compare equation (6.66). 
(b) Inserting the given trial solutions gives 


O=exp (PA) (a(20000 - 44) ~ 100008 [exp 2) ee toa) : 


5 


O= exp (Ut MES) (B(s0000— 4%) — 20000 4 exp (#) +exp (-2)}): 


This yields the two equations 
A(20.000 — w”) — 20000 B cos(k/5) = 0, 
B(40000 — w*) — 40000 A cos(k/5) = 0. 


Wave propagation 


Solutions to Exercises in Chapter 6 


(c) 


(d 


(e) 


(f) 


Solving the first equation for A gives 
20000 B cos(k/5) 
20000—u? 
Using this result, the second equation becomes, upon dividing by B, 
8 x 10° cos*(k/5) 
000 ae ae 
Multiplying through by 20000 — w* gives 
w* — 60000 +8 x 10°[1 — cos*(ke/5)] 
= w' — 60000u* + 8 x 10° sin?(k/5) = 0. 


A 


The solutions of the quadratic equation are 


w = 10000 (3 +\/9- Ssin?(k/3)) = 10000 (3+ 5+ Teos(2k/5)) : 


The positive solutions are 


w = 1003+ V/5 + 4cos(2k/5). 


For k = 0, we obtain w = 100/3 £3. so the solutions are 
w=0 and w= 100V6 ~ 244.95. 

For k = 7/(2l) = 51/2, we obtain w = 100/31, which gives 
w=100V2~ 141.42 and w= 200. 


‘The resulting dispersion relations are shown in Figure 6.12. 
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Figure 6.12 The two branches of the dispersion relation 


The ratio is given by 
A _ 20000cos(k/5) 


Bo 20000—u? 
As 1 > cos(k/5) > 0 for 0 < k < 57/2, the denominator determines the sign 
of this ratio, For the acoustical branch we have 0 < w* < 20000, so the sign 
is positive; for the optical branch we have 40000 < w* < 60000, so the sign is 
negative. 


For k = 0, we have A = B for the acoustical branch. and A = —B/2 for the 
optical branch. Essentially. this means that the motion in the acoustical branch 
is similar to that of the uniform system, the masses moving in phase with the 
same amplitude. In contrast. the optical branch corresponds to a motion where 
the two types of masses are moving with opposite phases, m, with half the 
amplitude of mz. 
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In the last step, we used 
the trigonometric identity 
cos 2a = cos? x — sin? x = 
1—2sin? x. 


i a > Call —— 
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acceleration 20, 21, 35 

due to gravity 14 

of spring element 30 
acoustical branch 254 
aeroplane, supersonic 234 
air 41, 157, 244 

frequencies in 44 

refractive index 242 

speed of sound in 9, 31, 44, 58, 63 
air gap (refraction) 253. 
aluminium 14 
AM 247 
ambient pressure 40. 
amplitude 62, 112 

complex 113 
amplitude modulation (AM) 247 
angle of incidence 241 
angle of reflection 241 
angle of refraction 241 
angle of total reflection 244 
angular eigenfrequency 188 
angular frequency 61 
argon 41 
atmospheric pressure 40, 44 


beats 247 
Bernoulli, Daniel 36 
Bernoulli, Johann 36 
Bessel, Friedrich Wilhelm 198 
Bessel differential equation 198. 
Bessel functions 198 
and the Fourier transform 214 
behaviour for large arguments 201 
behaviour for small arguments 200. 
of the first kind 199, 201, 203 
of the second kind 199 
power series 220 
zeros of 202, 203 
blurred image 122, 123, 126 
boundary condition 22, 59, 68-71, 79 
at an interface 236, 237 
fora damped end 150, 151 
for a fixed end 144 
for a free end 149, 150 
for a sprungend 151 
inhomogeneous 157 
boundary-value problem 59, 75, 80 


carrier wave 247 
catenary 39 
Cauchy, Augustin Louis 60 
Cauchy problem 60 
chain of coupled oscillators 248, 250, 254 
characteristic function 114, 115, 127 
circular membrane 196 
eigenmodes 198, 204 
nodal lines 198, 204 
normal modes 203 
coefficients of Fourier series 82, 83 
complex exponential 106 


colour 8, 245 
commensurate eigenmodes 191 
complementary function 158 
complex amplitude 113 
complex conjugate 24, 107 
complex exponential Fourier series 106 
complex solution 23-24, 85 
complex wave vector 244 
compression wave 28, 42 
concrete 14 
conjugate variable 113, 128 
continuity at an interface 236 
contour plots 
rectangular membrane 188 
triangular membrane 194 
convolution 122, 123, 132 
discrete 123 
convolution theorem 124, 132 
Cotes, Roger 106 
coupled oscillators 81, 248, 250, 254 
critical damping 162 
crystal 
elastic waves in 248 
vibration in 254 
cylinder functions 198, 
cylindrical harmonics 198 


d'Alembert, Jean le Rond 36 
d’Alembert’s solution 64, 65, 67, 83, 207 
damped wave equation 161, 163 
inhomogeneous 165 
damping 150. 160 
critical 162 
strong 162 
weak 162, 163 
damping constant 151 
definite integral 116 
degeneracy 190 
degree of 198 
degenerate eigenvalue 190 
degree of degeneracy 198 
density 18 
linear 18 
ofagas 42 
ofa membrane 186 
ofarod 18 
of a spring 18, 2 
of astring 18, 165 
planar 186 
volume 14, 18, 42 
density wave 42, 234 
diamond 244 
refractive index 242 
differential equation 36, 77, 103, 105 
Fourier transform of 128 


27, 29 


Dirichlet, Johann Peter Gustav Lejeune 59 


Dirichlet condition 59, 186 
discrete convolution 123 
dispersion 245, 246 
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dispersion relation 246 
branches 254 
dispersive medium 246 
Doppler, Christian Andreas 
Doppler effect 232, 233 
driving frequency 169 
drum 186, 189, 205 
isospectral 206 


effective elastic modulus 31 

eigenfrequency 80, 188 

eigenfunction 80 

eigenmode 80, 188 
circular membrane 198 
rectangular membrane 
square membrane 190, 
triangular membrane 1 

eigenvalue 80, 188, 189 
degenerate 190 

elastic deformation 13 

elastic limit 13 

elastic modulus 14, 15, 31 

elastic string 16 

elasticity 12-14 

electromagnetic wave 8, 11, 

Buclid 62 

Buler, Leonhard 36 

Buler’s formula 106 

evanescent wave 244 


233 


_ 32 


, 204 


188, 189 
191 
94 


35, 63 


even periodic extension 156, 180 


failure point 13, 14 
filter 246 


finite string 59, 69, 73, 76, 77, 80, 82 


fixed end of a string 144 
flexible string 16, 17 
FM 247 
force 35 

exerted by a gas 40 


exerted by a spring 15, 


onagas 43 

ona piston 41 
onarod 13 

on a spring element 30 
ona string 20 


Fourier, Jean Baptiste Joseph 36, 81, 105 
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Fourier coefficients 104, 107, 159 
complex exponential 106 


cosine series 155 
sine series 82, 83 


Fourier cosine series 154, 155 


Fourier integral 85, 86 


Fourier series 83, 104-112, 193 


and Fourier transform 


113 


complex exponential 106 


cosine 154, 155 
partial sum 104 
sine 82, 83 


trigonometric 36, 81, 104, 105, 108 


Fourier sine integral 84 
Fourier sine series 82, 83 
Fourier sine transform 85 


Fourier transform 86, 112-132 


inverse 128 

inversion 119 

linearity 118 
multi-dimensional 131 
of a derivative 127, 212 
of a differential equation 


128 


Index 


of a three-dimensional rotationally symmetric 


function 217 


of a two-dimensional rotationally symmetric 


function 214 


of the wave equation 209 


sealing 118 
symmetry 119 
translation 118, 120 


Fourier transform pair 117, 119-121 
Fourier—Bessel transform 214 


free end of a string 149, 150, 154 


frequency 36, 44, 61, 62, 245 


frequency modulation (FM) 247 


frequency ratio 62 
friction 19, 150, 160 
fundamental frequency 62 
fundamental mode 81 


gas 40-44 


Gaussian function 115, 125, 126, 129, 217 


Gaussian integral 115 

geophone 235 

glass 14, 235, 244, 252 
dispersion in 246 


refractive index 242, 245 


golden mean (section) 189 
gradient operator 207 
gravity 14, 35, 38 

group velocity 248 

gun bullet 234 


harmonic 62 

harmonic driving 166 
harmonic oscillator 79, 81 
harmonic plane wave 209 
harmonic wave 61 

helium 41, 44, 58 

Hertz, Heinrich Rudolf 61 
higher harmonies 62 
homogeneous equation 10 
Hooke’s law 13, 15-17, 41 


image pulse 70 


imaginary part of a complex solution 23, 24 


incident angle 241 
infinite string 59, 63, 85 


inhomogeneous wave equation 165 


initial condition 60, 66 
finite string 75 
Fourier sine integral 84 
Fourier sine series 82 


rotationally symmetric 215 


semi-infinite string 72 


spherically symmetric 216 


initial-value problem 67, 72, 76, 82 


string with fixed ends 144 


Index 


interface 234 

inverse Fourier transform 128 

irrational number 189 

isosceles triangular membrane 194 

isospectral drums 206 

isotropic system 186, 206, 207 

isotropic wave equation 206 
three-dimensional 207, 215, 216 
two-dimensional 186, 213, 215 


Kac, Mark 205 

kinetic energy 9 

Klein-Gordon equation 246 
Kronecker delta symbol 82, 107 


Lagrange, Joseph-Louis 36 
Laplace, Pierre-Simon 36 
Laplacian operator 207 
lattice of coupled oscillators 248, 250 
law of reflection 241 
law of refraction 241 
left-moving pulse 69, 73 
lens 242 
light wave 7 
ina vacuum 231, 246 
in glass 245 
refraction 242 
speed of 9, 63, 242 
linear combination 10 
linear density 18, 26-28 
linear equation 10, 41 
linear regime 14 
linear wave 11 
longitudinal wave 28-34 
Lorentz, Hendrik Antoon 114 
Lorentzian function 114, 127 


mass 14, 18 
ofaspring 15, 30 
ofa string 21 
matrices 80 
Maxwell's equations 35 
mechanical wave 7, 11 
membrane 185 
circular 196, 198, 203, 204 
rectangular 186, 192, 193 
semi-circular 219 
square 190, 191 
triangular 194 
Mersenne, Marin 36 
method of images 71 
Mexican wave 9 
microwave oven 63 
mirror pulse 70, 73 
mode 61, 62, 81 
model spring 15 
modulation 247 
modulus of elasticity 14 


multi-dimensional Fourier transform 131 


multi-dimensional wave motion 211 
multiple reflections 73, 75 
music 36, 62, 157 


natural length 15 
negative tension 17 
neon 41 
Neumann, Carl Gottfried 150 
Neumann condition 150 
Neumann functions 199 
Newton's laws of mechanics 11 
Newton's second law 20, 21, 30, 35, 43 
nitrogen 41 
nodal lines 188 
circular membrane 198, 204 
rectangular membrane 188, 192 
square membrane 190 
triangular membrane 194 
node 23, 81 
non-periodic function 105 
non-uniform spring 28 
non-uniformly deformed spring 24-28 
normal mode 77, 81, 152 
circular membrane 203 
finite string 61, 80 
rectangular membrane 188, 189 
string with one free end 153 
string with two free ends 154 
superposition 81 


odd periodic extension 146, 180 
optical branch 254 

optical fibre 244 

organ pipe 63 

orthogonality 82 
orthogonality relation 155 
oxygen 41 


partial derivative notation 8 
partial differential equation 8, 36, 60 
inhomogeneous 165 
separation of variables 77, 78 
partial sum of a Fourier series 104 
particle 11 
particular integral 158 
particular solution 158 
period 61 
periodic extension 105, 115 
even 156, 180 
odd 146, 180 
periodic function 104, 196 
periodic motion 61, 62, 76 
phase 112 
phase velocity 247, 248 
pipe organ 63 
piston 40-42 
pitch 62, 63, 162 
Doppler effect 231, 233 
plane wave 208 
plastic deformation 13 
plucked string 19, 62, 144, 162 
polystyrene 14 
positive tension 17 
power series 105 
for Bessel functions 220 
pre-tensioned spring 16 
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pressure 40-41 
pressure wave 42 
proportional limit 13 
pulse 66, 69, 71 
Pythagoras 62 
Pythagorean comma 62 


quantum mechanics 11 


radio wave 7, 63 
real part of a complex solution 23, 24 
rectangular membrane 186, 192. 193, 219 
contour plots 188 
eigenmodes 188, 189, 192 
initial-value problem 192 
nodal lines 188, 192 
normal modes 188, 189 
reflected wave 237 
reflection 11, 68. 70, 71 
angle 241 
at an interface 235, 236, 238, 241 
law of 241 
total 244 
reflectivity 238, 242 
refraction 11, 241 
angle 241 
at an airgap 253 
law of 241 
refractive index 242 
relative motion 233 
resonance 160, 169 
right-moving pulse 71, 75 
ring on a string 149, 150 
rod 13-14, 16, 31, 35 
density of 18 
force on 13 
wave speed in 30 
rotationally symmetric function 211 
three-dimensional 217 
two-dimensional 214 
rotationally symmetric initial condition 215 


scalar wave 185 
seismic wave 235 
semi-circular membrane 219 
semi-infinite string 68, 69, 72, 84 
separation of variables 76, 77, 161 
sign function 109 
simple harmonic motion 79 
sine function 111, 216 
single-frequency driving 167 
sinusoidal wave 61 
Snell, Willebrord van Roijen 235 
Snell’s law of refraction 241 
solution of the wave equation 22-24, 59, 72 
sonic boom 234 
sound detector 235 
sound wave 7, 10, 36, 62 
Doppler effect 232 
from adrum 189 
from a string 19, 162 
from an aeroplane 234 
inagas 40, 42. 43 


inarod 31 

inatube 40-44 

inatunnel 10 

ina vacuum 11 

in air 9, 58, 63 

in an organ pipe 63 

in helium 58 
spectral colours 245 
spectrum of eigenvalues 80, 81, 189, 205 

degeneracies in 192 

for isospectral drums 206 
speed of sound 9 

inagas 43 

inarod 31 

in air 44, 63 

in helium 44, 58 
spherical coordinates 216 
spherically symmetric initial condition 216 
spring 15-16, 24-33, 38, 151, 152 

constant 152 

cut 17 

density of 18, 26, 29 

double 16, 37 

force in 15, 30 

longitudinal motion 28 

longitudinal wave in 30-32, 38 

mass of 30 

model 15 

non-uniform 28 


non-uniformly deformed 24, 25, 27, 49, 50 


parameters 15 
suspended 24, 53, 54 
tension in 16, 17, 26, 27, 29 
uniform 15 
sprung end 151 
square membrane 190. 
eigenmodes 190, 191 
nodal lines 190 
square wave function 109, 110, 112, 116 
square-shaped pulse 70, 171 
odd periodic extension 180 
standing wave 23 
steel 14, 31 
stiffness 15 
strain 13, 14 
stress 13, 14 
string 19-24, 34, 39 
density of 18 
in three parts 251 
interface 235 
plucked 144, 162 
with a damped end 151 
with moving ends 149 
with one fixed and one free end 152 
with two free ends 154 
string of beads 36 
strong damping 162 
superposition 
of modes 62 
of normal modes 81 
of waves 10 
surface tension 186 


Index 
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Taylor expansion 20, 35, 43 refractive index 242 
Taylor series 105 sound wave in 11 
tension 16-17 vibrating string 19, 36 
in a spring 16, 17, 26, 27, 29 visible light 63 
inastring 17, 20, 34, 36 volume 40-41 
three-dimensional isotropic wave equation 207, 215, volume density 14, 18, 41, 42 
216 volume element 211, 216 
three-dimensional rotationally symmetric function in spherical coordinates 216 
217 
three-dimensional wave equation 207, 215, 216 water 235 
time-delay process 123 dispersion in 246 
top-hat function 114 refraction in 11, 245 
total reflection 244, 245 refractive index 242 
angle 244 water wave 7, 9, 10, 35, 232 
transient 167 wave energy 238 
transmission at an interface 235, 236, 238, 241 wave equation 35-36 
transmissivity 238, 242 for arod 30 
transmitted wave 237 for a spring 30, 32 
transverse wave 19-24, 34 for a string 40 
travelling wave 23 for sound ina gas 43 
triangular membrane 194, 219 isotropic 206 
contour plots 194 one-dimensional linear 8, 22, 59 
eigenmodes 194 three-dimensional isotropic 207, 215, 216 
nodal lines 194 two-dimensional isotropic 186, 213 
triangular wave function 111, 112, 144 wave node 23 
even periodic extension 156, 180 wave number 62, 113, 152 
odd periodic extension 147 wave speed 9, 44 
trigonometric Fourier series 36, 81, 104, 105, 108 inagas 43 
trigonometric identities 83 inarod 30 
trigonometric series 105 inaspring 32, 33 
trivial solution 22 inastring 34 
two-dimensional isotropic wave equation 186, 213, light 9 
215 sound 9 
two-dimensional rotationally symmetric function transverse 22 
214 wave vector 207, 208 
two-dimensional wave equation 186, 213, 215 complex 244 
two-interface system 252 wavelength 44, 62, 245 


weak damping 162, 163 


uneven mark-space ratio 110 Ndisecicen aiatiee eAiiiraaey 63) 
uniform spring 15 “ 


‘ wood 
unit vector 15 


vacuum yield point 13, 14 
light wave in 231, 242, 246 Young’s modulus 14 


7* 
Block | 


MS324 Waves, diffusion and variational principles 


Block 0 
Preparatory material 


Block I 
>» Waves 


Block II 
Random walks and diffusion 


Block III 
Variational principles 


MS324 Block | 
ISBN 9780749251673 | I || | | 
|| 
9"780749'25 1673" 


